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PREFACE TO THE FIRST EDITION 


This introduction to the Theory of Relativity is based in part 
upon a course of lectures delivered in University College, London, 
I9i2>i3. The treatment, however, has been made much more 
systematical, and the subject matter has been extended very con* 
sidcrably but, throughout, the attempt has been made to confine 
tile reader’s attention to matters of prime importance, With this 
aim in view, many particular problems even of great interest have 
not been touched upon. On the other hand, it seemed advantageous 
to trace the connection of the modern theory with the theories 
and ideas that preceded it. And the first three chapters, therefore, 
'TCfmsvoUcl to the fundamental ideas of space and time underlying 
classical physi^, and to the electromagnetic theories of Maxwell, 
Hcrts-Hcavlsidc and Lorentz, from the last of which Einstein’s 
theory of relativity was directly derived. In the exposition of the 
theory itself free use has been made not only of the matrix method 
of representation employed by Minkowski, but even more of the 
language of (juaternions. Very little indeed of these mathematical 
methods is required to follow the exposition, and this little is 
given in Chapter V., in a form which will be at once accessible 
to those acquainted with the elements of the ordinary vector 
algebra. 

It is hoped that the book will give the reader a good insight 
into the spirit of the theory and will enable him easily to follow 
tlio more subtle and extended developments to be found in a 
large number of special papers by various investigators. 

I gladly take the opportunity of expressing my thanks to Mr. 
William Francis and Dr. T. Percy Niinn for their kindness in 
reading a large portion of the MS., to Prof. Alfred W, Porter, F.R.S., 



vl 


PREFACE 


for reading all tiio proofs and for many valuable suggestions, 
and to the Publishers and the Printers for tlie care they havo 
bestowed on my work. 

L, S. 

London, AprU, 1914. 


PREFACE TO THE SECOND EDITION 

> CnAPTBRS I. to X., o£ which alone the hist edition consisted, afo 
reproduced in this second edition almost without any cliange, a 
fow sections only having been added concerning aberration, tlie 
spcciahrclativistic rigid body, and the addition of velocities. 

Chaptcra XI. to XVI., with Notes to which, the whole followed 
by a number of Miscellaneous Notes, almost doubling the original 
volume of the book, were newly written in tire course of tlic last 
two years. They [are to a small extent based, conceptually at 
least, on my courses of lectures given in 1921 at the Univeraity 
Toronto and at the University of Chicago, and[contain, ids hoped, a 
systematic exposition of the General Relativity and Gravitation 
Theory and of relativistic Ccamology, uniform in style and spirit 
wiUi the first ten chapters which were devoted to pre-relativistic 
hi8toi7 and to what is now technically called special or restricted 
relativity, ■ Neither matrices nor quaternions and ordinary vectors 
wore banished from these first ten cliaptcra. For, in spite of the 
uncontested power of the modern Tensor Calculus, tliose older 
mathematical languages continue, in my opinion, to offer con- 
spicuous advantages in the restricted field of special relativity. 
Moreover, ip science as well as in every-day life, the mastery of 
more than one language is always precious, as it broadens our views, 
is conducive to criticism with regard to, and guards us against the 
danger of hypostaay of, the matter expressed by words or mathe- 
matical symbols. The general tensor calculus is, therefore, 
introduced only when it becomes indispensable, and that is, after 
a preliminary exposition of the elements of tlic theory of general 
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CHAPTER I. 

OLASSXOAIi RELATIVITY. 

1 IBeforb entering upon tlic subject proper of this volume, tko 
, . modern doctrine of Relativity and the hisloiy of its origin and 
development, it seems desirable lo dwell a little on tJie more 
familiar ground of what might be called the classical relativity, 
and to consider two particular points which seem lo be of funda- 
mental, importance, not only for the appreciation of the whole 
subject to follow, but also for an adequate understanding of almost 
every physico-mathcmatical lino of reasoning. What I am 
alluding to are the following questions : l° the choice of a frame- 
work of axes or, more generally, of a system of reference in space ^ 
and 2^ the definition of physical time, or the selection of a clock, 
to be employed for the quantitative determination of a succession 
of physical events. 

Both of these quesUons existed and were solved, at least 
implicitly, a long time before the invention of the modern Principle 
of Relativity, in fact centuries ago, in their essence as early as 
Copernicus founded his system.* 

The most superficial observation of everyday life would suffice 
|to sliow tliat tlic form and the degree of simplicity of the statement 
-.of the laws of physical phenomena, more especially of the laws of 
.motion of what are called material bodies, depend essentially upon 
our selection of a system of reference in space. Certain framc- 
'worlcs of reference are peculiarly fitted for the representation of a 
l^articular instance of motion of a particular body or also of almost 
lany observable motion of bodies in general, leading to a high degreo 

V 

* A clear and beautiful statoniont of tlio fundamental importance of 
' Coporolcan idea will be found in P. Paintov6‘s article ' Mdcaniquo ' in the 
collective volume D$ la Mithoite dans Its Sciences, edited by limilo Boro), 

I Fails, P. Alcan, igio. 

8.R. 
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of completeness^ exactness and simplicity, while other frameworks 
(moving in an arbitrary manner relatively to tliose] give of tlie 
same phenomena a most complicated, intricate and confused 
picture.* 

Suppose that somebody, ignorant of the work of Copernicus, 
Galileo and Newton, but otherwise gifted with the highest experi* 
mental abilities and mathematical skill (a quite imaginary sup* 
position, hardly consistent witli the first one), chooses the interior 
of an old-fashioned coach, driven along a fairly rough road, as his 
laboratory and tries to investigate tlie laws of motion of bodies 
enclosed together with him in the coach — say, of a pendulum or of 
a spinning top — and selects that vehicle as his system of reference. 
Then his tangible bodies and his conceptual ' material points,’ 
starting from rest or any given velocity, would describe the most 
* wonderful paths, in incessant shocks and jerky motions ; the axis 
of his free gyroscope would oscillate in a most complicated way, — 
never disclosing to him the constancy of the vector known to us 
as the angular momentum, i.e. the rotatory analogue of Newton’s 
first law of motion. Nor would the uniform translational motion 
have for him any peculiarly simple or generally noteworthy 
properties at all. His mechanical experience being, in a word, 
full of surprises, he would soon give up his task of stating any laws 
of motion whatever with reference to the coach. Getting out of 
it on to firm ground, ho will readily find out that the earth is a 
much better system of reference. With this framework, smooth- 
ness and simplicity will take the place of hopeless irregularity. 
Undoubtedly, this property must have been remarked in a very 
early stage of man’s history, and the above example will appear r 
to the least trained student of mechanics of our present times; 
trivial and perhaps ridiculous. ' Of course,’ he would say, * the' 
motions of material bodies relatively to that coach are so very( 


* It is true that ISinstdn’a gonoralized lelatlvity theory has since taught' 
us to write down iaws in a ' generally covoriant ' form, i.s. the some for all/ 
reference systems. Yet this sameness of laws holds only when certain 
very general mathematical entitles are used, and vanishes when the cor4 
responding general formulae are developed, exhibiting again certainl 


ayatoms as very simple and others as highly compUcated. Such, for 
Instance, are the equations of motion of a ' free * particle, written in four- 
dlmcnsional language and In terms of the so-called Christoffcl symbols,] 
Tlie sameness ^ physical laws In oil systems, as taught by General 
Relativity, is rather of a formal than of a phenomenal nature. 


FRAME OF REFERENCE ‘3 

complicated, for tliat vehicle is itself moving in a highly com^ 
plicated way.' He would hardly consider it worth while to add 
' relatively to the earth.' The coacli being such a small, insigni- 
ficant thing in comparison with the terrestrial globe, it would seem 
extravagant to our interlocutor, if somebody insisted rather on 
saying that it is the earth which moves in such a complicated way 
relatively to the coach on its particular journey. , But, as a matter 
of fact, both of these reference-systems move releUimly to each olhor^ 
and the comparative insignific^ce of one of them would, by itself, 
be but a very feeble argument (as we shall see presently, from 
another example). 

At any rate the earUi, the 'Arm ground,’ allowance being' made 
for occasional large shocks and for very small but incessant oscil- 
lations of every part of its surface,* has proved to be an excellent 
system of reference for almost all motions, especially those on a 
small scale with regard to space and time, and practically without 
any reservation for all pieces of machinery and technical contriv- 
ance. In fact, the earth as a system of reference offered at once 
the advantage of a high degree of simplicity of description of states 
of equilibrium and motion, opening a wide field for the application 
of Newton's mechanics, at least as regards purely terrestrial 
observations and experimcnts.t The earth is then a reference- 
system which is constantly used also by the most advanced modern 
student of mcclianics. 

But things become altogether different when we look up to the 
sky and desire to bring into our mcclianical scheme also the motions 
of tliosc luminous points, the celestial bodies, including, of course, 
our satellite, the moon, and our sun. Then the earth loses its 
privilege as a framework of reference. If it were only for the 
so-callcd fixed stars, which form the enormous majority of those 
luminous points, wo could still satisfy our vanity and continue to 
consider our globe as a universal mechanical system of reference, 
the system of reference, as it were. On our plane drawings, or in 

* Which gave so mvioh trouble to Sir G. H. Darwin and his brother 
in their atlompts to measure directly tlio gravitational action of the 
moon, as described In Darwin's attraotlvo popular book. The Tides and 
Kindred Phenomena in the Solar System, London, 1898. 

t With tile exception of those of tlio type of Foucault's pendulum experi- 
ments, performed wiUi the special purpose of showing the oartli's rotation. 
In more recent rimes tlio pendulum could be successfully replaced by a 
gyroscope, as originally suggested, and tried, by Foucault himself. 
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our tliree>dimcnsional models, we could then represent the earth 
by a, fixed disc, or sphere, respectively, with a smaller sphere moving 
around it in a circular orbit, to imitate our moon, the whole sur* 
rounded by a largo spherical shell of glass sown with millions of 
tiny stars, spinning gently and uniformly round the earth’s axis, — 
very much like, in fact, some primitive pictures of the universe,* 
But the case becomes entirely different when wo come to consider 
the far less numerous class of luminous points or little discs, the 
planets, and the comets, moving visibly among tlic fixed shining 
points in a complicated way. Then, even before touching any 
dynamical part of the celestial problem, wo are compelled to give 
up our earth as a system of reference and replace it by tliat of the 
* fixed stars,’ originally so inconspicuous, o»— what turns out to be 
equally good — by a framework of axes pointing from an initial 
point fixed in the sun towards any given triad of fixed stars. It is 
needless to tell here again the long story of that ingenious system 
which was founded by Ptolemy (born about 140 b.c.), which held 
the field during fourteen centuries, to be replaced finally and 
definitely by the system of Copernicus (i473'l543), which trans> 
for red to the sun tlie previous dignity of the earth.! The 
Copernican system of reference had the enormous advantage of 
simplidty, quite independently of any mcclianical, i,e. (more 
strictly) dynamical considerations. Its superiority to the geo- 
centric system manifested itself already In the simplicity it gave 
to the paths of the solar family of bodies, the wonderfully simple 
sliapes of the orbits of the planets. In the geocentric scheme wo 
had the complicated system of ' cxccntrlcs and epicycles ’ of 

* The carfli as Uio contra of the universe, and the * crystal splicres/ with 
tlio stars stuck to tliom, spinning round tlio oartli, still formed part of the 
teachings of the Ionian school of philosophers founded by Ttialcs (born 
about 640 B.c.'). The first to suggest the rotation of the earth round its 
axis and its motion round tlio sun seems to have boon Pythagoras, one of 
Thales' disciples, though it has been later iiniuatLy attributed to Phllolaus, 
one of Pythagoras' disciples (born about 4.50 b.c.). 

t Altliougli I do not claim to give hero anything like n history of astro- 
nomy, it may bo wortli mentioning that tho Pythagoreans already taught 
that Uio planets and comets wore circling round tho sun. But at any rate 
tho Ptolomacan geocentric system rdgned universally from tho second till 
ilio fifteenth century, tho only serious objection against its complexity 
having been raised in the thirteenth century \yy Alphonso X., king of 
CasUlo, tho autlior of tho astronomical ' Tables ' associated with his name 
(published during 1348-1232). 
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Ptolemy, whereas .taking, in our drawing or model, the sun as 
fixed, the orbits of the planets became simple circles, which jn the 
next step of approximation turned out to be slightly elliptic. Thus 
the Copernican system of reference had its enormous advantages 
before any properly mechanical point of tlie subject was entered 
upon. Historically, in fact, the mechanics of Galileo and Newton 
came a long time after Copernicus, so that the privilege of reference- 
system was taken away from our earth and transferred to the sun 
on the ground of purely kinematical considerations of simpiicity, 
a few centuries before Newton. But afterwards the Copernican 
or tlie fixed-stars system of reference appeared to bo wonderfuily 
appropriate to Newtonian mechanics, both in its original shape 
and in its later (chiefiy formal) development by Laplace for celestial 
and by Lagrange for terrestrial and general problems. It soon 
became the final reference-system of mechanics. It is relatively to 
this ' fixed-stars ’ system of reference tlmt the law of inertia has 
proved to be valid. We will call it, therefore, following the modern 
usage, the imrtial system, or sometimes, also, the Newtonian system 
of reference,* It is relatively to this system that spinning bodies 
behave in tlie characteristically simple manner which has led many 
authors to speak of their property of ' absolute orientation.' Or, 
to put it in less obscure words, it is relatively to the inertial system 
that tlie vector called angular momentum is preserved, both in sizo 
and in direction, — ^this property being a consequence of the funda- 
mental laws of Newton's mechanics, and, at the same time, a 
perfect and most instructive analogue to Newton's First Law of 
motion.t The most immediate and tangible manifestation of this 
property is that the axis of a free gyroscope, practically coinciding 
in direction with its angular momentum, points always towards 
the same fixed star; thus having the simplest relation to the 
inertial system, since it is invariably orientated in this system of 
reference. Notice that it would, tlierefore, be more extravagant 
to say that the axis of such a gyroscope moves relatively to the 

* We speak of it In the singular, instead of infinite plural, only for tho 
sake of sliortncBS. For, os is well known, if 2, say the fixed stars, bo such a 
system, then any oUior system S* having relatively to 2 any motion of 
uniform rcotilinoar translation is equally good for all purposes. 

t This point is expressly Insisted upon and sucoossfnlly applied to didactlo 
purposes in A. M. Wortldngton's Dynamics of SoUtHou, sixth edition, now 
impression 1910 ; Longmans, Green ft Co„ I^don, 
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earth tlian vice ^though apparently, bodily, tlio gyroscope of 
human make is such an inconspicuous tiny thing in comparison 
with our planet. The conservation of the angular momentum, or 
moment of momentum, ISntVrv,* of the whole solar system, which 
is best known in connection with taplnco's ' invariable plane,' is 
but the same thing on a larger scale than that cxliibited by our 
spinning tops. But this only by the way. What mainly concerns 
us hero is tliat the fixed -stars system^or any one out of the 
oo ^ multitude of equivalent inertial systems — ^has gradually turned 
out to be peculiarly fitted as a system of reference for the repre- 
sentation of the motion of material bodies. 

But also witli tins system of reference the laws of motion have 
tlielr simple, Newtonian form only for a t measured in a certain way, 
i.e, for a certain cloclc or time-kooper, to wit, approsdmately the 
earth in its diurnal rotation, or, more exactly (in connection witli 
what is known os the frictional retarding effect of the tides), a time- 
keeper sli ghtly different from the rotating earth. This is oquivaicn t 
to defining as equal intervals of time those in which a body not acted 
on by ' external forces,' i,e, very distant from otlier bodies or otlier- 
wisc suspected sources of disturbance, describes equal paths.f In 
declaring the motion of such and such a body in such and such 
circumstances to be uniform, we do not molie a statement, but 
ratlicr ai'c defining what wo strictly mean by equal intervals of 
time. Selecting quite at random a different time-keeper, we could 
not, of course, expect tlie same simple laws to hold, with respect to 
tile inertial system of reference. But witli another space-frame- 
work of referonco another time-keeper might do as well. 

Thus we see that, to a certain extent, the choice of a system of 
reference in space has to bo made in conjunction with tlie selection 
of a time-keeper. Our x, y, e, t, tlie whole tetrad, the space and 
time coordinate system must be selected as one whole, liiat kind 
of ' union ' emphasized by Hermann Minkowski, the joint selection 
of X, y, X, t, manifesting itself in tlie modern relativistic theory by 

* See, for oxaniplo, the author'a Vectorial Mechanics, Cliap, III. j Mao- 
millan & Co., London, 1013, 

j Tims it Is manifest tliat ttio sdcnco of mcclianics does not describe the 
motion of bodies in its quantilativo dopondonce upon ' time, flowing at a 
constant rate ' (Now ton), but literally gives only sets of simuUaneous states 
of motion of the various bodies, the tlmo-keepcr itself being Included. 
What Is besides contained In those sots or successions is a non-qunntltatlve 
clement, associated with what Is vaguely called ' before * and ' oltor,' 
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the consideration of a four-dimensional ' world ’ (instead of time 
and space, separately), is not altogether such an entirely new 
and revolutionary idea as is generally behoved ; for to a certain 
extent, and in a somewhat different sense, it is as well a require- 
ment of Newtonian mechanics, and, more generally, of the classical 
kind of Physics, as of modern Relativity. Wiiat difference there 
really is between the two we shall see in the following chapters. 

Meanwhile we have touched, in passing, tlie fourth variable /, 
and this brings us to our second point, namely, tlte definition of 
physical hW, the selection of ' the independent variable i ’ of our 
equations. 

To explain this question, of capital importance for almost every 
quantitative physical research, it will be well to direct the reader’s 
attention to Uie following considerations. 

Suppose we do not limit ourselves to the investigation of motion 
only, but are concerned with every possible kind of physical pheno- 
mena, sucli as conduction of heat or electricity, diffusion of liquids 
or gases, melting of ice, evaporation of a liquid, etc., etc., and that 
wc propose to describe the progress of these phenomena in time, to 
trace their history, past and future. Plow arc we, then, to select 
our time-variable t ? 

First of all, we cannot, of course, take it to be Newton’s * absolute 
time,' which is defined, according to a quotation from Maxwell,* 
as follows : 

* Absolute, true, and mathematical Time is conceived by Newton 
as flowing at a constant rate, unaffected by the speed or slowness 
of the motions of material things. It is also called Duration.’ 

For, supposing there is such a thing, f wc do not know how to 
find or to construct a clock which measures this * absolute time,' 
even approximately ; that is to say, wc have no criterion to dis- 
tinguish aucli a clock from a * wrong ’ one. And thus, certainly, wo 
cannot use this kind of definition for physical purposes. How arc 
wc then to measure our t ? Granting tliat tlie selection of a chrono- 
meter indicating our t is (at least within certain wide limits) 
arbitrary or free, what is the requirement on whidi we have to base 
our choice ? 

Now, it seems to me that the first and most general requirement, 

* Mattaf and Motion, page ig. 

t But, 08 a matter o< fact, the phrase ' flowing at a oonstant rate ' is 
simply moaningIcBS. 


‘ g _ xhe ti^ory of relativity 

which may also'be scen/o be tacitly assumed in all the investiKa- 
tions of both the more i-rcent and the classical natural plulosophcrs, 
* especially phy^ists'^bd astronomers, is 
^thirotir^ltferentlal equations, representing the luNVS of physical 
and other phenomena, should not co}ilain ths time t explieitlyf 


U that for any sufficiently comprehensivo physical system, of 
which the instantaneous state is defined, say, by />i, />ai Ph, the 
differential equations should bo of tlic form 

P%t'** P»)t 

t = I, 2, ••• Hm 



This requirement is also intimately connected with a certain 
form of what Maxwell * calls ' the Gencrnl Maxim of Physical 
Science ’ and what is commonly called the Principle of Casualily. 

To make my statement more intclligiblo, let us consider some 
very simple examples which will, moreover, enable us to sec the 
exact meaning of instantaneous * stale ' of a system and to learn to 
distinguish between two very important and largo classes of 
systems : i) cotnplete or ' undistwbed,* and 2) ineompUle or 
' disturbed ' ones. 

Suppose we have a small metallic sphere,! suspended somewhere 
in a large dark cellar kept at constant tempcnilurc «, say, a 
receiving no heat, radiant or other, from without. Suppose we 
heated the sphere to lOO® C., and from that instant left it to its 
own fate. We return to it after an hour, as measured, say, on one 
of^our common clocks (t.s. tlie rotating earth), and wo find it has 
cooled down, say, to 90°. Thus ; 


t d 


<0 100°, I Af?=-io“ 

/q + i h. 90®./ for Af »-i h. 

Now, if we repeated the whole experiment to-morrow or next week 
we should find that during one hour the fall of tompcralurc of our 
suspended sphere would again be from lOO® to 90®, i.e. Ad« - 10° 
for A^ = i h. We could make similar obsorvations for any otJier 


^ Art. six. ; seo also p. a,. 


COMPLETE AND INCOMPL^TRySYSTEMS ^ 4 iip^ 

. Jl ^ ' 

9 tag€ of the cooling process of our little sm^\(sa 3 raowii from 
instead of lOO®) and for other tirao-inter^^ | h, instead 
I 1l), arbitrarily small,* and, repeating our 
find again and again Uie same permanency nf tT^llwt 
different values of for different intervals At and for different 
starting temperatures. 

Thus, tJu temperature $ of am" spherey placed in the specified 
conditions of its environment, varies with time (ordinary clock'tirae) 
in a eerktin determinate way, namely, so that starting from a given 
temperature 0, its cliange during a given timednterval Af -ti, is 
always one and the same, no matter when this happens, independently 
of A, fg, but depending only on 


/g “fi“Af. 

Now, such a system, i,e, the sphere in its aforesaid environment, 
1 propose to call an tmdistnrbed or, what for tlic beginning is more 
cautious, a oompiete system. And, in this case 9 being the only 
quantity on whose instantaneous value the whole (thermal) future 
history of our sphere depends, we shall say, in accordance with 
general use, that the instantaneous value of Ihc temperature 0 
defines the instantaneous state of our system (a being supposed given 
once and for ever). In the case before us we have a one-dimcnsional 
system, which may bo called also a system of one degree of frccdom.f 
Take the limit of the mean rate of change AO/ At for Af -> 0 ; then 
the differential equation of our simple system will be of the form 


dt 


~m, 


0 ) 


which may be read ; the instantaneous time-rate of change of the 
temperature is a function of its instantaneous value only .4: Wc 
know in this case, from experience, that fiO)^ ~h[9-a) approxi- 
mately, when d -- ct is small, where k is a positive constant ; but the 
particular form of the function /is for our present purposes a matter 
of indifference. 

Let U8, on tlie other hand, consider a similar sphere suspended, 
say, in a window exposed south, in a land in which the sun is wont 


* Or x>raotioally so, at least. 

f Observe that n racchanloal ' degrees of freedom ' amount to clogrcos 
of freedom in the sense hero adopted, ffio ooaftguratlonal data and the 
corresponding velocities being counted separately. 

I See Note 1 at the end of the oliapior. 


10 


THE THEORY OF RELATIVITY 

to shine often. Then, for tlio same starting value 0 and the saiuo 
A«, the change tS will be different at different times of tlio day, 
e.g: larger from 7 till 8 a.m. than from 2 till 3 p.ra., larger in winter 
than in summer, and so on. Now, a system sucli as this splicro 
we will call a disturbed system or a system ' exposed to external 
agents,' or better an inoomplate system, for this concept docs not 
presuppose the knowledge of what is meant by ' action ’ of one 
system upon another. In the present cose tlie dilTcrciitial equation 
of our system will be of the form 

(a) 

t being again measured with the ordinary clock, and g boing some 
function containing t in a very complicated manner. 

Now, according to the above general requirement, our f>clock 
would be the right or the peculiarly appropriate one for our first 
physical system, (i), but not for the second, (2), 

By selecting a different time-keeper wo might possibly convert 
some (not all) ' disturbed ' into ' undisturbed ' or complete systems ; 
but then we should spoil tlic completeness of (i). Lot us see, first 
of all, what other clocks we can take instead of our original one 
without spoiling the simple property of (i). Instead of I, take 

then (i) will be transformed into 

«ay -m-m- 

Thus, if the property of completeness is to be preserved, ^»(i) must 
be a constant, and consequently T a linear function of /, say 

T =/Q + ai, 

amounting only to a different initial point of time-reckoning and 
the choice of a different time unit. 

Now (2), the equation of our second sphere, is not of Uie form 
‘/(^i but ratlier of the form 

consequmtly, even if wc wished to sacrifico tlio complotcneBs of (i), 
we certainly cannot transform (2) Into an undisturbed or coniiiloto 
system, by any Hence the moral: certain incomplete 

systems cannot be made complete by merely selecting a now clock 


•1 
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Instead of the old one, and sucli systems 1 propose to call bmoaUrUst 
I noomplete systems. 

But suppose we had a system obeying a law of the form 

( 3 ) 

i,e. a sphere as in (i), but having a coefficient h (coefficient of what 
Fourier called eternal conduction, divided by specific thermal 
capacity), which due to some visible clianges of the sphere’s 
surface, such as oxidation, is variable^ instead of being constant. 
Then we could represent it as a complete system by taking instead 
of the /-clock anotlier clock indicating the time 

say 

but, F(/) not being a linear function of the old time, this innovation 
would at once spoil the completeness of (i). 

At tliis stage we would find ourselves in face of an alternative ; 
which of the two systems, (i) or (3), is to be saved, which is to 
be sacrificed ? And, correspondingly : which of the two cloclcs, tlie 
/-clock or the T-cIock, is to be selected as time-kceper ? If wc 
could detect no differences between tlic spheres (i), (3) — ^besides 
that of their thermal histories — the choice would be difficult, or 
rather arbitrary, quite a matter of taste or caprice. But, say, the 
latter sphere, (3), gets oxidized, shrinks or expands, and what not, 
and the former, (i), remains sensibly unaffected by the process of 
repeated cooling and heating. Then, following tlic maxim or 
principle of causality, we would conserve our /-clock, best fitted for 
(i), and would try lo convert (3) into a complete system in a dif- 
ferent way, namely, by taking account explicitly of the oxidation 
of tho sphere’s surface, of its dilatation, and so on, i.e. by intro- 
ducing besides 6 other quantities, such as the amount m of free 
oxygen present in the enclosure and tlie i*adius r of the sphere, and 
by defining tho state of the system by the instantaneous values 
of 0 , m, r. 

In this way, retaining our old clock, we should have converted 
tlie originally disturbed system of one degree of freedom into a 
complete system of tliree or more degrees of freedom. As a rule, 
we do not reject our traditional time-keeper at once. Encountering 
an incomplete or disturbed system, every physicist will, first of all, 
try to tlirow the ’ disturbances ’ on some ’ external agent ' rather 
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than on his clock. He will look around for external agents, almost 
instinctively following tlic voice of tlie maxim of causality, whisper- 
ing to him, as Maxwell puts it {Matter and Motion, p. 21) ; ' The 
difTerenco between one event and another does not depend on the 
mei'c difference of tlie times,' And finding nothing particularly 
suspect in the nearest neighbourhood, he will look farther around, 
or deeper into, the system in question. 

Similarly, if wo amplified the system of our second example (the 
sphere cooling before an open window), taking in the sun varying in 
position, the atmosphere, and possibly a host of other tilings, we 
would obtain a larger system which, though more complicated 
than the original one, would satisfy us ns being undislnrhed, with 
our old ^clock. 

So it is in many other eases. Thus, we can say : 

Adding to a given fragment of nature (system), whicli in terms 
of a certain f-cloclc behaves like a disturbed or incomplete system 
[Pii P^i obeys the equations 

Pii P»} 0 i (^0 

2, ... w, 

fresh fragments of nature (with the corresponding parameters 
^n-ni obtain a new, larger,* system whicli, 

still witji the same t, is undisturbed or complete ; 

•^= 3 Fi(Pi, ... p„, />„+!, y>n+«), (5) 

ti«i, 2, ... n+m. 

In short, we complete the system to The t, implied 

hero, is practically the time indicated by ilmt clock which proved 
to bo the right one for the description of our previous stock of 
experience. Thus, for example, Fourier's theory of conduction of 
heat was preceded by the triumphs of classical mechanics; and if 
asked what the i in his fundamental equation 

I? -a® 

* Not necessarily larger In volume ; for olton wo introduce now para- 
meters by going deeper into the original B3rstoin itself, sometimes as deep ns 
the molecular, atomic or oven sub-atomlo stmeium, say, of a piece of 
matter j or b^ng originally concerned with the tbormic history only, wo 
snpplomont the tomporaturo by the prossitm, volume, olcctrio potential, and 
so on. 
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meant, he would, doubtloss, answer that it is to be measured by the 
rotating earth as tlmcdceeper, tliough he hardly ever stopped in his 
researches to consider this matter explicitly, < 

Tliusf generally, we do not reform our traditional clcrcks, but we 
make our systems complete as in (5), by amplifying them. But 
sometimes, when we think that we have made our system 
sufficiently comprehensive, that we have exhausted all reasonably 
suspected material as possible * external agents,’ and when 
nevertheless continues to behave as an incomplete system, when 
still 

... p„+m, t), (6) 

then, to make it finally complete, we decide to change our I, our 
traditional clock, — especially if the change required is a slight one. 
This procedure, of course, is possible only when the i?/a in (6) are 
all of the form 

F, (7) 

Otherwise we feel compelled to help the matter by introducing yet 
fresh parameters etc., and not finding any perceiv- 
able supplementary material around us, we introduce fictitious 
supplements, which sometimes turn out to be real afterwards, and 
thus lead to new discoveries. 

From this it is also manifest that the Principle of Causality has 
the true character of a maxim ; though of inestimable value both 
in science and in everyday life, it is not a law of nature, but rather 
a maxim of the naturalist. 

We have classical examples of both the procedures sketched 
above, viz. of reforming our clocks and of supplementing or amplify- 
ing a system with the view of securing its completeness. In the 
first place, to get rid of one of the inequalities in the motion of 
tlie moon round the earth, astronomers have had recourse to the 
assumption that there is a gradual slackening in the speed of 
the earth’s rotation. Of course, they did it in connection with the 
tides and with immediate regard to the fundamental principles of 
mechanics, implying also the law of gravitation. But at any rate, 
in doing so, and in declaring that the earth as a clock is losing at 
the rate of 8*3, or (according to another estimate) of 22 seconds per 
century, they gave up the earth as their time-keeper and sub- 
stituted for the sidereal time t a certain function slightly 
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diEering from if as their new /tiwlt'c itma, as Prof. Love call^ it.* 
Secondly, as is widely known, the perturbations of the planet Uranus 
have led Adams and Lo Verrier to complete the solar system by a 
celestial body, at first fictitious, but then, thanks to admirable 
calculations based on tlie r^-Iaw, actually discovered and called 
Neptune, Notice that both lands of procedure have essentially 
tlie character of successive appimimations. 

Any future rcscarclics of mechanical, thermal, electromagnetic 
and otiicr phenomena, oitlioi' new or old ones but treated with 
increasing accuracy, if leading to ' disturbed ' systems, obstinately 
withstanding the supplementing procedure (f.«, that consisting in 
the introduction of fresh parameters etc.), may induce us lo 
reform also the newer, slightly corrected earth-clock, to givo up the 
' kinetic time * of modern astronomy for a hotter one, more 
accurately fitted for tlic representation of a laigor field of pheno- 
mena, and so on by successive approximation. It may well happen 
that we shall liavo lo givo up tho kinetic time for tlio sake of the 
‘ electromagnetic time,' — ^if one may so call the variable i entering 
into Maxwell’s dilTcrcntial equations of tlie electromagnetic field.f 
For suppose, for the sake of argument, tliat some future experi- 
mental investigations of high precision were to prove that tho 
variable ( in 

dE 0M 

^»e.curlM, -fl.curlB 

is not proportional to Iho klnelic time ; then the electricians would 
hardly give up Llicso admirably simple and comprcliensivo 
equations ; they would rather sacrifice the kinetic time. Thus, 
n Iho strugle for compleiewss of our physical universe, we sliall 

* A. E. I-l. Lovoi T/iionHeal JHacAaiiics, second edition, Cambridge, igo6, 
paffo 3S8> la connection with our subject, the whole of Chapter XX, oi 
Love’s book may bo warmly recommended to tho reader, 

f Thus wo read In ]?nlnlovd'8 article (/O 0 , di, page gi) : ' La diir^e d’nno 
ondulntlon lumlnouso corrospondant & uno radiation ddtorminde (ou qiiolquo 
diirdo dddutte d'nn phdnomAne dectrlqnQ eousiatii) sera vralsomblablornent 
la prochalno unltd do tomiM,’ This Idea sooms to bo suggested first by 
bfaxwoll ; tho corresponding wavo-longth would at tho same time be tho 
standard of length, when tlie plallnum ' tfii/ra Stalou ‘ wilt 'bo given up. 
Thus It may linpi)cn that Iho ' kinetic length ' {i.e. that based on our notion 
of a ' rigid ' body) will bo saorlficcd for tho benefit of an optical or ' clootro- 
magnotio length ' in tlio same way as llio ' kinetic time ' may bo-replaced 
by an ' elootromagnotlo time,' 
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have always to balance the mathematical theory of one of its 
fragments, or sides, against that of another. A great help in this 
struggle is to us the circumstance that, though, rigorously, all parts 
of what is called the universe interact with one another, yet we 
need not treat at once the whole universe, but can^Molate from it 
relatively simple parts or fragments^ which'hehave practically as 
complete systems, or are easily converted into such. 

Her^ith 1 hope to have explained, at least in its fundamental 
points, the question of selection of a time-keeper. 

Thus, wo know, essentially, how to measure our /, at least in or 
around a given place, taken relatively to ascertain spac^framework. 
We do not yet know what is the precise meaning of simtdianeotis 
events occurring in places distant from one another, But the notion ' 
of simultaneity, especially for systems in relative motion, belongs 
to the modern Theory of Relativity, and is, in fact, a characteristic 
point in Einstein's reasoning. Therefore it will best be postponed 
until we come to treat of the principal subject of this volume. 

Wo could now pass immediately to the history of the electro- 
magnetic origin of the modern principle of relativity, extending from 
Maxwell to Lorentz, But since we already have come to touch, 
more than once, Newtonian or classical mechanics, let us dwell yet 
a while upon this subject. 

Let us call 2 one of tlic inertial systems of reference, say the 
system of 'fixed' stars, and let x„ y,, z, be the rectangular co- 
ordinates of the *-th particle • of a material system relatively to 2, 
at the instant t. Then the Newtonian equations of motion are 


or 


etc., 


dxt 

dl" 


dt 




( 8 ) 


where «»,, the masses, arc constant scalars belonging to the indi- 
vidual particles, / is the * kinetic time ' and Xt, etc,, are functions 
of the instantaneous state of the material system, i.e. of the instan- 
taneous configuration and (in the most general case) of the 

• I'lio inatorial ' particle ' may also play the part of a planet or of the 
sun, as in celestial mechanlos. 
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instantaneous velocities of the particles relatively to each otlior, 
which for certain systems may, but for a sufficiently comprehensive 
system do not, contain explicitly the time U If the material 
system is subject to constraints, say 

^ 0 , ^ o, etc.. 


tlion etc., contain, besides tlio components of what arc called 
tlie impressed forces, also terms like 


wjlicli depend only upon tlic relative positions and relative velocities 
of tlio component particles of the system to one anotlier or to the 
surfaces or lines on which they are constrained to remain, or to the 
points of support or suspension appearing in such, constraints. 
Thus the bob of a poiidiiium is constrained to remain at a con* 
slant distance from the point of suspension, the friction of a body 
moving on a rough surface depends on its velocity relative to that 
surface, and so on. Consequently, if Instead of 2 any otlicr system 
of reference y\ s') is taken, having relatively to 2 a pttrely 
irMislaliomlf uniform^ rectilinear motion^ X,t Y,, 2, are not changed. 
And tiro same tiling is true of tlic left-hand sides of the equations of 
motion. For, if xl, etc., be the coordinates of the f-th parlielo 
relatively to 2' at llio instant and if wo take, for simplicity, the 
axes of x\ y', s' pamllel to and concurrent with those of x^ y^ s 
respectively, then 




where «>, w) is the constant velocity of 2' relatively to 2, and 
where the fourth equation is added to emphasize that the old time 
/ is retained in the transformation. Consoqucntly, 




dx,*dx, 

IT "iir “ 




etc., 


and for any pair of particles etc., and 

du/ ditt dvl dVi dwl dw^ 

rrr 


whicli proves the statement. 

Thus, tlio equations of motion (8), or, in vector form, 

dt* 


(8a) 
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remain unchanged by the transformation (9) or, vcctorially, by 
the transformation 


J 




where v, tlie resultant of 11, v, w, is tJie vector-vclocily of S' 
relative to S, As rc^rds the time, we could write also 
(n. b being constants), but this would amotu^t only to a chahjgo of 
units and shifting of the beginning of timc<rcckohihg. 

In view of the above property, the linear transformation (9) or' 
(9a), V being any cottslatU vector, is called the Newtonian (and by 
some authors the Galilcian) transformation. Thus wc can say, 
shortly : 


The equations of classical mechanics are i 7 tvariant m/h respect 
to ^le Newtonian tnuiaformatLon, 

Notice that v being arbitrary, both as regards its size and dircc* 
tion, wc have in (90) a manifold of 00* transformations, and all of 
these form a group of transformations. For, if . 


and 

then 

whoro 


r/ = r,-Vi(; 
p/'=r/-v.('; 
r,"»r,-v/; 

v-Vj + Va. 


(10) 


We shall refer sometimes to (9) or {ga) as the Newtonian group. 

Notice the simple additive properly (to), to be compared later on 
with a less .simple property of the corresponding group in modern 
Relativity. 

Thus, there is no unique frame of reference for classical mechanics; 
if tlic Newtonian equations of motion arc strictly valid relatively 
to the framework S of the ' Axed ' stars, they arc equally valid 
relatively to any other out of the frameworks connected 
with £ by (9), such as the solar-systcm frame, which has relatively 
to a uniform velocity of about 19 kilometres per second, towards 
tho constellation of Hercules. Thcrcfoi^c, by purely internal 
mechanical experiment and observation, i.e. not looking outside 

to external systems, wc could r- 

2' from S, that is to say, 
regard to mechanical phcnoi 

8.R. 
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sufficient approximnlion, to the earth’s annual motion : it is not 
ascertainable by purely terrestrial mechanical experiments. 

Physicists hoped to detect the latter motion whicli they called also 
* the motion rdativo to tlic aetlicr,' by the means of purely ter- 
restrial optical or electromagnetic experiments, — ^we shall see later 
how unsuccessfully. 

In other words, seeing that there is no unique kinetic space- 
frameworlc, they tried to find a unique optical or elcctromagnotic 
reference-system, the ' aether,' or rathor to show that this wonder- 
ful medium, already invented for other purposes, was such a unique 
frame of reference. But the results of all experiments of this kind 
have been obstinately n^ative« 

It is chiefly this whicli has led to the construction of the modern 
theory of relativity. 


mTES TO CHAPTER I. 

Note 1 (to page '9). To sliow, generally, the connection between 
the integi^ foiin of the properties of a complete system, os stated 
In the above illustrations, and its diiTorcntlal form, of which eq. (1) 
is an example, lot us consider such a system of n degrees of freedom. 
Let its state at any instant t be determined by 

Tlien, being any oUior, say, post instant, 

i = I, 2, mill 

where Pt is a symbol of an operation or a function, implying besides 
the * initial ' state p{o) the Umo-inicrval dapsod, but inde- 

pendent of the choiw of tlio initial instant. This is the finite or 
integral way of expressing that tho system is complete. Now lot 
f bo any particular instant and t=c another instant of time, such 
that 

Then 

Me) «Wi(»). •*•/»*(«); -“MMJ «]. 

BO that tlie transformations corresponding to the passage of tlie 
system from any of its states to its successive states form a group of 
iransforfHatione, t being the (only} pammeter of tho group. >l^us- 
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we caa imitate Lie’s general proof of hie Theorem 3 (Sophiia Lie, 
Th 90 ¥i$ d»r Transforma^ionsgyuppan, Leipzig, 1888 ; Vol, I.) for this 
simplest cose of one parameter, (^nsidering ;^i(o), ...PhCo)* e as 
independent variablea, diJfcrentlaie pi{c) with respect to a ; then 


■^but db/da^ 


a^,W # ,(«) 

^piia) do, 


+ ••• 4 



do, ’** ob 55 


- 1 j therefore 


Qptjc) 

oPxK^ 


+•••+2^ 


n. 



j 


No\v ;^i(e), are mutually independent; otherwise less tlian »i 

quantities p would sufllce for the determination of tho state of , the 
system, contrary to the supposition. Tlieroforo tho functional 
determinant 




BAM 

a^iiW 


does not vanish identically, and the above system of n equations can 
be solved with respect to dpi{a)fda, etc., loading to 



Pt[Pl (<*), pa (®) ! &]» 


t=i, a, ...ff. 


But those equations must be valid for all values of tl»e mutually in- 
dependent magnitudes 6 and a. Giving therefore to b any constant 
value, and writing t instead of a, we obtain for any i, 



and this is tho differential form alluded to, /j, /„ .../„ being functions 
of tho instantaneous state only. 

It is instructive to consider the instantaneous stale of a system as 
a point in tho »-aimonstonal or domain of states S„, {pi, ptt ••• p»)i 

and to trace in this space the Uhm of states, i.e, the linear continun 
of states assumed succossivoly by different copies (exemplars) of tho 
system, starting from given iiiilid states. TIic differential equations 
of tlieao linos of states, or, as Llo calls them, the * paths {Bahicurven) 
of the corresponding iiirinitcsimal transformation,’ are 

X 7. ••• /:• 

A GotnpMe system may tlicn be characterized by saying tliat tho 
lines of states axn fixed in the corresponding space S^, like the lines of 
flow of an incomprcssihlo fluid in. steady motion. A copy of tlio 
system, or rather its representative point, placed on one of these 
lines remains on it, moving along it in a detorininod sense. (For 
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partic\]lat8 of physical application, of these concepts, see the writer’s 
paper in Ostwald’s Annalen d, ifaturphilosophie, Vol. II. pp. 201-254.) 

»ot« 9 (to page 12). Systems obeying partial diltorontial equa- 
tions, as for instance that of Fourier, 



mentioned In the text, may be considered ns systems of inAiiilo 
degrees of freedom. The instantaneous state of sudi a system 
implies an infinite number of data pt, or say p^^Piit, y, s), given ns a 
function of x, y, z for every point of a portion of sx'^uco coextensive 
with the system, as for example the instantaneous tompcraluro for 
every point of a cooling body of finite dimonalona, in which case the 
system will have 00 • degrees of freedom. Instep of one wo may 
have also two or more functions of y, x, defining the Inalantancous 
state, as for example two vectors, amounting to six scalars, for an 
electromagnetic system or field, the differential equations being in 
this case those of Maxwell, 

^*»c,curllit, .ciirlB. 

Here, as in the previous example, the right-hand skies do not contain 
the time explicitly, but depend only on the space distribution of 
magnitudes determining the instantaneous state. If such bo the 
differential equations and if also the boundary conditions do not 
contain the variable t explicitly, the system of infinite degrees of 
freedom will be a complete or undisturbed one, in the sense of the word 
adopted throughout the diapter, Tliua a licat-concluctiiig sphere, of 
finite radius R, obeying in its interior Fonrior's equation and whoso 
surface is either thermally isolated or radiates heat into free Bjjaco, 
will be a complete system ; for its boundary conditions, via. 


or 
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^-const, X (0 ’-const.) 

respectively, do not contain the time explicitly. But a sphere (lllto 
the earth), whose surface la kept at a generally variable tcmx)craturo 
by means of external sources (like the sun), will bo nn iiicomplcto 
system, unless we amplify it by talcing in the ' sources ' Ihcmsclvoa. 
Notice that the total energy of a comploto system, os hero defined, 
may, but need not, be constant. 
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MAXWELL’S EQUATIONS FOB MOVINQ MEDIA AND 
FBESNEL’S DBAGOINa OOEFFIOIENT. LOBENTZ’S 
EQUATIONS. 

The modern principle of relativity arose on the ground of Loren tz's 
electrodynamics and optics of moving bodies. Einstein's work, in 
fact, consisted mainly in deducing logically, on the basis of plausible 
and sufficiently general considerations, certain formulae of space 
and time transformation, which in Lorentz's theory had partly a 
purely mathematical meaning and partly the character of devices 
invented ad hoe (' local time ' and the contraction hypothesis, 
respectively). In a word, Einstein has given a plausible support to, 
and a different interpretation of, what appeared already in the 
theory of the great Dutch physicist. In its turn, the 'theory of 
Lorontz, based on the macroscopic treatment of a crowd of 
electrons (though later supported and made vital by physical 
evidence of an entirely different kind), was constructed by its 
author chiefly with the purpose of accounting for optical phenomena 
in moving bodies, which may be best grouped summarily under the 
head of Fresnel's dragging coefficient^ and with which the equations 
of Maxwell and of Pier tz* Heaviside have proved to be in complete 
disagreement. 

Now, it seems to me that the best, most natural and most efficient 
way of propagating new ideas (if indeed there is such a thing arising 
in the collective mind of humanity) is to show tlicir intimate con- 
nection with older ones, and the more so when the new ideas have 
the reputation, widespread but partly unjustified in our case, of 
being of a very revolutionary cliaracter, It will be advisable, there* 
fore, before entering upon our proper subject, to turn back to 
Lorentz and Maxwell. In doing so, I must warn the reader at the 
outset that the new Relativity, though grown on electromagnetic 

31 
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soil, does not require us at all to adopt an electromagnetic view 
of all natural phenomena. Nor does it force upon us a purely 
mechanistic view, which till recently held the field, before the 
pan-electric tendencies arose. Modern Relativity is broader 
than this ; it subordinates mechanical, electromagnetic and 
other images to a much wider Principle which is colourless, as 
it were. 

Thus, the reason for returning here to Maxwell is, in the first 
place, of an historical, and partly didactic, character. But wo have 
yet another reason for dwelling in tlic present cliaptcr upon the 
great inheritance left to Science by Clerk Maxwell. It is widely 
known that but a few things of the old system of physics havo 
remained untouched by the modern principle of relativity, though 
the changes required are generally but very slight. In fact, almost 
nothing of the old structure has been spared by the new theory of 
relativity; but Maxwell's fundamental equations, namely those 
known as his equations for siaitonary media, have been spared. 
More than this ; not only have they been preserved entirely in their 
original form, but they constitute one and the best secured of Iho 
actual possessions of the new theory, the largest and brightest 
patch of colour, as it were, on the vast and os yot mostly colourless, 
canvas contained within the frame of the new Principle. More- 
over, a peculiar union or combination of tlic electric and magnetic 
vectors which appear in Maxwell's equations of Uic electromagnetic 
field became the standard and prototype, not as regards physical 
meaning, but mathematical transformational properties, of a very 
important class of entities admitted by the new theory (tho so- 
called ' world-six-vectors ' or ' physical bivectors '). 

So much to justify the insertion of the following topics of tho 
present chapter. 

Maxwell's fundamental laws of the electromagnetic field in a 
' fixed ' or ' stationary ' non-conducting dielectric medium * may 
be expressed in integral form as follows : 

I. Electric displacement-current through any surface tr 
bounded by tlie circuit s is equal to r x line integral of magnetic 
force M round s. 

* PractiGally, fixed with reapoct to tho earth, or bettor to tho fixeil-stars 
system, or, U not, then with respect to a dofinito system of roforcnco S, to 
bo ascertained on further examination. 
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n. Magnetic current through <r is equal to -cxline integral 
of electric force E round s, 
i,9 in mathematical symbole : 

1 , 

d/rm -tJjBife), n. 

where (2E, Jit denote the dielectric displacement or polariaatlon and 
the magnetic induction respectively, e a scalar constant, the velocity 
of light in a vacuum, u a unit vector normal to tr, the sense of the 
integration round of which da is a vectorial element, being clock- 
wise for a spectator looking along n (Fig. i). Here (($n), etc., 
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generally (AB), in round brackets, denote the scalar product of a 
pair of vectors : 

(AB)-^Bco3(A,B), 

A, B being the sisses or absolute values of the vectors A, B.* Thus, 
the surface clement do- being considered as an ordinary scalar, the 

surface integral |{<!Bn)dir stands for the total number of Faraday 

unit tubes crossing cr, and the surface integral in ii. has a similar 
meaning with respect to the tubes of magnetic induction. 

• If it wofo only for purely vectorial algebra and analysiB, wo could 
write, after Heaviside, for the scalar product simply AB. But since we 
sliall avail ourselves in the sequel of Hamilton’s quatornionlo calculus, wo 
roBorvo AB for the full quatemionio product, and write diorofora (AB) for 
the scalar prodnot, /.s, for die negativo scalar part of the Hamiltonian 
product, and VAB for die vector product, thus 

ABaiS.AB+V.AB 
« -(AB)+VAB. 
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Remerobering the definition of ' curl ' by means of the line 
integral, wo may write i. and ii. at onco in differential form, 


-^"f.curlM, 

^.»-f.ciirlE, 
ot y 


or, in Cartesian expansion, 



dM^ dM^ 
"dz ’ 

"dz ^y* 


otc.. 


etc. 


(>) 


(i«) 


Every point or surface element of or being Juxed relatively to the 
system of coordinates x, y, z^ round 0's have been written on 
the left hand to express partial differentiations with respect to 
i.e. liteal time*mles of change of the corresponding vectors. 

(in) or (l) is the Hzrtz-Heaviside form of Maxwell's differential 
equations, although, if I am not mistaken, Maxwell himself on one 
occasion employed this form. At any rate, the HertZ'Hcavisidc 
equations for a stationary medium differ only formally from the 
equations of Maxwell as given in his monumental Treatise and 
in several papers ; the auxiliary potentials being easily eliminated. 

With* regard to tlic relations between (2E, and E, M respec- 
tively, it will be enough to remember here that the first pair of 
vectors arc linear functions of iho second, say, 

dr-fsTB and ( 2 ) 

where K, n are in the general caso, of crystalline bodies, symmetrical 
or sclf-conjugato linear vector operators, whicli in the simplest case 
of an isotropic medium degenerate into ordinary scalar coolficicnts, 
the dielectric * constant ' or the pmnUlivUy, and the magnetic 
permeability or the inducHviiy^ — ^to adopt Heavisido's nomen- 
clature.* 

Notice tliat, using the relations ( 2 ), K and p being supposed 
given, we have in (l) two vectorial equations of the first order for 
two vectors, so that if the initial state, say E(„ SCa, and tiie boundary 
conditions bo given, the whole history of the field, past and future, 
is uniquely determined, ’—though in most cases the mathcmalician 


* As yet wo have no need to touch upon tlie subject oi eoffditciing media. 
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may have the greatest diiSiculttes in finding it out. The electro* 
magnetic field, as far as it obeys those equations, is at any rate a 
complete system in the sense of the word previously explained. We 
shall seo later on that the fundamental equations of the electron' 
theory do not possess this simple property. 

From I., II. it follows at once tliat the total current, electric 
or magnetic, tlirough all possible surfaces <r bounded by one and 
the same circuit r, has tJio same value. Taking therefore a pair ’ 
of such surfaces (Tj, whidi together form a surface (a), enclosing 
completely a certain portion t of tlie medium, and inverting one 
of the normals of the component surfaces (Fig. 2), so that the 



normal n is directed everywhere outwards (or cvciywhcrc inwards) 
with respect to the enclosed space, we sec that, for any closed 
surface (o-), 

I (Cn)d(r, I (^tn)d<r» const, in time, 

J(®> Jl®") 

the second constant being everywhere equal to aero, by experience. 
In oilier words, the total electric charge enclosed by (o) docs not 
vary in time, ils magnetic analogue being constantly non-existent. 
The same property being valid for any volume r, and remembering 
that ‘ div ' or divergence is defined as the surface integral of a 
vector per unit of enclosed volume, wo may write also, in dilTcrcntlal 
form, 

div const., 

div^»Con8t.»o; 

P is tlie volume density of (true) electricity. The second property 
Is commonly expressed by saying that tlie tubes of magnetic induc- 
tion are always closed, or that ^ has a purely solenoidal distribution. 
The invariability of both divergences may bo seen with equal ease 
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from (i), romombcrmg that the operations div and d/cH are com- 
mutative, while div curl«>o, identically. 

Thus, the full system of Maxwell's equations for a stationary 
dielectric, which we will put hero together for future reference, Is 


the equation ’ 


5® 

dt 


c.curlM 


-r.curlB; div^tt^o 
d-A-E; 

P "div (!£ 


(3) 


being hero considered as the definition of the density p of electric 
charge. Notice, in passing, that tho electric charges have been 
driven to the background by the Maxwellian theory (especially as 
propagated by Herts, Heaviside and Emil Cohn), as rather 
secondary dcrivate entities, but to return later with increased 
vigour and to reacquire their dominant position, viz. as funda- 
mental elements of the electron theory* 

Wo shall not stop here to consider the general Maxwellian expres- 
sions of energy, ponderomotive force and of the corresponding stress. 

In vacuCf and practically also in air under ordinary conditions, 


80 that Maxwell's equations (3) become 

"S.cunlA 


m 

'dt 


-e.curlE f 


divHoo, J 

to which in the present case may be added also 

divE-«o 


(4) 

(4i) 


expressing the absence of electric charge. Notice in passing that 
these equations are not invariant with respect to the Newtonian 
transformation. The Iransformation whi^ docs prcseivo tJicir 
form is of a diEerent kind, as will be seen later. 

The independent variable I appearing in Maxwell's equations (4} 
for empty space may be taken, provisionally at least, as far as our 
expei'iinentdl knowledge goes, to be the ordinary or' the klnotlo 
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time. And as regards the (or a) space frame-work, with respect 
to which they are intended to bo rigorously valid, let us call it 
once and for ever the system S, whatever it may bo. If the reader 
desires to fix his ideas he may Uiink of S as the ' fixed-stars ' 
system ; but as yet we cannot and need not discuss tills point 
thoroughly, being forced by tlio very nature of the question to 
postpone it to a later chapter. At first sight it might seem that 
(4) are wholly independent of a space-frame of reference ; for the 
curls and div's can be, and primarily are, defined in terms of line 
integrals and surface integrals respectively, and thus depend only 
upon tlie distributional peculiarities of the vector fields. But this 
means only that the equations in question are independent of the 
choice of axes {Xf y, s) within 5 , the only condition being that they 
must be immovable relatively to 5 ; in other words, curl E, curl 
M are vectors as good as £, M themselves * and div E, div M arc 
true scalars like a volume, for instance, again independent of the 
choice of coordinate axes. Notice, however, that, on the left hand 
of the equations, is to be the local time rate of change of E or 
M, i,e, the variation at a point P kept fixed. Now, this would be 
allogctlier meaningless if it Is not explained with respect to what 
frame tlie point P is to be fixed. It would not help us very much 
if somebody told us that P is to be a fixed point of Ihe field or of a 
Faraday tube ; for we have no means of identifying such a point. 
The truth of what has just been said may be seen even more un- 
mediately from the integral form of Maxwell’s equations, i. and 11., 
where for the present case (S, arc to be identified with E, M ; 
for the circuit (5) is to be kept ' fixed,’ i.e, fixed with respect to 
somclhing.t Tlicrcforc we necessarily require a framework of 
reference, and call it S, 

To see the property of the scalar constant r, eliminate, in the 
usual way, E or M, employing their solcnoidal properties ; then 


I 3V 




( 5 ) 


* Tho distinction of what aro called axial and i>olaf vectors docs not 
concern us hero. 

t In the more general case of a ponderable medium, say a piece of glass, 
tho circuit («) is, of course, to bo fixed in Uio glass ; but ilds would not bo 
enough : tho whole piece of glass, as will bo explained presently, must not 
move in an arbitrary manner relatively to some external frame or otlicr, if 
tiio laws x., ii. aro to bo valid, whether tho obsorvor does or docs not sliaro 
Its motion. 
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whore ^ means E or IMC, or any one of tlioir Cartesian components 
Bit ... \ hence, in the case of piano waves, for example, 

I 3^ 
and 

,/ being an arbitrary function of tlie linear argument. Thus e, 
in round figures 3 , 10 “ cm. scc,*"^, is the velocity of propt^aiion, 
in empty apace, relatively to .S', of transversal electromagnetic 
waves or disturbances, their transvcrsality being an immediate 
consequence of the solenoidat conditions, which, in the present case, 
reduce to ZMifdxi^o, Henceforth e will be referred 

to shortly as ' the velocity of light,' and sometimes as tlie ' critical ' 
velocity. 

What » properly called a wave is a non^stationary surface of 
discontinuity of E, M themselves or of their derivatives, which is 
individually recognizable ns such and can be watched when moving 
about, It is the velocity of motion of such a wave, normal to 
itself, which is properly called the voioolfey or propoiration, as 
distinguished from the phaso*velocity of a continuous train of 
disturbances. Hovf it may be easily shown that e is precisely the 
value of this true velocity of propagation for any form of the wave, 
plane or not, the property belonging to every surface clement of 
the wave, considered separately. (See Koto 1 at tbo end of the 
chapter.) 

Notice that this property is quite independent of the direction of 
the wave normal, i.e, of its orientation with respect to any axes 
drawn in 5. In other words : 

Maxwell's equations imply isolropio as well as uniform * pro* 
pagation in empty space relaimly to 5, i.«, to tliat system in 
which they are valid. There are no privileged places or dircc* 
tions for the electromagnetic disturbances. 

Thus a continuous train of spherical waves, with centre will 
remain spherical for ever, whicli may be seen also from {$), For a 
particular integral of that equation, adaptable to any initial state 

^ 'tlie scalar distance measured 

* By ' unUform ' we moan homogeneous or constant in space and invar}’* 
able in time, e being constant with respect to both. 


ISOTROPIC PROPAGATION 

;\ t,' 

from 0 * Agaia — ^which is more satisfactory*^^^ 6>^i^any instant 
a spherical surface of transversal djscontinuit^^a^;p{^C^'eloctco« 
magnetic wave, Uien, expanding (or shrinking) 
remain spherical for ever, with centre 0 coinciding 
that of tho original v, f^d once and for ever with respect to the 
frame 5 ,'— quite independently of whe^er and how tho material 
source was moving at tho instant when it originated tliat iivave. 
Thus a point'Sourcc (and notice tliat a physical source of any 
shapo or finite dimensions may be regarded as such, provided we 
go away from it far enough) producing a solitary disturbance, say 
a hash of light, at the instant will originate a wave which always 
will bo spherical of radius 

i2-c(f -/(,), 


having its centre where the source was at the instant fg, no matter 
whither it went afterwards or whence it came, or how swiftly it 
flashed through that place. 

We shall have to return to tliis argument, of capital importance, 
more than once ; but meanwhile wc must leave it. 

As has been already remarked, Maxwell's equations for slaliomry 
dielectrics, i,e, i. and n, with their supplements as given together 
with their differential form under (3), liave not only survived the 
general debacle, but have very substantially enriched the new 
theory. In fact, both the most particular and simple equations 
(4) for the vacuum and the more general ones, (3), for ponderable 
media have been incorporated into tho possessions of modern 
Relativity, the former in a quite easy way by Einstein (1905), and 
the latter in a less easy and very ingenious way by Minkowski 
(1907). On tho other hand, it is needless to tell here again about 
the wide field of experience covered by these equations and about 
tlieir numerous and successful applications in proper Electro* 
magnetism, to say nothing about the electromagnetic theory of 
light which soon after its creation proved to be much superior to 
tho clastic theory. 

Serious difficulties arose only in connection with tho olcctro* 
dynamics, and moro especially with tho optics of moving media, a 
long time before the dates just quoted. 

There aro two different sets of what are commonly called Max- 
wellian equations for moving media: 1* a system of equations 
which may be gathered together from different chaptora of 

i*371 

530-Jt 
^ . NlAi 
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Maxwell's Treatise, and which wo shall call shortly the equations of 
Maxwelly though it can be reasonably doubted wlietlier Maxwell 
himself would consent to attribute to them general validity, 
especially with the inclusion of optics ; and 2° a system of equations 
whicli tlfsvtz obtained by a certain, apparently the most obvious, 
extension of the meaning of Uic form i., ii., and which Heaviside, 
independently, constructed by introducing into Maxwell's oqua* 
tions a supplementary term dictated by reasons of electromagnetic 
symmetry ; these are widely known as the Herte^Heaviside 
equations for moving bodies. 

We shall use for and 2 ° the abbreviations (Mx), (HH). 
Neither has been able to stand the test of experience, Thougli 
contrary to the historical order, it will be more instructive to 
consider first the latter and then tlie former system of equa- 
tions. 

Let us return to the semi-integral form of the electromagnetic laws 
I, and n., given, in words and symbols, on pp, 22-23, These arc 
valid for a ponderable dielectric medium or body, stationary with 
respect to our frame S, and for any surface o* which, together with 
its bounding circuit r, is fbeed in the body. Thus the surface er, 
through which tlic current is to be taken, is itself fixed in .S', Now, 
what Herts did in order to obtain tlic required extension, was 
simply to suppose that z. and ii. arc still valid for a body, rigid or 
deformable, moving with respect to 5 in any arbitrary manner, 
provided that the currents on tho left-hand side of these equations 
are taken through a surface composed always of the same particles 
of the body, or — to put it shortly — through an individual <r, 
together with its s. This gives for tho current per unit area of cr, 
instead of the local time-rate of cliange dl&fdt, if v bo tho velocity 
of a particle relatively to 5 , 

^ + V di V (!6 + curl VdEv, (6) 

and a similar expression for tho magnetic current, while the right- 
liand sides of i., ii., containing only the instantaneous values of 
line integrals, remain obviously unaffected by tlic Hertzian require- 
ment. The distribution of being supposed solcnoidal, as before, 
the second term in the expression analogous to (6) is absent in the 


* Sqo Kolie s, 
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magnetic current. Thus, transferring tlie curl>tcrms of the currents 
to the right-hand sides, vre obtain tlie required equations 


^+,.y=«.curl(M-lV«vy 

M..j.curl(E-iVviK). 


(HH) 


Heaviside calls V(Sv/f the motional magnetic force and' Vvjit/r 
the motional electric force, considering them as a kind of impressed 
forces. 

In what we have called Maxwell's equations, the former of these 
* motional forces ’ and the convection current /nr are absent ; other- 
wise they are as (HH) ; thus 




c . curl M 


^--c.curl^E-j-Vvitt)- j 


{Mx) 


The connections between <&, and E, M arc as in (3), except 
that Kf fi may undergo continuous variations due to the strain 
of the material medium. Also, div as in (3). Notice, in 

passing, that the first of (HH) gives 

^-^div(/»v)=o 

or 

^+/>dlvv=o, 


where Hpldl='dpfdl + { 7 V)p is the variation at an individual point 
of tlie body. Now, div v being the cubic dilatation, per unit time 
and per unit volume, the last equation may at once be written 

^(pdr)-o, 


where dr is an individual volume-clement of the material medium, 
i,e, an element composed always of the same particles. Thus the 
charge p dr of any such element remains invariable, being attached 
to it once and for ever. The cliarge, being preserved in quantity, 
moves with the body. In this respect it behaves like* tho mass, 
according to classical mechanics. As regards the equations (Mx), 
they must be considered as referring to Uic particular case of an 
uncharged body; Maxwell happened not to consider explicitly 
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charges in motion ; otherwise he would doubtless have brought in 
the term pv. 

Now, botli of those systems of equations, (Mx) as well as, (HH), 
are in full disagreement with experience, especially with optical 
experience, terrestrial and astronomical, i.e. with experiments on 
the propagation of electromagnetic waves (light) in bodies moving 
relatively to the observer, and also in bodies moving with the 
observer and witli his apparatus relatively to tlie source, say 
relatively to a star. 

The equations in question have also been emphatically contra* 
dieted by electromagnetic experiments properly so called, viz. tiioso 
of H. A. Wilson and of Roentgen and Eichenwald ; * but it will be 
enough to consider here only the difficulties met witli on optical 
ground, the other deviations being of essentially tlie same character, 
while the optical examples, quite conclusive by themselves, seem to 
bo particularly instructive. 

To take tlio simplest case possible, let the material medium or 



body move as a whole with uniform translational velocity v with 
respect to S, and let piano waves of light be propagated in it along 
the positive direction of v (Fig. 3 ). If the unil*vector i be the 
wave normal, concurrent with the propagation, then 7 =^ 01 . Lot 
h' bo the scalar velocity of propagation of the waves, when the 
material medium is stationary in S, and h their velocity of pro* 
pagation as judged from tho >S*standpoint, when the medium is 
moving witli its actual velocity. What is tho relation between 
h and 1>^ vf If wo were concerned witli waves of sound, instead of 

* H. A. Wilson, P/iH. Trans., A, Vol. CCIV. p. lai ; 1910, — W. C. 
Roentgen, Hsr/. Silsber,, 1885 ; Wiedsin, Am., Vol. XXXV. 1B88, and 
Viol. XL. i8go. — ^A. Elchonwnld, Am. der Phyttih, Vol. XL 1903. 
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light waves, then h would be simply the sum of h' and of the whole 
V ; the waves would be entirely dragged by the medium, say air or 
water, with its full velocity. But the case before us is different. 
Write, generally, 


or 



then K, whatever its value, will be what is called the dragging oo- 
eiaoieiiti, indicating the fraction (if it happens not to bo tiie whole) 
of the medium's velocity conferred upon the waves. What is, then, 
the dragging coedicient in tlio case of electromagnetic, and 
especially of luminous waves P 

According to (HH) it is, obviously, equal to unity. To see this 
wo have no need to integrate these differential equations,* but 
simply to remember Hertz's interpretation of the laws i,, ii., which 
led him to those eqtiations (p. 30), For according to that interpreta- 
tion and extension of i., n., the electromagnetic disturbances 
behave releUively to the material medium (generally in cacli of its 
elements, and in the present case, of rigid translation, throughout 
the whole medium) just as if it were stationary, Hence, according 
to classical kinematics of course, the velocity of the medium is 
simply added to tliat of the waves, precisely as in the case of sound. 
Thus, K M I, according to (HH). 

Let us now see what is the value of the dragging cociKcicnt 
according to (Mx). Take the simplest casq of an isotropic medium ; 
then 



where, by the way, for light waves. Measuring x along I in 
the system S, take B, M, and therefore also Qc, proportional to a 
function of the argument x - W, so that b will be the velocity of 
propagation relatively to as above, and by a simple calculation 
(Jfoto a) 

= + (7) 

• Tliough Uio reader, to aaUsly himseli, may do so. Proceeding similarly 
as In the case of (Mx), worked out In Koto 8 at the end of this chapter, ho 
will soon find tliat h *l<v, 
s. K. 


0 
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where ^=vfe and where Is the index of refraction of the 

medium. Now, in all actual experiments, by means of which tho 
dragging of light can be determined, is a small fraction, via. I0~"* 
in tlie cose of Airy's astronomical, and mucli smaller in tliat of 
Fizeau's terrestrial experiment, both to be considered later. There* 
foro terms of the order of ^ can certainly be rejected, so that 

and 

but here even the )8*tcrm may be safely omitted, so that finally 

Thus, wo have for the dragging coefficient according to (HH) 
and (Mx), respectively, 

K-i, (HH) 

(Mx) 

Now, both of these are radically wrong, the true one, i.e, that 
showing excellent agreement witli axperlment, being Fresnel's 
widely known dragging coefficient {coiffident d*enlratnement) 

(Fr) 

where n is the index of refraction. It is, for more than one reason, 
worth our while to dwell here upon the interesting history of 
Fresnel's coefficient. 

The phenomenon of stellar aberraliotij discovered by Bradley in 
1726, found its immediate explanation when the assumption was 
made that the light- waves do not share In the earth's orbital motion, 
and, consequently, in the motion of the tube of the telescope 
(if filled with air or empty). In fact, making tliis assumption, tlio 
aberrational formula 

0 sin 0 

(«“F'e'4) (8) 

■ and, for 0=-w/3, 

““8in^=:tan^, (8a) 

• Tills result was obtained by J. J, Thomson. See I-Ioavisldo's JShetro- 
magnatic Theory, Vol. III. § 471 et seq,, where some interesting remarks 
regarding tliis and allied subjects may be found. 
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is easily obtained by using either the widely known analogy of a 
ship in motion pierced by a shot fired from a gun on the shore, or 
the more rigorous reasoning based on the wave theory of light. 
Formula (8) gave, from Bradley’s observations (^«* 20 ''' 44 ) and 
from the known velocity v of the earth’s motion (30 kilom. per 
second), a value for r, the velocity of propagation of light, which 



agreed very closely with that obtained by Rdmer in 1676 from 
observations of the eclipse of Jupiter’s satellites. Thus (8) was 
verified. To state tiie bare facts, it would have been enough to 
say simply that the tube of tlie telescope, or tlie air contained in 
it, does not carry with it the light coming from tlio star, whatever 
it may consist in (corpuscles or waves). But to make the statement 
more tangible, it has been said that the ' corpuscles ’ or the ' aetlier,’ 
respectively, do not share in the telescope's motion. Whereas 
aberration was explained by its discoverer in terms of the corpus- 
cular theory (each corpuscle of light corresponding then most 
immediately to the shot in the above analogy), it was Young who 
firat showed (1804) how it may be explained on the wave*theory of 
light and on the iiypo thesis that the aether ' pervades the substance 
of all material bodies with little or no resistance, as freely perhaps 
as the wind passes through a grove of trees,’ * This picturesque 
analogy fitted altogether the case of air, which behaves very nearly 
like a vacuum, but not glass or water, for which the ’ grove of trees ’ 
had to be replaced by a rather dense thicket. But at any rate the 
above words of Young hit very near the truth. 

To put it shortly, in tlie case of air the dragging is nil^ or noady 
so, K ' 0. 

* Phil, 1804, p. 12, — os quoted by Whlttakor in A History of th$ 

Thwriss of Aether and EhetHeily, p. 115 ; London, xgio. 
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But the case is different for optically denser mcdia^ having, for 
light of a given frequency, an index of refraction it, sensibly different 
from unity. For if k were nil also for such media, we should have 
to replace c in (8) by the smaller velocity of prop^ation efn, so that 
the angle of aberration would be diffwent for optically different 
media, whereas it lias been proved experimentally to be just tlio 
same as in. the case of air. More generally, Arago concluded from 
his experiments on the light of stars that the earth’s motion has no 
observable influence on tlio refraction (and reflection) of the rays 
emitted by these liglit-sourccs, i.e, tliat the rays conting from a star 
behave, say, in the case of a prism or a slab of glass, precisely as 
they would if the star were situated at the point in whicli it appears 
to us in consequence of ordinary Bradleyan (air*telescope) aberra- 
tion, and tlie earth were at rest relatively to the star. Arago 
himself tried to explain this result of his experiments on the corpus- 
cular theory, and on the supplementary hypothesis that the sources 
of light impress upon the corpuscles an infinity of different velocilics, 
and that out of these none but tliose endowed with a certain velocity 
(H:‘Oi%) have the power of exciting our organ of sight. But this 
strange hypothesis entangled him in a maze of difficulties, and the 
whole theory, not free from otlier difficulties, docs not seem to have 
satisfied its author. At any rate, Arago proposed to Fresnel to 
investigate whether the above result of his observations could not 
be more easily reconciled witli the wave theory of liglit. 

It was in. answer to this invitation that Fresnel wrote in i8i8 his 
celebrated leltor to Arago ' on the influence of the earth's motion 
upon certain optical phenomena,' * in which he gives a beautiful 
solution of the problem, and which has since become one of tlio most 
solid supports of modern inquiry into the optics of moving media. 
Hero appears for Uie first time his ' coefficient d'entratnemont,’ 
already mentioned above. Fresnel based the theory of aberration, 
and associated matters, on tlie following hypothesis, which turned 
out to be a very happy guess indeed : 

Fresnel supposed that the excess, and only the excess, of the 
actlier contained in any ponderable body over that in an equal 
volume of free space is cMried along with the full velocity, v, of the 

* * Lottro d' Augustin Frosnol & Franfoia Arago, sur rinAuence dit mouvo- 
tnont iorroslrc dans qiielqnos phdnom&nca d'optlquo,' Amalss da ehim. at 
da phya., Vol. IX. p. 57, cahior de soptombro, 1A18 ; reprinted In Frosnors 
GTtwref eomplites, Vol. II., Paris, 1868 ; No. XLIX. pp. 627-636. 
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body\ while Ihe remainder of the aether within tlie space 
occupied by the body, like tlic whole of the free aether outside, 
is stationary, with respect to the fixed stars. 

This amounts * to supposing that tlie velocity of propagation of 
the light'Waves is augmented only by the velocity of the cer^e of 
gravity (centre of mass) of tho whole mass of the aether contained 
in the body. This velocity will, generally, be but a fraction of v. 
Call it KV i then k will be what has above been called the dragging 
coefficient. Let bo the density of the aether outside the 
body, and p its density within tlic body; then, by Fresnel’s 
hypothesis, 

{p-p^)v^p.KV 

or 

Now, e being the coefficient of elasticity of the aether within the 
body, and Sq that of the free aether, the body’s refractive index n is 
given by 

Ptl p 

But Fresnel’s aetlier has throughout the same elasticity,! within 
ponderable bodies and interplanetary space, so that and 

Thus we obtain Fresnel’s celebrated formula for the dragging 
coefficient : 

K “ I - -V (^0 

Notice that considering the excess of the aether, t.e. /)~/)o per 
unit volume, as a permanent part of material bodies, it can be said 
simply that the aether proper is not moved at all, that it is entirely 
uninfluenced by the moving bodies. Fresnel’s theory is therefore 
usually alluded to as the theory of a fixed aether. Implicitly, this 
aether of Fresnel is supposed to be fixed relatively to the stars, or 

* See llio letter In qnostioii, p. 631 of reprint in Vol, II. of CEuwes cewt- 
piiUs, 

t For a complete history of the notlior sco Whittaker's work quoted 
above. A conolse history of tho aether from Green's investigations up to 
the advent of tho olcctromagnotio theory, and a comparison of ihe latter 
with tho olostio theory of light, will bo found in my Blernmis of the Etectrih 
tnagnefie Theory 0/ Light, Longmans, 1918, section a. 
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at least to those stars wliich have been concerned in the aberrational 
observations. 

For a vacuum, or air, n ■* l and k =0. Thus, first of all, Fresnel's 
theory is in perfect agreement with Bradley’s observations. For 
other media n>i and o<k<i, or the dragging is pe^lial, and 
increases with tire optical density of the medium. 

By means of his dragging coefficient Fresnel treated fully the 
problem of refraction in a prism, showing that it must be sensibly * 
uninfluenced by the earth’s motion, in agreement with Arago’s 
observations. This problem, in fact, was the cliiof object of Iho 
letter quoted. 

To close his admirable letter, Fresnel gives an application of his 
theory to an experiment, suggested previously, in 1766, by Bos- 
covich,i' consisting in tlie observation of die phenomenon of aberra- 
tion with a telescope filled with water, — commonly called ' Airy’s 
experiment.* Fresnel infers from his formula for k, by a simple 
and most elegant reasoning, that if observations were made with 
such a telescope, the aberration would be unaffected by the presence 
of the water. This result was verified, for tlie first time, by Sir 
G. B. Airy in 1871, in the observatory of Greenwich. His observa- 
tions on y Draconis, during 1871-1872, proved Indeed that the 
presence of water, in place of air, has no sensible, i.e. no first-order 
{v/c), influence on the aberration. 

Though Fresnel’s own reasoning, reprinted at the end of the 

* i.». as far as Uio first power of vfe goes, 

t R. J. Boscovich {or BoSkovld), born in Kagusa 171X, diod in Milan 1787. 
Tlio piindplo of tlio wator-tolcscopo was first explained by Doscovicli in a 
letter to Beccaria in 1766, and then fully developed in the second volume of 
Ills optical and astronomical papers, Opera partinmUa ad opHcain et asiro- 
uamiam ; Basanl, 1785, Vol. Ill, opusculum HI. pp. 348*31/1. An interest- 
ing account of the work (and life) of Boscovicli is given by G. V. Schiaparelli 
in a manuscript. Suit’ aiUvUA del Botfkooi^ qwale asironomo in Milano, edited 
rccontly by Dr, V. VarUak (Agram, Soutli Slavic Acad, of So., 190 ; igia). 
In connection with the subject of our Chap. I., the reader may also be vrarmly 
recommended to consult another paper of Boscovldi, edited by Dr. Varl^ak 
{ibidetn, 190 ; igia) : De motu absohito, an possU a r^ativo distingui, 
originally a siipplomcnt of Boscovich to PhiJosopbiae raeenlioris a Benediclo 
Stay versibue traiitae, Ubri X. ; Vol. I. p. 350 ; Romo, 1753. Tliis paper, 
which is missing even ip Dnhom’s bibliography of the subject (£,0 moave^ 
Mieut absofn et le momemnt relalif, igog), contains many remarkably clear 
and radical ideas rcganling the relativity of space, time and motion. 

For botli of those pamj^ilets I am indebted personally to Dr, Vari^ak. 
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present chapter (Note 4), exhausts the subject entirely, let us yet 
dwell upon it a moment. 

If tlie aether behaved in optically denser bodies as in air, if 
there were no dragging at all, wo should have, by the ship and shot 
analogy, instead of (8), 

V sin^ 

^“sinO’ 


cfn being the velocity of propagation of iiglit in water, or in any 
other medium filling the tube of the telescope. Then Airy's experi- 
ment would have given a positive result. But he obtained precisely 
the same ^ as for air. This negative result suggested to him (at 
least as it is usually represented in text-books) the supposition tha 
the ' water carries with it the aether ' with only a certain part of its 
velocity, namely such tliat, in the above formula, we have to write 
V instead of o, where 

so that 


sin</> V V 
sin ^ cfn ™ c* 


as for air. In reality the process of compensation is not so simple 
as this, and in Airy's experiment the compensation — sensibly 
complete — is produced in a slightly different way. Considering a 
slab of water moving perpendicularly to its axis, and neglecting 
second-order terms (i.e. = lO”*), we shall find * 


sint/) 

&iaO 


( 9 ) 


where, o-o being the relative velocity of the aether and telescope, 
K=»/o has been written for the dragging coefficient, as yet sup- 
posed to bo unknown. Hence, to account for Airy’s negative 
result, to make (g) identical with (8), we have to write 


as ill Fresnel's formula. 


* Soo, If nccossary, for Instance N. It. CampboU’s Modern Electrical 
Theory, Cambridge, igo? ! pp. 303**94 (h«t interchange the dashes at'P, 
C, 0 , Q in his Figure a8, which are placed the wrong way ; correct also 
some dashes on p. and rood at the bottom of tlio page ‘ presence ' 
instead of ’pressure,* As regards Flzean's expetiment, amend tlio 
anachronism on p. agj ; * Flioau tried *—1851 — to test the correctness of 
Airy's hypotlicsla ’ — ^1871). 
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Thus, Airy‘8 negative result is perfectly accounted for by Fresnel’s 
dragging coefficient, terms of the order of being, of course, 
beyond the possibility of observation. 

But Fresnel’s formula found also, twenty years earlier, an im- 
mediate verification in Fizeau’a optical interfercnca*expcrimcnt 
with flowing water,* The arrangement of the apparatus which was 
used by Fizeau is seen at a glance from Fig. 5 * Light from a narrow 
slit, Sj after reflection from a plane parallel plate of glass, AA, is 
rendered parallel by a lens L and separated into two pencils by 
apertures in a screen EE placed in front of the tubes /i, 7 g con- 
taining running water. The two pencils, after having traversed 
(towards the left hand) the respective columns of water, arc 
focussed, by the lens B, upon a plane mirror Z, which interchanges 
their paths ; the upper pencil returns towards L by the tube Tg, 
the lower by Tj. On emerging finally from the water, both pencils 



Pia 5. 


are brought, by L, to a focus behind tlie plate A A, at S' (and partly 
also at S). Here a system of interference fringes is produced 
which can be observed and measured in tlie usual way. Thus, 
each pencil traverses both tubes, 7 \ and the same thickness 

of flowing water, say /. Moreover, the (originally) upper pencil is 
travelling always with, the other against tho current. If, there- 
fore, V be the velocity of the water and k tlie dragging coefficient, 
the diflerence in light-time for the two pencils will bo given by 



where » is the refractive index of water. Passing from stationary 
to flowing water, Fizeau observed a measumble displacement of 
the interference fringes, namely with 0=700 cni./8cc. ; and by 

• H. Fizeau, Cotnplas rtndus, Vol. XXXIII,, 1831 ; Amalea de CbiuUe, 
Vol. LVIl., 1859. 
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reversing the direction of the current of water the displacement of 
the fringes could be doubled. From the obsei'vcd displacement it 
is easy to find the difference of times A, and by equating it to the 
above expression of A to find tlie dragging coefficient h in terms of 
1 , 71 , V, which can be measured. The result of Fizeau's experiment 
was that k is a fraction, sensibly less than unity. How much less^ 
could not bo ascertained with sufficient precision. Fizeau’s experi- 
ment was therefore repeated in a form modified in several important 
points by Michelson and Morley * (1886), who found, for water 
(moving with the velocity of 800 cm. per second) at 18** C,, and for 
sodium light, 

K =o-434±oo2, (MM) 

i.e, * with a possible error of ±o-02.' 

Now, n being, in the case in question, equal to l' 3335 , Fresnel’s 
formula gives 

«-i-^- 0 ' 438 , (Fr) 

a value agreeing very closely with Michelson and Morley's experi- 
mental result. 

Thus, Fresnel's formula, deduced from what in our days may bo 
deemed an assumption of naiCvc simplicity, proved to be in admirable 
conformity with experiment, like everything predicted by Fresnel 
in optics. His dragging coefficient has acquired a special impor" 
tance in recent times, and every modern theory is proud to furnish 
his K, whicli has become, in fact, one of the first requirements 
demanded from every theory of electrodynamics and optics of 
moving bodies which is being proposed. * Agreeing with Fresnel ’ 
has become almost a synonym of ‘ agreeing with experience.' 

Now Maxwell's nnd Hurtz-Hcavisidc’s equations for 'moving 
media, (Mx) and (HH), giving, as wc have just seen, k ^ and k « i , 
or half and full drag, respectively, for any medium, be it as dense 
as '\^alcr or glass or as rare as air, proved tlicreby to be in full dia- 
af,rccincnL with Fresnel, and therefore with experiment. 

. The first successful attempts to smooth out tliis discordance of 
j (Mx) and (HH) from experiment, whicli — as has been mentioned — 
manifested itself also in the case of electromagnetic experiments 

* Micholson and Morloy, American Joitm, of SUeneo, Vol. XXXI, p, 377 ; 

1 880. See also A. A. Mloliolaon's popular book, Light Waves and their Uses ; 
Qilcago, 1907 ; p. 153. 
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properly so called, were made by H. A. Lorentz in 189a. Tlic 
theory proposed in a paper published in that year,* * * § whicli led with 
suiEcient approximation to Fresners dragging coelBciont, was then 
simplified and extended in 1895, in a paper f whidi has since 
become classical. 

Stokes' moving aether (1845) leading to serious difficulties,;^ 
Lorentz decided in favour of Fresnel’s immovable, stationary aether, 
as the albpervading electromagnetic medium. 

Thus, Lorentz's theory, presently known widely as the Electron 
Theory, is, first of all, based on tlje assumption of a BtationiuT, 
isotropic and homogeneous aether. In calling it shortly ‘stationary ' 
Lorentz states expressly tliat to speak of the aetlier’s 
* absolute rest ' would be pure nonsense, and that what he means is 
only that the several parts of the aether do not move relatively to 
one another {Essay, p. 4). In other words, Lorentz's aetlicr is not 
deformed, it is subjected to no strain, and does not, conseijucntly, 
execute any mechanical oscillations. And this being the case, it 
has, of course, no kind of elasticity, nor inertia or density. It is 
thus far less corporeal than Fresnel’s aetlier. One fails to see what 
properties, in fact, it still has left to it, besides that of being a 
colourless seat (wo cannot even say substratum) of the electro* 
magnetic vectors B, M. And although Lorentz himself continues 
to toll us, in 1909, § that he * cannot but regard tlic ether as endowed 
with a certain degree of substantiality,' yet, for the use he over 
made of the aether, ho might as well have called it an empty theatre 
of E, M, and their performances, or a purely geometrical system of 
reference, stationary with regard to the (or at least to some) * fixed ’ 
stars. This aether, having been deprived of many of its precious 
properties, was at any rate already so nearly non-substantial, that 
the first blow it had to sustain from modern rescarcli knocked it 

• PI. A. Lorontz, La thioris itsclromagiidliqm de Maxwell tt son appiicaHon 
anx corps mommtlsi Loklen, E. J. Brill, 189a (also in Arch, nAfl, Vol, 
XXV.). 

fH. A. Loi'cnta, Vsrsuch tiwr TheoHe dw elednsehsn imd opiischsu 
ErscMnuHgsn in bewegten KSrpem ; Loklen, B. J, Brill, 1895. This papor 
will bo shortly roforred to as * Essay* 

t Sco Note B at tlio end of tills chapter. 

§ Lorentz, The I'htory oj Electrons, oto.. Lectures dcllvorcd in Columbia 
Univorstty, 1906 ; Loi^zig, Teubnor, 1909 ; p, 230, A second edition, 
without matorial changes, was publidicd In 1916. 
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out of existenco altogetlier, — as will bo seen later. Stillj sub' 
stantial or not, for the theory of Lorentz we are now considering, 
it is somelhing, namely its unique system of reference. So long, 
therefore, as it was tliought that tliere is such a unique system, 
Loren tz's all-pervading medium could continue its scanty 
existence, 

For this free aether, i.e, where it is not contaminated by the 
presence of ponderable matter, Lorentz assumes the exact validity 
of Maxwell's equations, (4), i.e, 

curlM; - r . curlK; divM—o, 

with /> »• div E => o. (As to terminology, Lorentz calls E the dieleclriq^ 
displacement, and M tlie nic^nelic force.) 

Then, to account for tlie optical and, more generally, electro- 
magnetic phenomena in moving ponderable matter, he has recourse 
to electrO'Otomism, an hypothesis already employed (1883-1888) by 
Giese, Schuster, Arrhenius, Elster and Gcitel, and otlicrs, and later 
also by Helmholtz (1893) in his famous electromagnetic theory of 
dispersion, and in various writings of Larmor. According to 
Lorentz, matter by itself has no influence whatever on the electro - 
tnagnelic phenomena : in this respect it behaves like the free 
aether. Only when and as far as matter is the scat of ' ions,* in 
Lorentz’s, or electrons in modern terminology,* it modifies the 
electromagnetic field and its variations. In other words. Maxwell’s 
equations, (4), arc assumed to bo strictly valid not only in the free 
aether, but also in all those portions of ponderable molecules in 
wliich there is no cliarge, i.e. wherever /> “O. And as to the question 
whether ponderable matter consists entirely of electrical particles 
(charges) or not, Lorentz leaves it an open question. If I may 
vcnluro an opinion, it was very wise of him not to have had 
M. Abrahani*8 ambition to construct a purely electromagnetic 
' Wcltbild,' as the Germans call it. (This remark will be under- 
stood better later on, when wo shall sec that, as far as wo know, 
oven tho mass of the free electrons, sucli as the kathode ray- or 
/S'particlcs, may not bo of purely electromagnetic origin.) The part 
played in Lorentz 's theory by matter itself consists only in keoping 

* ‘ Electron ' is due to Johnstone Stonoy (i8gi). Tho distinction made 
now hotweon ' Ions * and ' electrons ' does not concern us hero ; bosidea. It 
is generally known from a host of popular writings. 
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the electrons, or at least some of them, at or around certain places, 
say, restraining them from too wide excursions. Maxwell’s equa- 
tions, as written above for tlie freo aetlior, are modified only where 

divEsp^o, 

where tliero is, at tlic time being, some electric charge or 
electricity, and where, moreover, tlie electricity is moving.* The 
' modification is the slightest Ims^lnablo,’ to put it in Loren tz’s own 
words {Electron Theoryt P' i^). If p be tlic velocity of olcotricily 
at a point, relatively to the aether, relatively to that system of 
reference, S, in whicli the free-aether equations (4) are valid, then 
the left-hand member of the first of these equations, or tlie displace- 
jnenl atrrent, is supplemented by the cotpoeeiion cvrrent, per unit 
area, %e. by pp, while the second and tlilrd equations remain 
unchanged. 

Thus, Lorentz’s differential equations, assumed to be valid 
exactly or«fiero£roptVci/y f throughout the whole space, are 

+ pp ^ ff . curl M, where p =» div E 
^--c.curlB; divM>»o. 

These have been since generally called the ftmdamontoi oquntious 
or Uig eieotrou tbeox?. They contain, of course, tho equations for 
the free actlier as a particular case, namely for p »o. 

An important supplement to the above system of equations con- 
sists in tlie formula for the ponderomoUve foroe ' acting on tho 
electrons and producing and modifying their motion,’ which, 
guided by obvious analogies, Lorontz assumes to hooper unit voltmte, 

P=,>PB+jVpM], (11.) 

or, per unit charge, 

E'«E+-VpM, (lo) 

c 

This force is supposed to be exerted by tho aether on elccti'ons 
or matter containing electrons. Vice versa, as Lorentz stales it 

* This, of course, implies tlie posslbUity of our following lui individual 
portion or element of clmrgo in its motion, — a subtle point (due to olrcuital 
iudoterminatenosa, etc.}, vdiich, however, need not detain us hero. 

t To bo contrasted afterwards wltii his imcroscopio or avomgo equations. 
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expressly, matter, whether containitig electrons or not, exerts no 
action at all on tho aether, — since the aether has already been 
supposed to undergo no deformations, etc. Of course, Lorentz’s 
aether is massless as well. Lorentz tells us, with emphasis, not to 
bring in even the notion of a ‘ force on the aether.’ It is true — ^lie 
adds — that tills is against Newton's third law (action » reaction), 
' but, as far as I see, nothing compels us to elevate that proposition 
to a fundamental law of unlimited validity ' (£my, p. 28). 

But there is no need to keep in mind all these, and similar, re> 
marlcs and verbal explanations, — especially as tho absence of force 
on the free aether is seen from (11.) at a glance, by putting p >»o. 

It is perfectly sufficient to atalo that the basis of Lorentz’s 
theory is entirely contained in the above {microscopically valid) 
equations (i.), (ii.),* all other things being obtained from these 
equations by more or less pure deduction, without now hypo> 
thescs.f 

Notice, in passing, Uial (i.) is not a complete system in the sense 
of the word explained in Chap. I. For to trace the electromagnetic 
history, not only Bg, Mg for <»o and for the whole space, but also p 
and p for all values of I must be given. In (i.) we have, essentially, 
two vector equations of the first order for three vectors E, M., p, 
and tho formula (n.) docs not complete the system, since, on further 
research, it does not lead to an equation of the form 

Bp/3/»fl{E, M, p),t 

but in the most favourable case to an integral equation 
extending over a certain interval of time, generally finite, but some* 
times indefinitely prolonged. But this ‘ incompleteness ’ is no 
disadvantage in (i.), (11.), especially for the purpose of macroscopic 
treatment, in which consisted Lorentz's main object of constructing 
these equations. 

The equations assembled in (i.), which, together with the formula 
for the pondcromotivc force, have been received into the domain 

* These are also the equations of LArinor, who started from tho concept 
tion of a quasl-rigld aothoi and deduced the equations in question from 
tho principle of least action, i^tihor and Matter, Cambridge, igoo.) 

I Until we aomo to Micholson and Morley'a famous interference experi- 
ment. 

t n being BQino space-operator and B, M. p tho Instantaneous values of 
tho tierce vectors or voctor-fiolds. 
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of modern Relativity, as will be seen later, can be easily condensed 
into a single quaternionic equation. First of all, piit 

B-M-iE (n) 

(where and coll it the oieotromaKnotlo blveator. Also write, 

for convenience, 

(la) 


Then, the first and third, and the second and fourth of (i.) coalcsco 
respectively into the bivectorial equations 

gj+curlB-jW 

and 


div B “ — tp j 


or, in Hamilton's symbols. 


3B I 

-g^+VVB--pp, 

SVB--^(VB)=-divB«tp. 

Add up, and remember tliat the full quaternionic ' product * of the 
Hamiltonian V and of the bivcctor B is 


VB-VVB + SVB; 
tlieii 

Next, introduce the operator 

(>3) 

which will turn out to bo of fundamental importance for our subse- 
quent relativistic considerations, and the quaternion 

(H) 

which wo may call the ourront-qnatomion. ‘Plien tlio last equation 
will become 

J5B-C. (i. a) 

Thus, the four vectorial equations in (i.) coalesce into a single 
quaternionic equation (i. ti), whose form will bo very convenient 
for relativistic electromagnetism.* It is scarcely necessary to say 

* At least as far as the now so-called Special Kclailvlly is conoorned. 
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that what we have done here has nothing to do with Relativity. 
Tho equation (i. a) is simply a formal condensation of tiie funda* 
mental electronic equations (i.). 

What we are mainly concerned with in tlie present chapter is 
tho macroscopic or average result of these equations and of the 
force formula (ii,). But before passing to consider Lorontz’s 
macroscopic equations, it will be good to dwell here a little upon 
the microscopic formulae (i.), (ii.), and some of their immediate 
and most important consequences. 

First, as regards the conservation of energy, multiply tho first of (i.) 
by E and the third by both times scalarly. Then, remembering 
that, by (ii.), />(Bp) “(Pp), and, by vector algebra. 


(E curl M) - (M curl E) - - div VEM, 


the result will be 


(15) 

where 


(16) 

and 

=cVEM. 

(17) 


Now, (Pp) is the activity of the pondoromotive force or tho 
work done ' by the ether on tlic electrons ’ per unit tame, and unit 
volume. Thus, by (15), the principle of conservation of energy will 
be satisfied for every portion of space, however small, if u is inter- 
preted as the donalty, and at the same time as tho flax, of alootro- 
inagaetlo onorgy. The possibility of adding to any vector of 
purely solcnoidal ilistribution need not detain us here. $ is widely 
known as the PoynUng vector, in commemoration of the fact that 
this vector and the corresponding conception of the flow of energy 
were first formulated by Foynting (1884). Thus wc see that the 
density and tho flux of electromagnetic energy, given by (16) and 
(17), arc in Lorentz's theory precisely os in Maxwell's and Hertz - 
Heaviside's theory. 

Next, as regards the ponderomolioe force F, in comparison with 
that of Maxwell os expressed by his electromagnetic stress, use tho 
first and third of the fundamental equations (i.) ; then (ii.) will 
become 


P - VB curl B - VM curl M - - V^M - - VE^, 
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or, introducing the Foynting vector, 

P -/)E - VE curl E-VM curl (l8) 

This is the expression of Lorentz's force, equivalent, in virtue 
of (i.), to the original expression (ii.). Now, MaxweWs pondero- 
moHv0 force, per unit volume, is given by 

-pE-VB curl E-VM curl M. (19) 

This is the resultant of Maxwell's woIMcnown olootromngiiotto stross 
ftt-wn-E(En) -M(Mn), (20) 

i,e. Idivfi-Jdivfa-kdivfu, (21) 

being the pressure * per unit area, on a surface element whoso 
unit normal is n, and f^, fg, fg meaning the same tilings as for 
n-i, J, k respectively. We do not stop hero to show tlio equi- 
valence of (19) and (21), for we shall have an opportunity to do so 
later, What concerns us here is the comparison of Lorentz's with 
Maxwell’s ponderomotive force. From (18) and (19) we see tiuil 
the former is 


Maxwell’s force on the free aether, i.e. for />=o, is, by (19) anil 
the system (i.), whicli in this case coincides with Maxwell's 
equations, 

c c 

/>“0, (iPo) 


Thus, in a variable field, Maxwell’s ponderomotive force on the freo 
aether is, generally, different from zero. The supposed cxislencu of 
such a force, which has been treated on various occasions hy 
Heaviside, suggested to Helmholtz the argument of his last paper, 
namely an investigation of the possiblo motions of the free acthor.t 
On the other hand, Lorentz’s force on the freo aether is always nil, 
according to his fundamental formula (11.) ; as has been already 

* Pressure proper being counted positive, and tonslou proper negnllvo. 

t H. V, Helmholtz. Polgerungen aus Maimell's Theorie dher die neweeimgen 
des reinen Aethers', Borl. Sltzbcr., July j, 1893 ; Wied, Vol. I.Uf, 

p. 135, 1894. 
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remarked, he forbids us even to talk about a force on the aether, 
since its elements are supposed once and for ever to be immovable. 
According to (22) the Maxwellian force on the aether is just com* 

pensated by Lorentz’s supplementary term » ’<3 In using the 

Maxwellian stress f„ in his theory, Loren tz considers It, of course, as 
a system of ' merely fictitious tensions ’ (cf, Essay t p. 29). In 
Maxwell’s theory tlie ponderomotivo actions observed in electric 
and magnetic fields were physically accounted for by the tensions 
and pressures of the actlier. But Lorentz, in order to be con* 
sistent, avoids considering the ' aether tensions ’ as something 
physical, since these would mean fori^s exerted by the different 
parts of the aether on one anotlier. Thus, the Maxwellian stress is 
to him but a convenient matlicmatical instrument. 

Returning to tlic general cose, o, Lorentz’s pondcro motive 
force (ii.) may bo written, by (22) and (21), 

P--ldlvf,-Jdivii-kdivli-^^. (i3) 

It thus consists of two parts, the first of which is dcduciblc from the 
Maxwellian stress, while the second, foreign to Maxwell’s theory, is 
given by the negative time-rate of local change of the vector 
It is this second term which always compensates the Maxwellian 
action on the pure aetlier. 

Finally, to obtain Lorentz’s resultant force 

n^jprfr 

on the whole system of electrons (r being any volume containing all 
the electrons), use the expression (23), and observe that 

jdiv ft dr = |(nft) rfv, » = i , 2, 3, 

where n is the outward unit normal of the surface tr enclosing the 
region t. Also remember that 

l(fin) H-J (fgn) +k(fjn) =f,„ (24) 

since the .Maxwellian stress is irrotational or self-conjugate. Then 
the result will bo 

S.U. 


n 


(’ 5 ) 
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(T being supposed fixed in the aether, i.e, relatively to the framoworlc 
S in which the fundamental equations are to be valid. Formula 
(25) states simply the same thing for the whole system, contained 
in T, which is expressed by (23) for each of its elements. Of course, 
in passing from (23) to (25), the continuity of the vector f„(or at 
least of its components normal to surfaces of discontinuity, if there 
be any) has been tacitly assumed tliroughout t.* The last formula, 
again, may be written 

which needs no further explanation. Now, as the mathematicians 
say, let <r expand to infinity, or at least so tiiat, B, M decreasing in 
the usual way as i/r>, the surface integral should vanish. Then 


while 





where the vector Q is defined by 


(26) 


(27) 

and is called the eloobrouiasaetlo momentum. 

Thus Maxwell's resultant force is strictly nil, satisfying Newton's 
third law (action equal to reaction), while Lorentz's resultant force 
is generally different from zero, against the third law, — a result 
which has been already stated in a slightly different form. Thus 
Maxwell's theory, admitting an .action on iho pure aetlior, did, 
while Lorentz's theory, denying it, does not satisfy Newton's tliird 
law. But, as was observed by Lorentz himself, there is notliing to 
compel us to universalize that law of Newtonian medianics. At 
first, Poincard tried to use tliis as an argument against Lorentz's 
theory f ; but ho soon gave it up. This was to be only one of a 
whole series of sacrifices, and not the greatest one, made by modern 
physicists. 


* Tlio troatmbnt of possible exceptions to this assumption, os oicctro' 
magnotio surfaces of dlsconllnulty or waves properly so called [wlilch 
exceptions seem to bo ovorloobcd by tlie leading olcctronists, who claim for 
(35) general validity], need not detain us hero. 

\ III Potnoarft, Arch. N^eriaiid., Vol, V. ; igoo. 
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Similarly, tlie resultant moment of tlie ponderomotivo forces, 

flwJvrPdT, (28) 

Where r Is tho vector drawn to any point of the field from a point 0 
fixed in the aether, or fixed relatively to S, may be easily put into 
the form 


Thus, for tho whole space, and with the usual assumption as to the 
behaviour of B, M at Infinity, 


and 

where 



is called the electromagnetic moment of motnentum. 
the ordinary, mechanical, moment of momentum 


(29) 

Its analogy to 


SJfttVrv 


is obvious. So is also tho analogy of the above G with the ordinary 
momentum 

2»tv 


and the corresponding interpretation of (26) and (29). Both Q and 
H are so constructed as if the aether contained (electromagnetic) 
momentum in each of its dements amounting to 

g-aD-ivBM (30) 

c c 

per unit volume. 

So much as regards the chief consequences of tlie fundamental 
formulae (i.) and (ii.). 

Now for Loren tz*8 macroscopic equations. These arc obtained 
from (i.), (n.) by averaging over * physically infinitesimal ’ r^ions 
of space. Lorentz calls a length I physically infinitesimal (in dis* 
tinction from what is called mathematically infinitesimal) if the 
values of any observable magnitude at two points distant I from 
each other arc sensibly equal to, i,e, indiscernible from, one another. 
Molecular, and, a fortioH, electronic, dimensions and mutual die* 
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tances of molecules constituting a ponderable medium, are assumed 
to be small fractions of I, Let ^ be any magnitude, scalar or 
vectorial. Round a point P draw a sphere of physically inlini- 
tesimal radius ; let t be the volume of this sphere. Tlien 

is called the mean value of ^ at P, and is denoted by If ^ be 
any of the magnitudes involved in the ^ndamental (microscopic) 
equations, as for instance p or M, then ^ is what is macroscopically 
observable. 

We cannot reproduce here the details of the process of averaging 
based upon the above fundamental notion,* but shall simply write 
down the resulting macroscopic equations, limiting ourselves to the 
case of a perfectly transparent {i,e, non-conducting), non-magneUc 
ponderable medium, and leaving out of account dispersion. We 
must, however, explain first the meaning of the symbols involved 
in these equations. 

Assuming that the molecules of the ponderable medium or body 
contain electrons,'}' to which belong certain positions of equilibrium 
within the individual molecules, Lorentz supposes their displace- 
ments from these positions, q, and their velocities relative to the 
corresponding molecule, 

to be infinitesimal. In other words, he neglects the squares and 
products of q, or of any of their components in presence of their 
first powers. Notice that the only part played by the molecules of 
ponderable matter consists here in restraining the electrons, i.e, in 
keeping them near certain positions. For, as has already been 
remarked, one of Lorentz's fundamental assumptions is, that 
matter by itself, apart from electricity, behaves like the free aetlicr, 
its presence having no influence whatever upon the electromagnetic 
field. 

Let e be the charge of an electron which has experienced the 
displacement q, as explained above. Then Lorentz introduces tlic 

* Soo Sections II. and IV. of Lorentz’s Essay, or his orticlo In Enoyhl. d, 
math, Wiss., Vol, V|. pp. 200 et seq. ; Leipzig, 1904. 

t Viz. ' polarization-electrons,' and leaving out of account olrcllitg or 
' magnetization- * and free or ' conduction-electrons.* 
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notion of electrical moment, not unfamiliar to older theories, dchuing 
this vector to be, per unit volume, the average of sq[, i.e. 


Talcing the sum of this and of the average of E, Lorontz introduces 
the macroscopic vector _ 

+ (31) 


which he calls tiie dielectric polarisation,* Thus, in the free aether 
(B reduces to E, and generally (B is what Maxwell called the 
dielecti'ic displacement. 

Next, the macroscopic mt^neHc force is defined to be the average 
of our M, i.e, M, instead of whicli, however, we shall write 
shortly M, 

Finally, the macroscopic electric force is introduced, being defined 
as the average of E', i.e. of the pondoromotive force per unit charge, 
as given by the formula (lo). Instead of B' we shall, again, write 
more conveniently E'. Thus Lorentz's macroscopic electric force 
will bo 

E'«B+lVpM. (33) 

c 


Notice that here p means tlie resultant velocity of an electron, i.e, 
the vector sum of its velocity relatively to the molecule in question 
and of the velocity of the ponderable body as a whole, say v, 
relatively to tlio aether, so that p «• q + v. 

With these meanings of the symbols, Lorentz’s macroscopic 
equations for a transparent, non-magnetic, ponderable body, moving 
with constant f velocity v * through tlic stagnant aether,' i.e, relatively 
to the framework -S, are as follows p. 76) : 


curlM'; div(£=o 
-tf.curlB'; divM = o 

k'_m_1vvb' 

e 

c 4 


(33) 


* The above ($ Is Lorentz's 

I Constant In space and time, that is to say, for a body having a uniform 
purely translational, reotlllnoar motion. • 
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Here the system of coordinates involved in div and curl, is rigidly 
altached io the ponderable body, thus sharing in its motion through 
the aether. But the time t is the same as in the fundamental 
equations (i.) ; obviously, tlierefore, 0 / 9 / is the time rate of change 
for constant values of these coordinates, ue. ai a fixed point of the 
body, not of the aether or of S, 

The second of (33) is an obvious expression of the assumed 
absence of macroscopic charge, i,e. of p no. In the more general 
case of a sensibly charged body we should have dlv where p 
is the observable density. As to K, appearing in tlie last of (33)^ it 
is a linear vector operator in crystalline, and a simple scalar coeffi- 
cient in isotropic bodies, known as the dielectric constant or 
permittivity, and depending in a complicated way on the distribu- 
tional properties of the electrons. The numerical value of K in 
an isotropic, and its principal values, K^, IC9, in a crystalline 
body, are not constant, of course, but vary with the period T of 
the incident light- or, generally, electromagnetic oscillations. How- 
ever, to .avoid unnecessary complication, we may think here of the 
simple case of homogeneous light,- of a particular kind (colour). 
Then K, or Ki, K^, K^, arc constants, whose numerical values are 
to be considered as deduced from the observable refractive 
properties of tlie body with regard to light of tliat particular kind. 
In case of isotropy we have to write K^n\ if n be the corresponding 
index of refraction.* 

Notice that (33) contains, besides tlie solenoidal conditions for 
QE and M, four vector equations for as many vectors, 

fiB, M, B', M', 

the velocity of motion v being given. And since the differential 
equations arc of the first order with regard to /, the macroscopic 
electromagnetic histoiy of the whole medium is determined by its 
Initial state, say, by QEq, Mg given for /»o. 

It must be kept in mind that, to obtain the system of equations 

* As to dispersion, wliicli need not detain us hero, it can bo accounted for 
in tho well-known way by attributing to the body (or to its moleculos) ono 
or moro Intornal, ' natural porlods,’ and, to Introduco tlieso, plenty of 
opportunltios aro ollorcd by the hypotliesis of Uio olectronio structure of 
moleculos and atoms. 

Owing, howevor, to moro rocont dovolopments, especially in connection 
with Bohr's quantum theory of spectra, the olectronic theory of dispersion, 
originally simple, is now bristling with difficulties. 
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(33) from the fundamental ones, Lorentz has deliberately neglected 
not only various small terms concerning the minute influence of 
electrons, but also all ^^-lems, where 

p-’i- 


This is especially true of tlie hfth of (33), which has been obtained 
from the more exact formula M'^M-VvE/c by writing E' instead 
of B, and thus [cf. (32)] omitting VvVpM/c* which is a j8^»term. 

Lot us now consider some of the most important consequences 
of this system of macroscopic equations. 

First of all, as tlio reader may easily find by himself,* they give 
tl\e right value for the dragging coefficient, viz. sensibly Fresnel's 
I . . 

coefficient, k=«i This, m fact, is a consequence of (33), when 

P* terms are neglected and when dispersion is not taken into account. 
For a dispersive medium that value of the index of refraction is to 
be taken which corresponds to the ' relative ’ period of oscillation, 
7 '', — a concept to be explained further on. This gives a slight 
correction term, — nr^TdnfdT {Essay, p. 10 1), where n is the refrac- 
tive index of the medium corresponding to the 'absolute* period T, 
i.e. the period of tlie oscillations emitted by the source, say, in 
Fizcau's experiment. Thus, Loren tz's formula is 


H = l 


I .1 rp‘dn 


(Lor) 


For water, at 18" C., and for sodium light, this becomes 

K =0*451, (Lor) 

whereas Fresnel’s value, and that obtained experimentally by 
Michelson and Morley, have been 0*438 and o*434±o*02 respec- 
tively, Thus Lorcnlz's dragging coefficient agrees with the experi- 
mental value (MM) quite as well as Fresnel’s, especially if the 
' possible error of d:0*02 * be taken into account. In a word, 
Lorentz*s equeUions give the right value of the dragging coefficient. 
And, from what has been said previously, it can be argued 
that tiles e equations will also give correct results for all first-order 
phenomena. 


* ProCQodlng, nralalis 
Another, moro simple, 1. 
apply Lorentz’s * thcoroi 
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Next, putting v<»>0, wo sec at once that (33) become 


div($"0 

-e. curlB; tlivM"© 


(33o) 


that is to say, idmlical with MeaeweWs eqtuUiotts, for a stiUion‘ 
ary (non-magnetic) medium, (l), p. 24. Taking account o£ 
magnetization-electrons, we would have, in the second and tliird 
equation, ^ instead of M, where ^ (a being the permeability. 

This is a very satisfactory result, for, as already mentioned. 
Maxwell's equations for stationary media' agreeing fully with 
experiment, have been able to stand even the severe criticism of 
the modern relativists, who have adopted them without the slightest 
modification wliatever, 

' Stationary ’ means, of course, in Lorentz's theory, fixed rela- 
tively to the aether. 

In order to exhibit the properties of his equations, (33), in the 
general case of any constant v, i.e. for a material medium iiaving 
any uniform motion of rectilinear translation relative to the aether, 
Loren tz transforms tlicsc equations by introducing instead of the 
time I a new variable of very remarlcable properties. This, the so- 
callcd ' local time,' which was to become one of the most immediate 
forerunners of Einstein's relativistic theory, deserves a rather more 
extended treatment. It will occupy our attention in the next 
chapter. 


NOTES TO CHAPTER II. 

Nets 1 (to page 28). Let cr be a surface of electromagnetic discon- 
tinuity of tliG first order, for exam^de ; that is to say, tlie vectors 
E, M being themselves continuous across <r, let tlieir space- and time- 
derivatives of tlio Aiat order be different in absolute value and direction 
on the two aides of tlio surface. Call one of its sides z, and the other 
2 ; draw the normal unit vector n from i towards 2, and denote by 
[a] the jump of any magnitude a, i.e. the difference aa-oi. Then 
the so-callcd IdentioAl conditions, to be fulfilled at any rate, are 

{div E] «= (ne) ; [curl B] = Vne ; (fl) 
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and the kiiwmiiUoal oondltion of oompaUbUityi valid uuclor the sup- 
position titat tlio surface is neither being split into two or more 
nor dissolved, is 


(&) 


e being the same vector as in (a), clmractorizing the electrical cliscon- 
iiimity. and 1) (an indejsendoni scalar} the roiooity of propagaUon of 
cr, counted positively along n. Both e and h remain so far inde- 
terminate. in numerical value and direction. Similarly, for the 
magnetic discontinuity. 

[div BI] « (nm), [curl M] =Vnxn, (<^l) 




(».) 


m being a new vector and h the same scalar as above, since the 
electric and magnetic discontinuities arc supposed not to part from 
one another. (For the deduction of the above conditions see J, 
Hadainard’s Lepons s»r la propagation dos ondes et les Squatiom de 
Vhydrodynamiqmt Paris, 1903, or, in vectorized form, my book on 
Vectorial Mechanics, London, Macmillan & Co., 1913 ; also Annalen 
dcr Physik, Vol. XXVI., 1908, p. 751, and Vol. XXIX., 1909. p. 523.) 

If e, m are normal to o-, ^vc have a longitudinal, and if tangential, 
a tranaveraal discontinuity. 

So far everything has been independent of any dectromagnetic 
connections. Now use Maxwell's equations (4), with (41) ; since 
they are valid on both sides of (r, wo have also 


[^]=e[c«rl M], etc.. 


and, using [a), (6) with their magnetic analogues, 


^e=Vinn; 7m= 
c c 


=Vnel 
=0. J 


{0) 

(xn2i)=>o; (en)^ 

Nollco that if b docs not vanish, i.e, if there is propagalion at all, the 
second pair of equations becomes suporfluons, since it then follows 
identically from tho first pair. Now, climiiialing m from tlio first 
I>air of (c), wc Imvo 

IjS 

^ e = VnVeiiafl -n (on), 

n being a %mit vector. But (on)»<o ; hence 

b* 

^e«e, 


!)• 




and similarly 



THE THEORY OF RELATIVITY 


58 

Tlius, H e, m do not vanish, i,e, il there is at all a discontinuity^ 

h=±i!; 

that is to say, each element da of tlie wave is propagated normally to 
itself with the velocity c. g.B.D. 

Notice that the sign of h, left undotormined in {d), duo to the 
quadratic result of elimination, may be deiined uniqutdy by moans 
of the original pair of equations (c), wlilch are linear in i), In fact, 
multi^y the first scalorly by e (or the second by m), then 
h °i5 (eVmn) =s (nVem), 

where s is a positive scalar, namely ofeK Tims, if n, o, m is a right* 
handed system, like the usual i, j, k, tlien 1) ispi^tivo, f.s.tho sonsoof 
propagation is that of n, and if n, e, m is left*handcd, thon iho pro- 
pagation is along »n. Thus, tlie sense of propagation coincides 
always with that of the vector 

Vem. 

If e points upwards and m to tlie right, the wave is propagated 
fonvards. Notice tlie similarity witii Iho sense of the flux of onorgy. 
or the Poynting vector, in relation to E, M, 

fl =eVBM. 

Finally, notice, in passing, that by the first pair of (c), 

similarly to tlie known characteristic, E* =M*, of tlio usual ' pure ‘ 
waves. 

The results given above may easily be extended to waves of dis- 
continuity of any order, 

Note a (to page 30). Take as a surface element the parallologj-am 
constructed on two coiuitial line elements a, b, composed always of 
the same particles, so that, n being its positive ilormal, 

lufcr sVab, 

Write, generally, B for (5 or Then tlie Induction through da wlU 
be given by the volume of the parallclopipcd B, a, b, *.a. 

(Bn)d(r*(EVab). 

The current through da, say (pn) da, being the rate of chnngo of this 
induction, Is 

(pn) da^ (Bn) da + (BV&b) + (BVaf)), {a) 

where the dots stand for individual variation. Thus 

(^) 

and {VBctorial Mechanics, Cliap. V., formula (75)) 

i)=(bV)v. 
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Now, i, j, k being the usual right-handed system of mutually normal 
unit vectors, ialce a rectangular i^cr, say 


and, consequently, 
Tlien 


n«l, 


dfr^dy,dt. 


. - 3v i , 


so that tlie sum of tlio lost two terms in (a) will be 
(BV^k)*r+(EVJ^)(J.r, 

or, per unit area, 

hence, Bubsliluluig [b) in the first term of (a) and remembering that 

(pn) = (pi)=/»i, (an)=J?i, 

7 ) 7 ? 

/»1 “ + (vV) Ri+ div T - (BV) w, , 

with similar expressions for if d<r bo taken normal to j or k 
respectively, Tlius the lesultant current will be 

p =cmTcnt (R) + (vV) B - (RV) V + R div v, 


or 


3® 

p = current (B) = ^ + V div R + curl VRv, 


ic) 


which is the required formula. 

In the simplcsL case, considcicd on p. 33, in wliich the material 
medium moves ns a whole with piu’oly translational velocity v *=vi, 
we have to take only the first term of (a), so Uiat in this case 


dH 3R 


3B . ..clR 




(».) 


Note 8 (to page 33). Take E, etc., proportional to an cxponentisl 
function of tiio argument 

whore g is an imaginary constant, as usual. Then, 

Si 

and, consequently, cur 
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equations (Mx)i remembering that v -td and omitting the common 
factor g, we find at once 

|^=Vi{E-^vyR} 

but div^ bo gives in tlie present cose (c^) =>o. Thus 

ii^=‘CVm, 

(b-v)iH:=cViB, 

and, the medium' being isotropic, 

r* 

Eliminate E, remembering tliat (Mi) =o ; then the result wili bo 

ij(b 

where h' would bo the velocity of propagation, if the medium were 
stationary in S, Thus 

and, the sense of propagation being that of v, 

iJ=Jv+-s/h^‘+»V4i 

whidi is the required formula. 

Mote 4 (to page 39). To spare me the trouble of translating and 
to give the reader a sample of Fresnel's diBxming manner of exposi- 
tion, I quote hero simply the dosing passages of bis letter to Arago 
{he. cii. pp. 633*636), in which ho treats in a masterly manner the 
waler-telescope experinmU, both on the corpuscular and on the 
undulatory theory of light : 

‘ Je termineral col to lettre par une application de la mdmo thdorio 
h rexp6riencQ proposde par Boscovidi, consistant h observer le 
ph6nom6ne do I'aberration avec des lunettes rem^ies d'eau, 011 d'un 
autre fluido beaucoup plus rdfringent que I'air, pour s'assurer si la 
direction dans laqudlo on apor^oit une 6toilo pent varler on raison 
du diangement quo le liquide apporte dans la marcho do la lumidro. 
Je remarqneroi d'abord qu'il est inutile de compUquer do I'aborra- 
tion le rdsultat quo Ton diercho, et qu'on pent aussi Men le ddtormincr 
on vlsant un objet terrestre qu'une dtoile. Void, ce mo semblo, la 
manidre la phis simple et la plus commode de faire rexp6rionco.* 
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* Ayaut & la lunette mdmo, ou plutdt au microscope FBDB 
[figure 2 of Fresn&Ps letter], le point de mire M, situd dans lo pro* 
longement de son axe optiqne CA, on dirlgcralt co systdmo perpondi- 
culairomont & Pddiptiqno, et, aprds avoir fait Tobservatlon dans un 
sons, on le rotoarneroit bout pour bout, et Ton foralt I'observation 
en sens contraire. Si le mouvoment terrealre d 6 pla 9 alt rimago du 
point M par rapport au fil de I'octilaire, on la verrait de cette manidro 
tantdt & droito et tantdt gauche du 

* Dans le systdme d’dmisslon, 11 eat cloir, coinme Wilson l*a ddjh re- 
marqnd, que le mouvoment terrestro ne dolt rion dianger aux 
apparencos du phdnomdne, En effet, 11 rdsulte do oe mouvoment que 
le rayon partant de M dolt prondre, pour passer par le centre de 
I’objectif, une direction MA* telle que Tespace AA^ soli parcouru 
par le globe dons lo mfirae intervalle do temps que la lumidre emploio 



h parcourir MA*, on MA (ii cause do la petiLcsso de la vltcsse de la 
terro rclativcmcnt h celic do la Inmidre). lleprdsontant par o la 
vltcsse dc la lumidre dans I'air, ct i)ar / cello de la terro [i.a. our c and 
V respectively], on a done : 

MA\AA*'.\v:t ou 

MA V 

c'ost le sinus d’incidcncc. v* dtant la vilcsse de la lumidre dans le 
milieu plus dense quo contionl la lunette [v' is our c/»], lo sinus dc 

I'anglo de rdfraction C*A*G sera dgal h p ; on aura done 

C'G^A'C'^i 

d'oft l*on lire la proportion 

C'GiA'C'iitiv\ 

Far consequent lo fil C* do roculoiio plocd dans I'axe optique do la 
Uinotio arrlvera on G en mdine temps quo lo rayon Inmineux qni a 
poasd x>ar le centre de Vobjectif.' 
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THEOBEM OF OOBBESFOllDlNa STATES. SEOOlirD OBDBB 
0IFFIOTJLTIEB. THE OONTBAOTIOK HYPOTHESIS. 
LOEENTZ’S OENEEALIZEE THEOEY. 


Let U8 return to I.oi’cntz'8 macroscopic ociuations, for a material 
medium moving relatively to the actlicr with uniform velocity v, 


~-c. eurlM'; 

div (E=o 

-c. curlB'; 

div M=o 

VvE' 

c 


a:e'=(!E+-VvM. 



(L) 


In the simplest case of a medium fixed in the aether, i,e. for v »(), 
these, as already noticed, become identical with Maxwell's C(|ua* 
tions for a stationary dielectric, 

^"-r.curlM; div(!c=o 
^--ff.curlB; divM«o ’ 

J 

In order to exhibit the properties of tlic moro general oi|uali<inH 
(L), Lorentz introduces instead of the ' univorsal time,’ us lie calls t, 
a new variable whicli will now bo explained. 

Let O* be a point Axed in the material body, chosen arbitrarily 
but once and for ever as the origin of coordinates, y\ o', measured 
along axes rigidly attached to the body. From O' draw to any 
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individual point of tlio body P'{x', y\ «') tho vector so that the 
three Cartesian coordinates are condensed in 

Let us call the framework of reference rigidly attached to the body 
the system S\ For comparison and to impress bettor upon our 
mind tho meaning of i', take also an initial point 0 fixed in the 
aether, i.e: relatively to* tho system S, and draw from 0 to P' 
tho vector r, or in semi<Cartesian expansion, using tho same unit 
vectors as above,* 

r«ii»+jy+k0. 

If O' is taken to coincide with 0 at the instant <°>o, wo have simply 

r'-^r-v/. 

V 



Remember that the equations (L) hold for I and x\ y', s' {not x, y, z) 
as independent variables, or, more shortly, for 

r', t. 

This fixes tho meaning of cur], div and dfOi, os already mentioned 
in Chap. II. As regards the curls and divergences, they are, of 
course, the same in x', y', s' as in x, y, s. 

Now, r' being the above vector characterising any given point P' 
of the moving body or medium, the now variable is defined by 

(I) 

* Tills Is always possible, since the material body or medium moves 
rolativoly to 5 in a purely translaitoual manner. 

S.R. B 
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and is called the looai time at P'. Since the scalar product in the 
second term vanishes for r'Xv, the local time coincides with the 
' universal ' one at all points lying on the plane passing through O' 
and perpendicular to the direction of motion. But at all other 
places the now and tlie old time differ from one another, the local 
time being behind the universal one in the anterior portion of the 
body, and the reverse being the case in its posterior portion (Fig. 6). 
In Cartesians, if the local time is 

[x'vi + /©a 

or if i be taken along the direction of motion, 

Notice that Lorentz's local time, as just defined, has nothing 
physical about it. It is merely an auxiliary mathematical quantity 
to be used instead of the universal time t in order to simplify the 
form of the equations (L). It is constructed expressly for this 
purpose, and serves it excellently. 

In fact, taking instead of r', t (or se', /, s', /) 

r', t' 

as the new independent variables, and denoting the divergence and 
curl in terms of the new variables by 

div' and curl', 

we obtain, for example, by (i) and by the third of tlie equations (L), 

div M = div' M + - v curl B' 
c 

= div' M - - div VvB , 
c 

since curlv-o, by hypothesis. But for VvE', as for any vector 
normal to v, wo have, obviously, div = div'. Hence, by the fifth 
of(L), 

div M - div'^M - ~ VvE') -div' M'. 

Thus, Uio fourth of the equations (L), divM»o, becomes, in tho 
new variables, div' M' = o. Similarly, the second of (L), div (E - o, 
is transformed into div' Ct' =o, whore flE' is a now vector defined by 
the formula 

e'=®+ivvM:. (3) 

Using this new vector and the vector M', defined by the fifth 
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equation, the remaining equations (L) may be transformed, with 
equal ease, to the new variables. 

The result is surprisingly simple. The system of Lorentz's 
equations (L) for a moving medium takes with the new variables 
r', y', s', /') the form 

■^=c.curl'M'j div'®'-o 
-tf . curl'E'; div'M'=o 

that is to say, precisely tiie same form as for a stationary medium, 
(Lg), Iho only difference being that the cleclromagnetic vectors E, 
CE, M arc replaced by tlieir dashed correspondents, os are also the 
independent variables r, /. 

This remarkable discovery, made by Lorcnlz, has played a most 
important r6lc not only in his own theory, but also in the subsequent 
evolution of ideas concerning clcctromagnclism and optics. Un- 
doubtedly, it may, to a great extent, be regarded as the germ of 
modern relativistic tendencies. It will therefore be worth our 
while to treat this subject at some length, and not only as an 
historical episode. 

The above result may be put into the form of what has been 
called by Lorentz the Tboorem of oorrosponaing' states : 

If we have for a stationary medium or system of bodies any 
solution of MaxweWs equations (Lg), in which 

E, (E, M 

are certain fwictions of 

X, y, z, t, 

we mil obtain a solution for the same system of bodies moving 
with uniform translation-velocity v, taking for 

B', e' M' 

exactly the same functions of the variables 
x’,y',s^ and 

C“ 

In other words, and somewhat more shortly : 

For each state in whicli £, (£, M depend in a certain way on 
X, y, z, i in the stationary system, there is a oorroapondinff etato in 
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the moving system characterized by S', TUL* which dopend in 
the same way on x', y\ t\ 


It will be useful to put here together the scattered definitions of 
the dashed vectors. These are, by (33), Chap, 11 ., • by (3) and by 
the fifth of equations (L), 


B^ = B+^VvM ' 
c 

(lt'ai(g +I VvM • 
c 

M'«M-WvE'. 

c 


(3) 


As to the coordinate systems, notice that they are in both cases 
rigidly attached to the material medium or to the system of bodies 
in question, jr, y, » being fixed together with it in the aether, and 
x', /, B* sharing its motion through the aether. 

The above theorem of corresponding states has, of course, like 
the equations (L) themselves, the character of a first approximation 
.only, terms of the order of having been neglected. 

The broad and easy applicability of this beautiful theorem of 
Lorentz is obvious. It will be enough to quote here a few illits* 
trative examples. 

If, in the stationary medium or system S of bodies, E, M arc 
periodical functions of i, with period T, then, in the moving system 
S\ tlie vectors E', dE', M' are periodical functions of the local time 
and consequently, at a point JP' fixed in S', also of t, with the sanw 
relatm period T, "What Lorentz calls the xslatiTe period is the 
period of changes going on at a fixed point of the system S' moving 
relatively to the aether, i.e. for a constant r', whereas the period 
of changes taking place at a point fixed in ^0 acihor, i.e, for a 
constant r, is called the atiRoiute period. Similarly, relative rays 
arc distinguished from absolute rays, and so on. Thus, to luminous 
vibrations in 5 ^ of a given absolute period correspond luminous 
vibrations in S' of the same relative period. 


* Remembering that K itself is of the first order, so that 


X 

e 




i.$, in the adopted sliort notation, ~VvK. 

c 
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If, in certain regions of the stationary system, ii»o, etc., Uicn 
also etc., in the corresponding regions of Uie moving system. 
Thus, to darkness corresponds darkness. Also, limitations of beam 
in S and S* correspond to one another. LigJU rays in S', of relative 
period T, are refracted and reflected according to the sam laws as rays 
of {absolute) peHod T in 5 . The same is true of the distribution of 
dark and bright interference fringes, and consequently also of the 
concentration of tight in a focus, by mirrors or lenses, this being a 
limiting case of diffraction. 

But, although the lateral limitations of beams for corresponding 
states are the same, corresponding wave normals in S, S' have 
generally different directions, this being again an immediate consc* 
quence of tlio theorem of corresponding slates. In fact, if we have 
in S, say, plane waves whoso normal is given by the unit vector n 
and whose velocity of propagation is b, i.e, if £, (!£, H arc propor- 
tional to a function of the argument 

(m)-W, 

then, in the moving system, E', etc., will be the same funclions of 
tlic argument 

(t'n)-W'-(r'n) + 4 (r'T)-W. (4) 

G 

*■ Consequently, the direction of tlie wave normal in the moving 
system will be given by that of the vector 

N' -»n + ^ V. (5) 

Thus, unless n||v, the directions of llie wave normals in S and S' 
arc dilTcrcnt. To stale the same thing in Cartesians, Ihc dircclion- 
cosines of the wave normal in the moving system will be given by 

+1 oi) : \ (wg + 1 . 

In particular, for a vacuum or, very approximately, for air, in which 
case b ^c, 

N'-n + ~v, (5a) 

or, in clumsy Cartesians, 

«8'-(«i+7) ! (">+7) ! 
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These formulae may, after a aliglit transformation, bo applied at 
once to tlic case of astronomical aberration, tlio relative period 
being here that reduced according to Doppler’s law. Thus Lorontz 
obtains immediately the right results for air- and water-telescopo 
aberration. (Cf. Essay, p. 89.) 

To obtain the dragging coefficient it is enough to write the 
argument (4) 

Since here n* is a unit vector, the velocity of propagation in S’ is 


or, neglecting the term containing developing the square 

root and neglecting again the second and higher powers of {vn){c, 

' ( 6 ) 


In particular, if the propagation is in the direction of motion or 
against it, as in Fizeau’s experiment. 


h'«bT 



Thus, the velocity of propagation relative to tho aether will be 



and the value of tlie dragging coefficient 



Here v»tf/b is the refractive index of the medium, say water, corro- 
spending to the relative period which is connected with the period T 
of the emitted light by the formula 




second-order terms 
index for the period 


being neglected. Thus, if n be the rcfraclivo 

T, 


V 



T 


dn 

W' 
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whence LorenU's formula for the dragging coefficient, 


leal 


I I 

'"n5“n ZT 


closely agreeing with experiment, as already mentioned in Chap, II. 

For purely terrestrial experiments, in which not only the observer 
but also every part of his apparatus, including the source of light, 
are attached to the earth, the theorem of corresponding states leads 
to the following result : 


The earth's motion Jtas no nnt-order injhtence whatever on any of 
such experiments. 


The possibility of a second-order influence remains, of course, in 
this stage of the research, an open question. For, as will bo re- 
membered, before arriving at the macroscopic equations (L), from 
which the theorem of corresponding states has been seen to follow, 
/f*-terms have been throughout neglected. In other words, that 
beautiful theorem, developed and illustrated by a series of most 
important examples in the fifth section of Lorcntz*s classical Essay^ 
is but a first’Order approximation. 

So far everything is quite satisfactory. But now, in the sixth, 
and last, section of Loren tz’s Essay the difficulties begin.* In 
this section Lorcnlz investigates three problems, of which two 
concern the rotation of the plane of polarization and Fizeau’s 
polarization experiments. But without dwelling on these, we shall 
pass straight on to the third one, namely to the famous iiUer- 
ference experiment of Michelson and Morley. This second-order or 
)8^-expcrinicnt, originally suggested by Maxwell, f was performed by 
Michelson in 1881, and six years later repeated on a larger scale 
and with a higher degree of precision by Michelson and Morley. t 
A beam of luminous rays coming from the source s, after having 


* As is explicitly stated in the title : * Abschnitt VI.— Vorsuchc, dcren 
ErgcbiiiHsc slch niclit ohno Weilorcs orkiaren lassen.' 
t See Note at the end of the chapter. 

1 A A. Michelson, ‘ Tlio rolatlvo motion of tlie earth and the luminiferous 
other.* Amer. Jour, of Science, 3rd Sor. Vol. XXII.. 1881. A. A. Michelson 
and E. W. Morloy, Sill. Joum., and Scr. Vol. XXXI., 1886 ; ^mer.J^u 
of Science, 3rd Sor. Vol. XXXIV.. 1887 : Phil. Mag., 5th Sor. Vol. XXIV.. 
1887 What Is given above is but the usual rough schomo ; details of the 
actual arrangoment will bo found In tho original papora quoted and, to a 
cortidn oxtwt, alao in Mlcholaon'a popular book on LigM Waves ana their 
Uses, whore a diagram of tho actual apparatus is given (Fig. 108). 
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been made parallel in the usual way, is divided by the semi- 
transparent plane mirror (half'Silvercd plate) ab, which is inclined 
at an angle of 45° to sOA, into a transmitted beam OA, and a 
reflected one OB. After having been reflected by tlio mirrors 
placed at A and B (at right angles to OA, OBj which directions arc 
perpendicular to each other), the two beams of light return to tho 
central mirror ; here a part of tho first beam is reflected along OC 
and a part of the second beam is transmitted towards thus 
producing with one anotlier a system of bright and dark intcrfcrcnco 
fringes, which can be observed through a telescope placed on the 
line OC, To resume, tho paths, taken relatively to the earth, of 
the two interfering beams of light are : 

sOAAOC and sOBBOC, 



Let OA (Fig. 7) be in the direction of the motion of the earth, 
and consequently also of the apparatus, source and all, with respect 
to the aether of Fresnel and Lorentz, and let v be tho velocity of 
this motion, i.e. the resultant of tlie earth's orbital velocity, at the 
time being, and of the velocity of the solar system with respect 
to the 'fixed stars' or to those stars relatively to which tho 
aether is supposed to bo at rest. (Cf. Kote ».) On this assumption 
let us calculate the times taken by the two beams in travelling along 
their paths. Since the parts sO and OC are common to both, we 
have only to consider the intervals of time, say Tj and Tg, taken 
to traverse 

OAAO and OBBO 

respectively, where the letters denote, of course, points attached to 
the apparatus. 
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Now, as has been already said in Chaplcr II,, in connoclion with 
Maxwell's equations (or the ' free aether,' the velocity of light with 
respect to the aether is always equal c = 3 cm, see.**', quite 
Independently of the motion of its source. This is no novel idea 
at all ; Fresnel himsolf considers it appavcnlly as an obvious matter, 
when he says (in an early part of his letter, already mentioned) 
without any further explanations : ' car la vitesse avee laquelle sc 
propagent les ondes cst inddpendante du mouvement du corps dont 
dies dmanent,' Thus, according to both the classical and the more 
recent adherents of the aetlicr, the velocity of l^ht relative io the 
aether does not depend on the motion of the source ; and on the wave* 
theory there is no reason why it should. Newton's corpuscular 
theory, revived in a more elaborate form in the writings of the late 
Dr. Ritz, need not detain us here. 

Thus, the mirror A receding from the waves on the part OA of 
their journey, and the mirror 0 moving toward them on their return 
from A to 0, we have 

7-1-04/ JL+ -L\- “ 34 , 

^ (c-w c+v) ' 

where the index ( is to remind us that OA is longitudinal, i.e, along 
the direction of motion. Putting v/c^^ and 

we may write shortly, without yet making any use of the smallness 

of^«, 

( 8 ) 

To find 7 ’ 2 , the lime for the second beam, we could say simply 
after the manner of some authors, that the relative velocity of light, 
being the vector sum of the velocity c parallel to OB and of the 
velocity v of the aetlicr with respect to the apparatus, perpendicular 
to OB and directed liackwards, is equal (c® - so that 

or 

(9) 

where the index < is to remind us that OB is transversal or 
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perpendicular to the direction o£ roolion. But since this may not 
seem very satisfactory, we can support it by the following, equally 
frequent, reasoning which is but formally different from the above 
short statement. Contemplate for a moment Fig. 8 , tlic paper 
on which it is drawn being now supposed to be stationary in the 
aetlrer, and the apparatus moving past it from left to right. Let 
the centre of the inclined mirror be at 0 at thc instant if»o, when 
t;he light leaves it, and at t?" at the instant t=T„ when the light 
returns to it ; let B* bo the position of B when the beam reaches 
it, and let O' be the simultaneous position of 0. If it be granted 
that the three distinct points of the aether, 0, O', 0", are the 
consecutive positions of exactly Uie same point of the inclined 
mirror, tliat is to say, that the ray in question returns lo exactly, 



or sensibly, the same point of the mirror from which it started, then 
OB'(y' will bo an isosceles* triangle, so that and 

This gives r* >= 255f (c* - which is identical with ( 9 ). 

By ( 8 ) and ( 9 ) we find for the time-difference of the two beams, 
by which the phenomenon of their interference is determined, 

Ti-Tt~\y{yOA,-mi. (lO) 

Lot us now turn round the whole apparatus through 90 ", so 
tliat OA becomes transversal, and OB longitudinal. Then we 

* That this assumption is sadsfled vdUi a suniciont degree of accuracy 
may bo seen from Note 8 at the end of the chapter, whore the correspond* 
Ing Huyghons conatruotion is worked out. 
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shall have, using clashes to distinguish this case from the preceding 
one^ 

Ti'=]yin,, r,'=5ygB,, 

SO that the ttme-dilTercnco of tlie two beams will become 

(lO-) 

If therefore the fixed*aQlher theory is true, such a rotation of 
the apparatus should produce a shift in the position of the inter- 
ference fringes, corresponding to the change of the tirae-diffcrcnco 
of the two beams, A=s(io) - (lo^), i.e, 

A.iY{y(ffiJ,+flSi-((Kr,+OTd}. (II) 

The indices { and distinguishing between longitudinal and trans- 
versal orientation, have been introduced here (contrary to the 
historical order) only for the sake of subsequent discussions. To 
Michelson and Morley there was no question of distinguishing 
between the lengths of a * rigid ' segment in different orientations. 
To put ourselves into agreement with their manner of treatment 
wo have, tlicrcfore, to write simply 

To secure tliese equalities Michelson and Morley mounted the 
mirrors ♦ and, in fact, the whole of the apparatus, on a heavy slab 
of stone mounted on a disc of wood which floated in a tank of 
mercury, so as to be able ' to rotate the apparatus without intro- 
ducing strains.’ In a word, they made the configuration of 0, 
etc,, ' rigid,’ that is to say as rigid as a stone is. On this 
understanding, formula (l i) may be written 

A^~y(y-i).{02+(W). ( 12 ) 

As to the mutual relation of (JA^ OB^ they were made ' nearly 
equal,' to suit the well-known requirements for producing neat 
interference fringes, in each of tlie two orientations of the appa- 
ratus. Moreover, since these lengths or distances enter into the 

* In the actual oxpoiimont not tlirco but sixteen in mnnbor. 
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formula only by their their equality or non*cquaIily is of no 
essential importance. We may therefore, witliout any more ado, 
write or else call the sum of these lengths aL. Then, 

as regards the factor depending on the velocity, of motion, we have, 

by (7)1 1 


or, neglecting /S^-terms, etc., 

I +/>■»-(! 


Thus, the second-order effect to bo expected on tlie stationary- 
aether tlieory would bo determined by the change of the time- 
differcncc of the two beams 


A 



L, 


(12a) 


If 7 * be the period of the light and tlio wave-length, the 

corresponding shift s^^fT of the interference bands, measured as 
a fractional part of the distance of two neighbouring bands, would 
be given by 

2L 




(13) 


The Icngtli aL, which in Micliclaon’s original apparatus was too 
small, was in Michelson and Morley's experiment (l88y) increased 
to about 22 metres, by multiple reflection from suitably placed 
mirrors. And since, for sodium light, X»5>89 . 1(r* cm., the ratio 
aL/X had nearly the value <37 . 10‘. As regards we sliould have, 
taking for 1; simply the earth's orbital velocity, i.e. 30 kilom. per 
second, It is true that, at least in some of the experi- 

ments, tlic rays of light, being horizontal, made a considerable angle 
with tlie earth's orbit, but on the other hand the motion of the 
whole solar system exerted a favourable influence, so as to double 
the value of (as was already mentioned). So that to put fi* 
equal to icr* is certainly not to overestimate its value considerably. 
Thus, the shift should be on the stationary-aetlier theory, in round 
figures, 

sbO' 4 of a fringe widtli. 

In no case, however, did the actual displacement of the fringes 
exceed *02, and probably it was leas tlian -01, i.e. 1^ than ^'^^th 
of the expected value. The experiment was repeated in 1905 by 
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Morlcy and Miller * with considerably increased accuracy, and their 
result was that, if there is any fringe*shift of the kind expected, it is 
sometliing like instead of 1 * 5 , not greater than one 

twodiundrcdth of the computed value.t 

Thus, not nearly the expected second*order clfect of the earth's 
motion relatively to the aether was observed. It seems, therefore, 
reasonable to say at least that, as far as wo know, the above 
A is nil. 

In order to explain this negative result and to save, at the same 
time, the statlonary>acthcr theory, Lorentz has liad recourse to a 
peculiar hypotliesis, constructed ai Jtoc, which occurred to him 
independently of Fitzgerald, who was the first to suggest it4 It is 
now widely known under the name of tae aontrooUim ii]rpotheBig, 
and consists in assuming that, in Lorentz's words, ' the dimen- 
sions of a solid body undergo slight cliangcs, of the order when 
it moves through the ether,' namely a longitudinal contraction 
amounting to per unit length or, more generally, boUi a trans- 
versal and a longitudinal lengthening, e and 8 , per unit length, such 
that This would amount for the whole earth to about 

6*5 centimetres only, 

To see at once that the negative result of the Michclson experi- 

* E. W. Morlcy and D. C. MlUer, Phil. Mag., Vol. VIII. p. 753, 1004 ; 
Phil. Mag., Vol. IX. p. 680, 1903. A repetition of this experiment, recently 
undertaken with some modiricaUons and improved means by Dayton C. 
Miller at tlio Mount Wilson Observatory and continued at Cleveland, Ohio, 
yielded repeatedly some positive effect which, however, is, according to 
Prof, Millar's own opinion, very doubtful in its idgnificancc. Tlic experi- 
ment is, therefore, now (spring, 1922) being taken up again at Cleveland. 
A detailed report on Prof. Miller's work Ims just been sent l)y the American 
Committee on Relativity to the meeting of the International Astronomical 
Union at Rome. 

t As to various objections raised against tlie correctness of Ute interforcnco 
experiment by Sutherland, Lilroth and Kohl, and their refutation by Lodge, 
Lorontz, Debye and Laue, see the ' Litomturliborsicht ' in J. Laub's report 
* Uobor die exporimontellcn Grundlagen dcs Rolativit&tsprinzips,' Jahrbuch 
der RadioaklivilAt tmd EltklYonih, Vol. VII. p. .105, loio. 

t Cf, Lorentz's Essay, p. 122 (1805), where reference is made to a paper 
of his, dated 1892-93. As regards Fitzgerald, we read in The EtheY 0/ Space 
by Sir Oliver Lodge (London, igog, p, 65), referring to that hypotliesis : ' It 
was first suggested by the late Professor 0 . F. Fitzgerald, of Trinity College, 
Dublin, while sitting in my study in Liverpool and discussing the matter 
wiUi mo. The suggestion boro the impress of truth from the first. ' Happy , 
are those who are gifted witii that immediate fooling for ' truth.' 
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mcnt is thus accounted for and to grasp as clearly as possible tho 
nature of tlie hypothesis, let us return to the more general formula 
(ii) for A, from which (12) or (12a) followed by identifying UAi with 
0^1, and similarly with 05 *. Now, to simplify matters, 
assume UB\= 0 A\ and (which, as we saw, is of no 

essential importance), but on the other hand disUngttish belween 
OAi and 0 ^*. Then formula (l l), valid by tlio fixed -aether theory, 
will become 

(h) 

and since A »o, by experience, we have to write, in order to respect 
both that theory and experience, 

or, up to quantities of tho fourth order, 

which is the Fitzgerald-Lorentz hypothesis. 

Notice that it would be a perfectly idle thing to quarrel whether 
OAi is shortened, while ffAi remains unchanged, by the cartli's 
motion through the aether, or whether OAi alone is lengthened, or, 
finally, whether both are changed in suitable proportions. Tho only 
thing we are required by the aether theory and by experiment to do 
is to consider the ratio of the lengths of one and the same material 
segment OA, or shortly L, in those two orientations as being equal 
to I - 1 ^*, or, more rigorously, 

(15) 

Tills implies that for i.e. if tlio earth stopped moving through 
the aether, or nearly so, we should have say, both equal 

to Z.Q. But it cannot inform us as to the ratio which either length 
bears to 1^, when the earth is moving through that medium ; more- 
over, such considerations are, tlius far, physically meaningless. 

At any rate, Lorentz soon decided in favour of a purely longi- 
tudinal contraction, which amounts to writing 

L* « Lfl and ^ (i 5^) 

In doing so he based himself on certain results obtained from 
tho fundamental (microscopic) equations in an early part of his 
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classical Essay, to be mentioned presently. That this, in fact, was 
his choice we see explicitly from the shape attributed by him 
to moving electrons. While Abraham's electron is and remains 
always a sphere, being rigid in the classical sense of the word, 
Lorentz’s electron is a sphere of radius R, say, when at rest, and 
becomes flattened longitudinally, when in uniform motion, to a 
rotational ellipsoid of semiaxes 

iR, R, R. 

Such an electron, of Iiomogcncous surface- or volume-charge, is now 
generally known as the Lorente electron. The history of its rivalry 
with the rigid one, and of its rather victorious issue from the contest, 
need not detain us here. It is, besides, sufhciently well known. 

Lorentz's attitude towards the contraction hypothesis may bo 
seen best from his own words, written in 1909 {Electron Theory, 

p. 196) ; 

* The hypotlicsls certainly looks rather startling at first sight, but 
wo can scarcely escape from it, so long as wo persist in regarding the 
ether as immovable. We may, I think, even go so far as to say that, 
on this assumption, Michelson's experiment proves the changes of 
dimension in question, and that the conclusion Is no less legitimate 
than the inferences concerning the dilatation by heat or the changes 
of the refractive index that have been drawn in many other cases 
from the observed positions of interference bands.' 

The obvious criticism of this comparison may be left to the cure 
of the reader. 

As regards the justification of the contraction hypothesis which 
to an unprepared mind certainly docs ' look rather startling,' 
Loren tz observes in his original Essay of 1895 (p. 124) that wc arc 
led precisely to tho change of dimensions deflned by (15a), if, dis- 
regarding the molecular motion, wc assume that tho attractive and 
the repulsive forces acting on any molecule of a solid body which 
is left to itself arc in mutual equilibrium, and if wc apply to these 
molecular forces the same law which, by the fundamental equations, 
holds for electrostatic action. It is true, as Loren tz himself con- 
fesses, tliat ' there is, of course, no reason ’ for making tho second of 
these assumptions. But those who entertain the hope of construct- 
ing an elcctromagnclic theory of matter will easily adhere lo it. To 
obtain the law in question return to the fundamental electronic 
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equations (i.), Chap. II., and introduce the 80*callcd veOor-polenlial 
A and the scalar polential satisfying the differential equations 



and subject to the condition 


Then ali of the equations (i.) will bo satisfied by 

MB>curlA, 


(I6) 


(17) 


(i8) 


and every electromagnetic problem will be reduced to finding the 
potentials according to (id) and (17). Suppose, now, that a 
material body moves as a whole, relatively lo the aether or to the 
system S, with uniform translational velocity v, and that all tho 
electrons it carries are at rest with respect to it. Then tho vector 
p will have throughout the constant value y, so that, by (16), 

A-iy*. (19) 


Thus everything is made to depend on fft alone. Take tho x^axis 
in S along the direction of motion, so that yrnd, and 

suppose that the electromagnetic field is invariable with respect to 
the material body. This assumption will bo satisfied if 0 is supposed 
to depend only on the coordinates attached to the body, 


Tlius we shall have 


I 3> 



and the equation for 0 will become 


I 3«0 3*0_^3*0 
7 * 3?'*'^ 3f« “ 


(TO) 
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while the condition (17) will be satisfied identically. Hero 
as above. Again, by (18), 

, M=iVTB=i8VJB; 

^ c 

whence the pondcromotivo force per unit charge, or Lorentz's 
electric force, "B+pVaOi, (10), Chap, II., which we shall now denote 
, byjf, 

(ai) 

where V = 1 + j dfdrf + k = 1 "d/dx + . . . is the liainil tonian 

(here acting as gradient), taken with respect to the aether or, 
which in our case is the same thing, with respect to the material 
body. Thus, the electric force is derived from a scalar potential 
0/^*, precisely as in ordinary electrostatics. By the way, 0 /y®* is 
called the convection potential. Notice that it is the electric 

force, and not the ' dielectric displacement ' E, that has a scalar 
potential. 

Now, supposing always and consequently y real, write 

= (3i) 

.and denote the corresponding Hamiltonian, iS/Djt' + clc., by V'. 
Then (20) will become 

(23) 

To adopt for the moment Loren Lz’s notation, call the moving 
material body or system. of bodies the system S^, and compare it 
with a system which is fixed in the aether and which is obtained 
from by strctcliing all its constituent bodies, together with the 
electrons, longitudinally in the ratio y : I, so that to any point 
1/, f of Sx corresponds the point x\ y\ a* ot S^, and so that 
corresponding volumo'clements, dr and dr‘ ^y dr, contain equal 
charges. Then p and p" being the densities of electric charge at 
corresponding points. 



and, by (23), 

V *0 “ ”• yp » 

S.R. P 
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If then h® the scalar, electrostatic, potontinl in 5*, so that 

vV“ -p', 

we shall have 

and consequently, instead of (3i), using (32), 

- Ip,, , 30 ' 

--V0 - -Igjr-- ^+k ^ 7 ;. 

But the electric force in the stationary system is 

Therefore, using the indices | and i to denote the longitudinal 
and the transversal components of the olcctric forces, 


Ji-Ji'i (2d) 

and since charges of corresponding elements arc equal, exactly the 
same relations will hold between the pondcromotivc forces acling 
on each electron in the moving system 5^ and on the corresponding 
electron in the stationary system S^. 

This is the law alluded to. Now, suppose that it is obeyed by 
the molecular forces keeping together the parts of a moving solid 
which, disregarding its interior molecular and electronic motions, 
is to be taken as the system St, Then, if the molecular forces 
balance each other in tlie corresponding stationary body they 
will do so in the moving body St, But, by ( 22 ), St is the’ body 
S, contracted longitudinally with preservation of its transversal 
dimensions, exactly as in (i5u), and the motion would produce 
this flattening ' by itself.’ Whence Lorenta’s justification of the 
contraction hypothesis. 

Thus, the longitudinal contraction, though at first manifestly 
invented ad hoc, to account for the negative result of the Mlchclson- 
Morley experiment, found a kind of legitimate support by bping 
brought into connection with the fundamental assumptions of the 
electron theory. But the cure of the disease has not been radical. 
In fact, the idea natumlly suggested itself, that tho Loren la- 
Fitzgerald contraction, like an ordinaty strain, should give rise to 
double refraction, of the order /3«, in solids or liquids, a property 
whicli should bo directionally connected with the earth’s motion 
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around the sun. But here again the result of experiments has been 
negative. Lord Rayleigh's* experiments (ipoa) with liquids 
(water and carbon disulphide) as well as those with solids, with 
glass plates piled togetlier, have given no trace of an effect of 
the expected kind. At least, if there was any effect on turning 
round the apparatus, it was less than j^o^tli of that sought for. 
Rayleigh's experiment was then repeated (1904) by Brace f with 
considerably increased accuracy, and the result has again been 
negative : the relative retardation of the rays due to the supposed 
double refraction should be of the order io~', whereas, if existent 
at all, it was certainly less than 5 . in the case of glass, and 
oven loss than 7 • lO"**, in the case of water. 

To account for these obstinately negative results, and with a view 
to settle the matter once and for ever, Lorentz undertook what ho 
thought a radical discussion of the whole subject, tiiat is to say, 
of tho electromagnetic phenomena in a uniformly moving system, 
not as hitherto for small values of v^ but for any velocity of transla- 
tion smaller than that of light, for any p<i. Loren tz*8 ideas, 
laid down in a paper published in 1904, f are fully developed in his 
Coltmbia Vnmrsiiy LecittreSf already quoted (p. 196 el seq,). His 
aim was now to reduce, ' at least as far as possible,' the electro- 
magnetic equations for a moving system to Uio form of those that 
hold for a system at rest — always, of course, relatively to the aether 
— ^without neglecting either yS’- or, in fact, terms of any order 
whatever. 

It will be remembered that even in his first approximation, 
when neglecting /^-terms, Lorentz employed the local time 
l' or, measuring x along the line of motion, 

• Lord Rayloigh, Phil. Mag,, Vol. IV. p, 678, igoa. 

t D. B. Braco, Phil, Mag,, Vol. VII. p. 317, 1904 ; Poltxmam~FesUehrip, 
p. 376, 1907, 

$ I'l. A. Loronta, ' Elcctroinagnotic phoiiomcna in a system moving wttli 
any velocity smailor than that of light.' Proe, Amsterdam Aead., Vol. VI. 
p. 809, 1904. 

f Hero, according to tho original deiiniUon of local timo, p. 66, wo slionld 
have rigorously (instead of tho coordloato x, moasnred in tho Axed frame- 
work) X ’’Vt, so that But, since at that stage ySMorma 

wore nogloetcd, wo could write simply x iiistcad of ^ vt, Tho symbols x*, 
etc.. In what follows aro not to be confounded with the x*, oto., of pago 66. 
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Then the necessity of accounting for the negative result of Michel- 
son's interference experiment brought him to tho contraction 
hypothesis, according to which the longitudinal dimensions of tho 
moving system are reduced in the ratio I : y~\ where y “(l 
while the transversal ones remain unchanged. This contraction 
corresponds to f “ const., and consequently may easily bo shown to 
be equivalent to transforming X, y, s, tlio coordinates of a point 
with respect to axes fixed in the aether, or tho ' absolute ’ co- 
ordinates, into 

x'’=y[x^vt), /-y, (^) 


It is true that the transformation (a) was as yet purely formal, 
and that the contraction, or (^), was introduced by Loronte first 
ad hoc^ and justified but afterwards. But at any rate, having 
already the formulae (tf) and (£), Lorentz has been naturally led to 
investigate in a general way the consequences of introducing, 
instead of x, y, a, /, new independent variables, called by him the 
effflotiTs coordinates and the effective time. 


x' = ky{x-t^, = ’ 

f = Xy{t-^xy 

where y is as above and A is a numerical coofheient of which Lorentz, 
provisionally, assumes only that it is a function of v alone, whose 
value equals i for u=0 and differs from I by an amount of the 
order for small values of the ratio p=vfc,* Introducing the 
new variables (25) into tlie fundamental electronic equations, (i.). 
Chap. II., and defining new vectors S', M', 


* Columbia Uniuersify Leetuns, p. 196. Tlio above v, y, \ Hlaiul for 
Lorentz’s w, k, I respectively. A transfonnaiioii cqtilvnlonl to (25) was 
previously applied by Voigt, as early as 1887, to tho equations of tho foriii 
1 3 ^ 

^gp-V*=o: 'Ueber das Doppler’sclio Prlndp,' GmUigtr Nachrichteu, 

1887. p. 41. Lorentz himself states {he. eit., p, 198 ; 1909) that Voigt's 
paper had escaped his notice all these years, and adds : ' Tlio idea of Iho 
transfomiatioii ' (25) ' might therefore have been borrowed from Voigt, 
and the proof that It does not alter the form of iho equations for tho Jree 
ether is contained in his paper,' 
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and also, inslcad ol tho rclalive velocity p - v of an electric particle, 
the vector 

p' - 7 {iy (Pi - tfi) + j (Pa - Wj) + k (pa - Wg) } , 

i,e, with tlie above choice of axes, simply 

P'“r{ly(Pi -») +i/>i +k/> 8 }» (37) 

and, instead of the density p, 

(28) 

Lorentz obtained again the equations (r.) with dashes, 

curl^M', etc., 

but with the diEcrenco that div E »p was replaced by 

(liv'B' = [l-^(7p')]p', (sp) 

not by div'E'"p^ Thus, tlie fundamental equations for the free 
aotlicr (p»>p'»o) turned out to be rigorously invariant with respect 
to the transformation (25), which, especially for A i, has since been 
universally called the loronto tranaibmiatlim. The same invariance 
holds also in tlie general case, that is to say, in the presence of 
electric charges, but for the slight deviation given by (29). 

Using this result, Lorentz generalized his Theorem of correspond^ 
ing stales for any velocity v smaller than r, and succeeded in sliowing 
that the theorem thus extended not only accounts for tho con- 
traction required by the result of the Michclson-Morlcy experiment, 
but that it explains, among other things, why Lord Raylcigli ancl 
Brace failed to delect a double refraction due to the earth’s orbital 
motion! A discussion of the formulae for the longitudinal and 
transversal masses of an electron, which need not detain us here,* 
led Lorentz to attribute to the cocflicicnt A (his /) the value i, 
whereby tlie transformation formulae (25) and (26) were reduced lo 

x*’^y{X’-vl), y'»y, s'-s, 

and 

Witli this specialization, Lorentz's modified theory, whicli in its 
essence was built up in 1904, satisfied the requirements of self* 
Soo Columbia University Lectures, pp. axi-ais. 
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consistency and accounted for tlie negative results of all, second as 
well as first order, terrestrial experiments intended to show our 
planet's motion through the aether. In other words, by modifying 
and gradually extending his original theory, I.orentz obtained the 
desired physical equivalence of the moving system 5 ', with its 
effective coordinates and time x', /, s', and of a corresponding 
stationary system with its absolute coordinates and time x, y, 0, i. 

But still one of the two systems S, S*, namely .S, was privileged, 
being regarded by Lorentz as ‘ fixed in the aether.' Their equival- 
ence, as indicated persistently by such numerous experiments, was 
not placed at the basis of the theory, but followed as the result of 
long, laborious, and rather artificial constructions, intended to com- 
pensate gradually the supposed play of the aether. For, to ropcat, 
Lorentz continued to assume this hypothetical medium of his 
classical Essay in his extended theory, dated 1904, and adhered 
to it even in 1909, if we may judge from the last sentences of his 
American Lectures (p. 230). Not only is the aether for Lorentz a 
unique framework of reference, but he ' cannot but regard it as 
endowed with a certain degree of substantiality.' According to 
this standpoint, tlien, there certainly is such a thing as the aether, 
though every physical effect of the motion of ordinary, ponderable 
matter through it, being compensated by more or less intricate 
processes, remains undiscovcrabic for ever. 

As regards the above transformation of Lorentz, we may further 
notice here that Poincar6 made, in 1906, an extensive use of its 
more general form (2$) [Rsnd. del Circolo inaL di Palermo, Vol. 
XXI. p. 129] for the treatment of the dynamics of the electron and 
also of universal gravitation. Some of Foincard's results con- 
tinued even until recently to bo of considerable interest. 

In the meantime, 1905, Einstein published his paper on * the 
electrodynamics of moving bodies,' * which has since become 
classical, in which, aiming at a perfect reciprocity or equivalence 
of the aforesaid pair of systems, S, S*, and denying any claims for 
primacy to either, he has investigated the whole problem from tiie 
bottom. Asking himself questions of such a fundamental nature, 
as what is to be understood by ' simultaneous ' events at two 
distant places, and dismissing altogether the idea of an aether, 
and in fact of any unique framework of reference, he has succeeded 


* A. Einsteiii, Amalen dw Physik, Vol. XVIZ. p. 891, 1905, 
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in giving a plausible support to, and at tho same time a striking 
interpretation of, Loren tz's transformation formulae and the results 
of Lorentz's extended theory, Einstein's fundamental ideas on 
physical time and space, opening the way to modern Relativityi 
will occupy our attention in the next cliapter. 


NOTES TO CHAPTER III. 

Hoto 1 (to page 71). It seems dcsirablo lo quote here after Lorentz 
{Abbandlungen ilber theor. Pkysik, Vol. I, p, 386, footnote) a passage 
from Maxwell's letter ' On a poLslblo mode of detecting a motion of 
tho solar system through the luminiferous ether,' published after his 
death in fVoc. Roy, Soc., Vol. XXX. (1870-1880), p. 108 : 

* In tho terrestrial methods of determining the velocity of light, 
tlie light comes back along the same path again, so that tho volorlty 
of the earth with respect to the ether would alter the time of the 
double passage by a quantity depending on tho square of tho ratio 
of the earth's velocity to that of light, and this is quite too small to 
be observed.' 

Note % (to page 72). Usually It is simply said : ' Suppose that 
tho aether remains at rest, and let vw the velocity of tho apparatus, 
i.e. of the earth in its orbit.’ For this to be correct, the aether would 
have to be at rest with respect to our sun. IBut when astronomical 
aberration is in question, wo arc told that the aether is stationary 
with respect to the ' fixed stars,' say, with respect to the constellation 
of Hercules, which, 1 hope, is ' fixed ' enough. Now, ns has inci- 
dentally been mentioned (p. 17), tho sun or the whole solar system 
has a uniform velocity of about 19 kilometres per second towards 
that constellation, which, being nearly equal to | of the earth's 
orbital velocity (30 klm. per sec.), certainly cannot be neglected. 
Thus, the velocity (u) of Michelson's interferometer with respect to 
tho aether would oscillate to and fro. In half-year intervals, between 
considerably distinct maximum- and minimum-values. According 
to Lorontz (' Dc I'inAuenco du mouvement dc la torro sur Ics phdno- 
mdnes luminoux,' 1887, reprinted In Abhandlungen, Vol, I. ; see 
p. 388) tho resultant of tho earth's orbital and tho solar system's 
velocity hod at the time when Mlchelson was performing his expcrl- 
ment both a direction and an absolute value ' very favourable ’ to 
the elloct sought for, even so much as to double the displacement of 
tho fringes expected, I am not aware whether or no the defenders 
and tlio adversaries of the aether have discussed this circumstance 
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witli sufficieiit care. But at any rate it scoined worth noticing here. 
Of course, It is for the adherents of the aether (and not those of empty 
space) to tell us explicitly with respect to what coleslinl bodies, the 
sun, or Hercules or other groups of stars, the aether is to be stationary# 
if it be granted that the parts of that medium do not move i-olatively 
to each other. For these stars certainly move relatively to one 
another. 

I cannot help remarking here that It is repugnant to mo to think 
of an omnipresent rigid aether being once and for ever at rest 
relatively rather to one star than to another. For, this medium, 
unlike Stokes’s aether, being non-de£ormable and not acted upon by 
any forces whatever, none of the celestial bodies, bo it over so con- 
spicuous in bulk or mass, can dalm for itself this primacy of holding 
fast the aether. The bare idea of action exerted upon the aether by 
material bodies being dismissed at the outset, there is nothing which 
could confer tlds distinctive privilege upon any one of them. But, 
then, I am quite aware that what * is repugnant to think of* need 
not necessarily be wrong altogether. There are other reasons to bo 
urged against the aetlior. 



Note 8 (to page 74 ). Let a plane wave o- (Fig. g) proceed towards 
the inclined mirror (half-silvered plate) Oa in the direction of its 
motion, t.s. from left to right. Lot sO, snm reprosont incident 
-wave normals, limiting a part of the beam of breadth Om^b, and 
let OX be the normal to the mirror, so that Q=sOX is the angle of 
incidence. I^t tlio wave reach the centre 0 of the miri*or at the 
instant f bo. Let 0^ and % be the positions of the points 0 and a 
of the mirror (both taken in the plane of the figure) at a later Inataiit 
f -IT, when tlie wave of disturbance roadies (tx, so that 

haj OOi •" vt« 

Draw round 0 a drde with the radius 

^i«ict: 

then the tangent to this drde, drawn from <?i, will represent the 
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roflcctc<l wave, and ON will Ira Iho reflected wave normal. To obtain 
the angle of reflection, 0 *=XON, consulor the triangles ONai and 
Omai, having the side Oai in common and right angles at m and at 
N,__ Since, moreover, tlioir sides ON and a\m are equal to one another, 
aiNt=Om*=»b, so that the breadth of the beam remains nnclianged by 
reflection, as for a stationary mirror, and 

s e * iwaiO =» J - f, 

where < aOai . But 5 ' = r/e - e + f. Thus, the angle of reflection 

(y and iho angle of incklonco 0 are connected by the relation 

(A) 

where the angle ^is determined by iho given properties of the paral- 
lelogram OaUiOi. Writing 

wo have at once 

and 

whence 


Off j* •>* (»t)*+ 1* + aorf . sin 0 
vr : 5^,=Bin cos 

COa*0 


But i;T«-id 8 in 9 /(c-i;), so that the rcc|uircd fonnula 

for f is 

. . flsinfa^) 

2 sin C=o- , - .r-. (B) 

(a) and (ii) contain the rigorous solution of tlio problem, based, of 
course, on the assumption of a stationary aether. 

In Miclielson and Moricy's oxirarimcnt, os treated above (Fig. 8), 
2fil = 90**, so that (ii) becomes 

2 sin - fi +i/iT^- (»») 

To connect Fig. 9 with Fig. 8, notice that, according to (a), the 
angle BOB" sliouhl bo equal to 2^. The approximate li'catmcnt given 
in connection with Fig, 8 (p. 74) amounts to writing 

8in(;?Oi5')“»:c=f3. (c) 

Now, developing (iij) and remoinbering that is a small fraction, wo 
have, up to quantities of the third order, 

2Binf»;8+J/?*, 

or, neglecting the third and higher powers of the small angle 
sin(2^n*/3 +i)8*. 

But the term appearing In this formula for the angle would give 
in the final formula for 'I\ only terms of the onlor of ^ and fi*. Thus, 
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{dming at results which are correct only up to quantities of the iiiird 
order, we may write the lost formula 

Bin(2{)-/8, 

in agreement with (c). Our Huyghens-construction shows then that 
the treatment adopted on page 74 is sulhciontly correct for the 
purpose in question. 

TluLt treatment, which is given In all text-books (including also 
such valuable modern works as Lauo's RelativUdisiheorie, 3rd cd., 
igig, Vol. I. p. 27) without Euiy further remark, would be rigorously 
correct if 0 were, say, a point source of (spherical) waves spreading 
out in all directions, and not, as it actually is, one of the points of a 
mirror at which reflection of plane waves is taldng place. 

A dlilerent way of treating rigorously the above question will bo 
found in Lorentz's paper entitled ' De I'iniluence du monvomont dc 
la terre sur les ph6nomdnes lumlneux,* Arch, nierl., Vol. XXI. (1887), 
pp. 1G9-172 (reprinted in Abha» 4 hmgen iiber iheor. Physik, Vol. I. 
pp. 389-392) and partly also in his Columbia University Lectures, 
P- ^94* . 

Tlio discussion of our general formulae (a), (b) connecting the angle 
of reflection witli that of incidence, for large values of Jd, may bo left 
to the reader as an interesting exercise. 



CHAPTER IV. 


EINSTEIN’S DEPINITION OP SniOLTANEITY. THE PRIN- 
OIPIiEB OP RELATIVITT AND OP OONBTANT I.IOET- 
VELOCITY. THE LORENTZ TRANSFORMATION. 

We are now sufficiently prepared lo grasp the meaning of Einstein's 
ideas * and to appreciate their relation to the work of his prede* 
ccssors, especially of Lorents. 

In Chapter I. we have seen how it is possible to define the time 
as a physically measurable quantity fulfilling certain reasonable 
and fairly general requirements. Practically, it was the variable t 
measured by the rotating earth as time-keeper or what, with a 
slight correction connected with tidal friction, has been called the 
' kinetic time.’ It lias certainly not escaped the reader's notice 
that the requirements on which that choice was based had nothing 
absolute or necessary about them, being merely recommended by 
their simplicity and convenience. But this circumstance need not 
detain us here any further. Suppose we have secured a clock 
indicating, with a sufficient degree of precision, the kinetic time t. 
Suppose we keep that clock at a certain place a, relatively lo a given 
space-framework of reference, say in a ccrlain physical laboratory 
or astronomical observatory. Thus far we have tacitly assumed, 
that the lime measured by such a chronometer, is universal, if I 
may say so, i.e. that it is valid for all points of space, for all parts 
of any system, be it near to our clock or very far from it, be it at 

* As Idd down in his paper of 1905, already quoted, and then (1907) 
developed by him more fully in a paper, ' Uober das Rolativittllsprinzip und 
die aua domsolbon gosogenon Folgorungon,' Jaltrbuch dor RadioahtivitM 
und Bhktronik, Vol. IV. p. 41 1. We shaU refer principally to the former 
paper by quoting simply the original numbers of its pages. 
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rest or moving with respect to it. It is very likely tliat nobody has 
ever asserted explicitly this universality and uniqueness of time, 
but everybody has certainly given to it his tacit consent, and 
would willingly endorse it if asked to do so. As far as I know, 
the first to question this universality of time was Einstein. 

Our clock, placed at a, indicates the time t, i,e. marks different 
time-instants and measures the intervals between them, to begin 
with, only at the place a, or nearly so. It is, to give it a short name, 
the time ta. Suppose that some well-marked instant is chosen as 
the initial instant, ta’^o. Then, if any event is happening at a or 
near a, wo give to it that date or, as it were, label it with that number 
ta which is simultaneously shown by the hand of the clock. Wo 
are exempted from defining what ' simultaneous ' (as well as 
' earlier ' or ' later ') means when applied to a pair of events occur- 
ring at the same place or near tliat place, as the passage of tlic hand 
through a given division of the dial of our cloclc and the appearanco 
of an electric spark close to it. But we do not know, beforehand, 
what we are to understand by saying that of two events occurring 
at places a, b distant from one anotlier the first occurs earlier or 
later than the second, or tliat both are simultaneous. The meaning 
of these words has to be defined. If the labelling of all possible 
kinds of events, occurring at distant points, fixed or moving 
relatively to one another, is to be of any use at all, wc must establish 
the rules according to which wc arc going to label them with the 
f-numbers. And first of all we have to decide which of these 
events have to receive the same labels, i.e. wo have to define 
at Olatant pointa. 

This notion is to be defined in terms of simultaneity at the same 
place, which alone is assumed to be known to us, and of some other 
tilings or processes which are actually realizable. In other words, 
distant simultaneity has to be reduced to local simultaneity by some 
physical process. Abstractly speaking, tlie clioice of such a process 
is arbitrary, in very wide limits at least ; but practically the choice 
' will be reduced to such processes as arc of possibly universal 
occurrence, and which arc independent of the capricious peculi- 
arities of different sorts of matter. Einstein has chosen for tills 
purpose tlic propagation of light in vacuo. Gravitation being, at 
least in 1905, out of the question, this has been, in fact, the only 
practicable choice. Moreover, it was not unprecedented in the 
history of physics and astronomy, and it suggested itself most 
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obviously because the recent difficulties met with lay in the optical 
and, more generally, the electromagnetic department of physics. 

To an unbiassed mind the question may present itself : Why 
label everything with /«numbors at ail ? Such a question Is perhaps 
not altogether unreasonable, and it may dcseiwo some careful 
attention. But once we decide to attach a timedabcl to every 
event, we are forced to reduce in some kind of way distant simuL 
taneity to local simultaneity, and not to delude ourselves with 
thinking that we know what ' universal simultaneity ' moans, or 
that it is, in fact, a self-consistent notion. To have initiated a 
critical analysis of the concept of simultaneity at all is certainly a 
great merit of Einstein’s. 

But lot us leave aside these generalities and pass to tho definition 
in question. Wo shall have to consider in the first place the simpler 
case of distant points a, b, etc., in relative rest, and then tho some- 
what intricate case of distant points belonging to systems which 
are uniformly moving with respect to each otlicr. 

Let a, bj etc., be points or places fixed relatively to one another 
and with respect to a certain space-framework or system S, say, the 
system of the fixed stars.* Suppose wo succeeded in manufacturing 
at the place a a number of equal clocics, each measuring the same, 
say tho ' kinetic,’ Lime t and set equally or synchronously, and that 
retaining one of them at a we sent the others to b, etc., together 
with an equal number of observers who are to remain at those 
distant places with their clocks for ever. Then, to begin with, we 
should have as many ’ times ’ as there arc places in consideration, 
ta, h, etc., valid, respectively, for the places a, b^ etc., and for their 
nearest neighbourhoods. For, though all of these clocks were 
manufactured equally at n, we do not know whether they continue 
to bo * equal ’ or permanently synchronous, when one of them is 
still kept at a, while the others arc sent far away, to &, etc. More 
than this, we do not know what their being synchronous or not, 
when far apart, means. Wo have yet to fix how wo arc going to 

* In his paper (p. 892) Einstein begins with ialcing, lor tho purpose of his 
dermition of simullanoity. tiiat ' system of coonlinatcs In which Newton's 
Dicchfuiical equations aro valid.' But it seems acWlsablo not to appeal at 
tho outset, and in connection with such a fnndamontai dcAniUoii, to New- 
tonian mochaulcs, especially ns it requires, according to the relativistic view 
itsoU, some essential, though numerically slight, modlAcailona. On the 
other hand, tho phydeal specification of what has been colled above ihe 
system S will appear presently without recourse to any theory of mechanics. 
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To invoke the preservation of rate of clocks of ' good 
n spite of their being carried to distant places, on the 
he high precision of tlieir mechanisms, would not help us 
e difficulty. For, supposing we also decided to assert such 
I and rigorous permanence, at different places within S, 
lechanical laws, necessarily involved, still we should have 
T whether tlio accessorial conditions of validity of those 
d practically there would be a host of such conditions) arc 
at and around each place in question. To avoid this vcrili< 
?hich soon would prove to be a formidable task, we must 
ne means of testify in a direct manner the synchronism of 
ant clocks and, more generally, of correlating with one 
tlie times etc., without being obliged to enter upon the 

!s and structure of the corresponding clock mechanisms,* 
the kind of test adopted by Einstein, and constituting at 
i time the essence of his definition of distant simultaneity, 

9WS. 

observer stationed at a send a flash of light at the instant 
heated by the a>clock, towards b, where it arrives at the 
b, according to the 6-clock. Let another observer send It 
m b without any delay, or let the flash be automatically 
at b, towards a, where it returns at the instant la- Then 
)ck is said, by definition, to be aynahronouB with tho 
f 

la ’~lh^ib'~fa- (l) 

imounts to requiring, by definition, tliat * tlic time ' 
i by light to pass from a to b should be equal to * the 
aployed to return from b to a. Instead of (l) wc may 
uivalcntly, 

lb “la + ^ 

i instant of arrival at b is expressed by the ariUimelic mean 
times of departure and return of the light-signal. Such 
3 connection of the a- time with the 6- time, the clock 
b is said to be synchronous with that placed at a. 
sfinition of synchronism is supposed to bo self-consistent, 
umber of clocks placed at different points of tho system S, 

\y notice in this connection that Einstein's specllication (p. 893) : 
[at 2 )] yon gennu derselben Bcschafrcnheit wio die in A [a] 
) ' is unnecessary and, to a certain extent, misleading. 
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saXi besides a and b, at d, e, otc. ' To secure this consistency, 
Einstein makes, explicitly, the following two assumptions : 

!• 1C the clock at b is synchronous wiUi that at a, then also the 
clock at a is synchronous with that at b. In other words : clock' 
synchronism is reciprocal, for any pair of places taken in S. 

2, If two clocks, placed at a and b, arc synchronous with a third 
clock, placed at c, they arc also synchronous witli one another. 
Or, more shortly, clock'synchronism is iraHsiiive throughout the 
system S. 

This is the way that Einstein himself puts the matter. But it 
may easily bo shown that the first of his assumptions will bo 
fulfilled if we require that the time employed by the light-signal 
to pass from a to is aheays the same. In fact, let us denote the 
a- time, taken generally, by a instead of ta, und similarly, let us 
write b instead of die general variablo and let us use the suffixes 
a, tt, r to denote the instants of departure, arrival and return. Then, 
if the &-clock is synchronous with the o*clock, we have, by definition, 
ba,'=>l{na+a,), or 

“ ba, 

for the return at a may be equally well considered as an arrival 
at that place. Now, if at the instant die flash be sent' again 
towards where it arrives at the instant br, we have, by our above 
requirement, 

ba-H = br-aa, 

and, by the last equation, 

^a~ba = br~^ tta- 

But here b„ is identical with the instant of departure ba, and, 
consequently, 

iris’ll + 

i.e. the clock placed at a is synchronous with that placed at b. q.e.d. 

A similar treatment of assumption 2 . may be left to the reader, 
who will find sufficient hints in Fig. 10 . This assumption will then 
be easily seen to imply that if a pair of flashes bo sent out simul- 
taneously from a, one via b, e and the other via c, b, they will both 
return siwullaneovsly at a. More generally, the time elapsing 
bclwcon the instant of departure and that of return of the light- 
signal sent round abca will bo equal to tho time elapsing between 
departure and return of the signal sent round aeba, and similarly 
(or every other closed path in S, both times being measured by 
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the clock placed at a. This form of the property attributed to tho 
system S is worthy of being especially insisted upon, as it iiiiphos 
only operations to bo performed at one and tho same spot, lo 
state this property of the system S, the observer has not to move 
from his place.* 



Such then are the physical properties of this system of rcfcronce. 
It is strange that Einstein, after having made explicitly the above 
assumptions i. and 2., considers it necessary to add (p. 894) that 
* according to experience * tho ratio 

2 =<r, 

ar-aa ' 


or, in tho notation of formula (i), 



( 2 ) 


is to be talcen as ' an universal constant (tho velocity of light in 
empty space).' At any rate, if tho last assumption is made, for 
any pair of points a, b in S, once and for over, then tlic above 
statement I. is certainly superfluous. But considemtions of this 
order need not detain us here any more. 


• Thore are some reasons lor believing that this property, iiiul therefore 
the transitivity of Eiiistoinian clock-aynchronlsin, does nut hotd, for 
example, on our spinning earth as a rcforciico Hystem, Strictly speaking, 
wo do not know whether it actually does or does pot hold, hut shall know 
it when tho results of Prof. Micholson's oxpcrimenlH started at I’annilvna, 
1921, in connection with a tlicoreiical discussion, given in a paper quoted 
at tho end of Note B to Chap. II., will bo available, 
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The properties ascribed to Uio system S may bo briefly sum- 
marized by saying that 

Isotropy, reversibility, and homogeneity of light propagation 

arc postulated throughout S, once and for ever, 

111 this way the various times, la, ht etc., originally foreign to 
each other, arc all connected so as to constitute one time only, 
valid for the whole system, which we may denote, simply by t, 
calling it shortly tho s-tlme. 

There is, thus far, nothing essentially new in Einstein’s pro- 
cedure. It Nvas more or less unconsciously applied since people 
began to measure the velocity of light, and even sound, nay, since 
they began to exchange with one another letters or messages of 
any kind. The novelty docs not come in until the next stage, 
when tho time-labelling is extended to different systems moving 
(uniformly) with respect to each other. 

Let S be as above, and let us consider other systems of reference, 
S\ y, and so on, each having with respect to 5* a motion of uniform 
rectilinear h'anslaiion, Plaving settled the matter for the system 
Sf i.e, having established the i^-time, let us similarly establish 
an y-time, t\ an .S'-time, etc., and let us sec how the times 
etc., arc connected with the lime / valid for y It can reason- 
ably be expected that these processes of (time-) labelling of events 
happening at different places, being undertaken from different 
standpoints, 5, y, y, etc., will generally not coincide with one 
another, e.g. that events obtaining identical /-labels may receive 
different /'-labels, and so on. Sucli, in fact, will be the case ; the 
labels of different sorts, dashed and non-dashed, though none is 
privileged in any way, will have to be carefully distinguished from 
one another. In a word, it will appear that, with the above 
definition of simultaneity, no universal, no unique time-labelling is 
possible. 

It will be enough to consider explicitly, besides S, one other 
system only, say, y. Supposing that a consistent time-labelling 
of events occurring at different places of 5' or an y-time is possible, 
like tho above ytlme, the question is, how Is this time /' to be 
connected with the time / ? We shall sec that the connection 
sought for will involve' also the coordinates defining the position 
of points within 5, and within S\ In a word, tlio time-coqnection of 
both systems will turn out to be entangled with their space relations. 

S.H, 0 
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Here we shall have to appeal to what Einstein calls the principles 
of special relatwity * and of constancy of liglU^veloeiiy, and which he 
enunciates in the following way : 

I. Tbs Frlnoiplfl of SiMoial Beiatlvits^t The laws of physical 
phenoittma f ihe same^ whether these phenomena are referred to 
the system S or to any other syHem {of coordinates) S' moving 
unifortnly with respect to U» 

II. !i:iib Pxinolpie of Oonstant idghi-yoiooltgr. Every UgJil'disiwbtMCC 

is propagated, in vacuo, relatively to the system S with a deter- 
minate velocity c, no matter whether it is enrUted from a source 
{body) stationary in or moving with respect to S, The velocity e 
is the distance of signalling divided by tlic corresponding time* 
interval, i being tlio as defined above. 

Here, to begin with and to fix the ideas, the syslcm S is taken. 
But applying the principle I., we can say at once that the same 
constancy of light propagation is valid also with raspcct to the 
system S', The constancy of the vejocity of light, i.e. its inde- 
pendence of the motion of the source, as emphasized in Chap. II., 
has already been appealed to by Fresnel, But there is this cssen tial 
difference that Fresnel claimed this property of light propagation 
only for a certain, unique system of reference, namely the aether 
or a system fixed in the aether, while Einstein, by accepting I, and 
II., postulates it for any one out of a triple infinity of systems 
moving uniformly with respect to each other. With regard to this 
property the systems S', S", etc,, arc perfectly equivalent to the 
system 5“ or become so in virtue of Principle I.,~-and this is the 
reason why the mere notion of an ‘ aether * breaks down, Nomi 
of the systems in question is privileged. To make it as plain ns 
possible, let P be a point fixed in the system S, and let a point- 
source, moving relatively to 5 in a quite arbitrajy manner, omit 
an instantaneous flash just when it is passing through Then 
tte observer, rigidly attached to the system S will fiml that the 
disturbance is propagated from P in all directions wiUi the same 
velocity c, as. that the ensuing thin pulse or wave of diseenlinuilv 
IS a sphencal surface, of centre P and of radiua 


« * quftliflcatioa * special ’ became necessary since EinsLcin 
" . r (about reiS) his new or Gmml relativity thooiy. 
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if I is reckoned from tiic instant of emission. Again, if P' is a point 
fixed in S\ and if the arbitrarily moving source emits a flash just 
when it is passing through P', then the wave, as it appears to 
observers rigidly attached to S', will be a sphere whoso centre is 
permanently situated at P' and whose radius at any instant of the 
5'- time is r'^ct' 

if t' be reckoned from the instant of emission, Sucli is, in virtue 
of I., the meaning of the principle of constancy of light-pi-opagation 
in empty space. Of especial interest is the particular case, in 
which our source is fixed at a point P' of the system .S', and there* 
fore moving uniformly with respect to S. In this case the centre 
of tlie spherical wave will, to the S'-observers, be permanently 
situated at the material particle playing the part of source, whereas 
for the ^-observers the centre of the spherical wave, fixed in S, 
will detach itself from the material source, tlie source moving away 
from it with uniform velocity togellicr with the whole system S'. 
This case will be made use of presently. 

Let us now return to the first principle, and let us remember 
how the time t, valid for the whole system S, has been defined. 
Since S has been endowed with physical properties required for a 
consistent method of time-labelling of events occurring at its 
various points, the same properties will, in virtue of I,, hold also 
for S'. Again, local clocks satisfying the requirements of con- 
venience, e.g, the causality-maxim, being possible in S, such time- 
keepers arc, by I., possible also for various stations taken in S'. 
We can therefore consider first a time U', measured by a clock 
placed at a point a* in .S', then distant clocks placed at b', etc,, 
leaving the task of testing their synchronism to observers attached 
to the system S', and repeating in fact literally all that has been 
said before with regard to the system S. In this way we should 
obtain out of the originally local times a unique time t' applicable 
to the whole system S'. Let us call the lime thus constructed tlio 
s'-ttms. 

The question now is, how are the 5'- time and the .S-time con- 
nected with one another (and, possibly, with other things, viz, 
lengths or distances as measured by tlio .S'- and .S'-obseivcrs) ? 

The answer to this fundamental question may be obtained, with 
the help of the two above principles, in a variety of ways, But 
for certain reasons the following way, though not the shortest, 
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seems to mo the most instructive to begin with.* It is, moreover, 
intimately connected with what has been said in the last chapter 
with regard to the Michelaon-Moricy experiment. .... 

Let us imagine an ^'-observer having at his disposal a point* 
source of light at a place fixed in the system S\ Lot A* and 
B* bo a pair of distant points also fixed in and such .that the. 
straight line P*A* is in the direction of motion of S* relatively to 
S, and that P'S* is perpendicular to that direction (Fig. 1 1 ). As 
before, we shall call P'A' longitudinal, and P'B' transversal. Lot 


tB' 



/' be die length of the first of these segments or the distance from 
P' to A\ according to the estimation of the .S'-inhabilants, and 
similarly s' the length of tlie second segment. Suppose that our 
observer sends an instantaneous light-flash from P' towards A' and 
receives it back at P' after the lapse $' of the j'-time. Then, having 
assured himself by some means or other that an assistant stationed 
at A' sends him back his signals without any delay, our observer 
will write 

Under similar conditions, if he sends a flash towards f B* and 
receives it back after the interval r' of the I'-time, he will put 
down the equation ^ 25' 

T • 

* Einstein's motliod of reasoning, as givon in his ori^nal paper (§ 3, sco 
also Notes at the end of this Chap.) may bo mathomatlcnlty Interesting, 
bnt does not seem to bo the best when a clear discussion of the physical 
aspect of the question is aimed at. 

t To avoid unnecessary diflicultios as to hitting the receiving station, 
now B* and now A*, it will bo best to imaf^no that oiir observer sends each 
time a full spherical wave of discontinuity or a very tliin spherical pnisc. 
Tliis will bo found especially convenient when we come next to consider 
tiio same processes from the S'.standpolnt, 
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There is, in fact, by the adopted principles, no diiTeronce between 
longitudinal and’ti'ansvci'saMight signalling between stations fixed 
in y, as observed by the inhabitants of this same system. 

Let us now see how each of these two processes will be described 
by an observer attaclied to the system S. Call the lengths or 
distances P*A\ estimated by tlie 5*ob8crver, i-and s 

respectively. Each of tliese is obtained by ascertaining, with tlio 
help of an appropriate number of synchronous /-clocks, which are 
the points of the ^-system, through whidi P* and or P' and B* 
pass simultaneously, and by measuring the mutual distances of 
these points by means of an ^standard rod. Similarly, I' and s' 
arc to be considered as the distances P'A' and P'B' measured by 
standard rods which the ^-observers arc carrying witli themsolvcs. 
Notice that, by Principle I., I' and thus measured, will be the 
same whether the system 5', together with its observers, clocks and 
measuring rods, is at rest with respect to S or whether it moves 
uniformly with respect to that system, as it actually does. But 
If s arc not necessarily equal to I', s'. For although they are ‘ dis- 
tances of the same pairs of material points,* tlic source and the 
receiving stations, they are not obtained by the same processes. 
Having thus explained the meaning of I, s, let us consider, from 
the .S-standpoint, first the longitudinal and then tlic transversal 
signalling. The flash sent out by the luminous source will, accord- 
ing to Principle II., appear to tlio ^observers in both cases as a 
spherical wave expanding with the velocity c and having its centre 
at that point P ^ , fixed in .S, through which the source has passed 
when emitting the flash. Now, if v be the velocity of S' relative 
to Sf the receiving station A' moves away from with the uniform 
velocity V. If, therefore, 0^ be the ,S-tinie required for the wave 
to expand from to A'f 

c0i = l-\-v0^f 


In the same way, if 0^ be the .S-timo employed by the light to 
return from the receiving station to the sending station P', 


/ 


* This station A* (and similarly, in tho case of transversal signalling, the 
station B*) may bo imagined to bccomo an instantaneous point-aourco omit- 
ting a gphorical wave at tho inomont when it is reached by tho original wnvo. 
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Thiw, Iho .V*tiiiic 0 elapsing between the first appearance and the 
rcapiiunrancc a light Hash at A*t being the sum of dj and 
will bo given l>y 




A similar reasoning applied to the case of transversal signalling, 
in which case tlie sphericity of the wave will bo found particularly 
convenieni, will givo us for the 5- time elapsing between the appear- 
ance of the first anti the second flash at A* the value 


s 

€ 

where 

Compare tlio Inst two formulae with those for 9' and r*, and 
denote the ratio s/s* by a. Then the result will bo 




( 3 ) 


where a is a number whicli for o»o becomes equal i, but is other- 
wise an unknown function of the data of tlxe problem. 

Now, each of the two processes, i,e. the longitudinal and the 
transversal signalling, may (by disregarding the receiving stations) 
be considereci as a phenomenon consisting in a double appearance 
of a flash al oiia a*td the same station, at tho same individually dis- 
cernible point fixed in S', Thus far we have, purposely, kept 
those two processes separate. But now we can advantageously 
coinhino I hem. If tho receiving stations were chosen so that 
then wc should have, by the first pair of formulae, 

O'aar', say =7^, 

and if the two processes were started simultaneously, from the 
.S*'- point of view, they would also have ended simultaneously for 
tho .Y-inlmbilants. In other words, wc would have, in .S', a pair 
of siniullancous events followed by anotlicr pair of simultaneous 
events, all of these occurring at the same place A*. Let us now 
rcrpiiro (wliat is tacitly assumed by all authors) that 

HI. Hmnts loeaWy stitttiUaneous for an S* •observer should also 
bo simt^laneous for the S-obsero«rs, 

This umoiiiits to assuming that there is a one-to-one correspondence 
between tho /.Itihols and tlio ^'-labels to be applied to events occur- 
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ring at any given place, i,e, for fixed values of tlie coordinates x\ 
0' in S\ (The analogous one-to-one correspondence between 
x', /, and X, y, b for const, is tacitly assumed os a matter of 
course,) On the other hand, two events occurring at distinct 
places, being simultaneous in S', are generally }{en-simultaneous 
from tho il-standpoint. 

Now, in virtue of the requirement III,, the two simultaneous 
processes or phenomena occurring at A' will also begin and end 
simultaneously for tho .S-observers, so that 


and 


O^T, say »»T, 

efe'^rl7'<^TlT\ 


Consequently, by tlie equations (3), 

r/r=ay=a(l-;B«)-h 

Tlicsc arc the required connections between durations and lengths, 
measured in S and in S\ They are based on tho assumptions L, 
II., III., the last of which is certainly the most natural one. 
The common coefficient a is, thus far, indeterminate. If we 
arc to endow empty space with homogeneity, as well as with 
isotropy,'*' and if it be granted that the relations between tlie .S- 
and ^'-measurements do not vary in time, the unknown coefficient 
a can depend only upon v=cp. The only thing wc thus far know 
about this function is that it reduces to unity for when S' 
is at rest relatively to .S, when, in fact, botli systems cease to be 
discernible from one another. Thus 


ana(/S), a(o) = I. 

Notice that for u—o wc have also y>«i, so that in this case T, /, s 
become, by (4), identical with T', I', 5', as was to be expected. 

To put the relations (4) in simple words, and to fix the ideas, 
let us assume for the moment a ^ i. Then 

T I I , , , 

= ( 4 ^) 

Thus, a transversal bar sharing tlio motion of S' will have the same 
Icngtli from tho standpoint of either of the two systems S, S', while 


* Both propordos having boon already attributed to It physically, i,e, as 
regards propagation of light, by II. 
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a bar.ojf longitudinal orientation and of length I* in will, according 
to tho estimation of the ^-observers (with equal /•vjihies tor liolh 
terminals of the bar), bo shortened to - A solid fixed 

in S\ which for the inhabitants' of that system is a sphere of radius 
■K, will, according to the estimation of the ^'Observers, bccoiiic a 
longitudinally flattened ellipsoid of sonii*axos 


precisely as in the cotUraction hypothesis of Fitzgerald and Iiorentz. 
It is a slightly different thing to say, instead of this, that a body 
which for the ^-observers Is spherical while at rest in .S' becomes 
flattened down to the above ellipsoid when set in motion with the 
transIation«velocity v relative to S, The claiiso liinled at is In 
connection with the manner in which the body Is set from rest to 
motion and cannot satisfactorily bo dealt with at this stage of our 
considerations. Again, as regards the ratio of limes, remember 
that V is the ^'-duration of a phenomenon or process going on at 
a place P' fixed in 5 ^, i,e, for constant /, a'. This <liiralion or 
timednterval is t hen len gtliened in the estimation of the .V'Observers 
to T=^yV Wo are assuming licre, of course, ihal 
^ < I, so that y is real and greater than unity. Instead of a pair 
of flashes, as considered above, wo may think of two cumsccuiivc 
indications of an S* clock kept at P\ and wo may say (hat a 
clock moving relati vely t o S with the uniform velocity u noes 
slower ^ in the ratio i, than ' tho same ' clock when at rest 

in S, This at least is tlio way that the leading relallvlsts pot ihu 
above result. * Tho same * is taken to mean tliat tins mechanisni 
of the clock has undergone no changes due. to its passing from rest 
to motion, except those which are implied by the fiindamciiUil 
relativistic principles themselves. This statement doe.s by no 
means look satisfactory, but it can perhaps be made more rigorous 
and clear by returning to it after certain portions of relativistic 
Physiw have been worked out. The practically important question 
18, which are the physical systems we are going to consider as sneli 
clocks whose internal mechanism » is not subject to changes due 
to their merely passing from rest to uniform motion relatively, say. 
to ae earth or a.o fixed star, ? Now, as far as I know, tho p™! 

atlsMTi'ir 'I various 

atoms (or at least, i( they are to afrvo us for llioiisnnds of yours, 
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those vthiqli aro not sensibly radioactive) with their natural periods 
of vibration, manifested in their characteristic .spectrum lines.* 
The .innucnco felt by such minute mechanisms in the presence of 
a strong magnetic field (Zeeman’s effect) will not, of course, be 
forgotten. Who knows but that some remote future generations, 
to get rid of such physical influences, may choose to consider as 
' invariable ' the mechanism not of light emission but of radio- 
active disintegration of atoms. If such is to be the case, the 
formula T t=yV will be interpreted by saying that the * half-life ' 
of radium, which is about 1760 years, is in the estimation of a 
terrestrial observer lengthened by a month or so, when a piece 
of radium flashes before him with something like one hundredth 
of the velocity of light, 

We have already remarked in passing that two events occurring 
simultaneously in S' at places distant from one another will gener- 
ally bo non-simultaiicous to the .^-observers. This may be seen 
I, immediately by the principle of constant light- velocity, valid by I. 
f for both S and S'. For let a spherical wave or a very thin pulse 
be started from our point-source placed at P'. Then, if l'=s', tlic 
arrivals of flashes at A' and B' will be a pair of events simultaneous 
to tho ^'-observers. On the other hand, the 5 -timc required for 
the wave to reach A' will be 

r = ' 

and that to reach B' 

n' ^ 

1 i-if=yy 

Now, by (4a), and also by the more general formulae (4), 
lls^Y'H'ls' = ily, 

whence 

Tp'A'-Trsf'^^s, 

Thus, the pair of events in question will not be simultaneous for 
the 5 -obscrvcrs, Instead of tho two particular points A', B', the 
whole wave may be considered. Then it will be seen at once that 

-li* Tims we road. In l.nuo ‘8 RelaiivitAistheorie, Vol, I. igig, p. 58 : ' In 
clnom bewegton Wnssorstoffatom (Kanalsirahion) worden, sum I^cisplel, 
die Liclit cmlttiorcndcii ItJgonschwlngungon gcringcro Frequenx habon, aln 
in oincm ruhondon.' As regards tho experimental side of tho subject, see 
J, Laub's report in Jahrb, d. Bad, it, JSlelttronik, Vol. VII. p. 439, 
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the sphere r'=» const, with centre P' will, to the y^observcrs, be 
the locus of points reached simultaneously by the wave, but not 
so to the 5 -observcrs, For to these the loci of siinultuncoiiHly 
illuminated points will be spheres centered at a point, /’q, fixed in 
from which P' is continuously moving away. 

Thus, the notion of distant simultaneity, to call it again by thin 
short name, has no absolute or universal meaning, but involves a 
specification of one out of oo^ systems of reference. Fur such is 
the manifold of the vector-values of their relative velocity v, its 
absolute value v amounting to one scalar, and its direction to two 
more. 

Let us now once more return to our formulae (4), with the view 
of deducing from them the relations connecting the .9-lima and 
coordinates I, x, y, g with the ^-timo and coordinates y\ 
Take the »'-axis along the ir-axls, both concurrent with the vector 
V fixing the velocity of S* relative to 5 (Fig. n),* and the axes 
y\ ^ » both transversal and perpendicular to one another, parallel 
to and concurrent with the axes of y, s rcspcclivciy. Count both 
the 5 ^- and the .S-time from the instant at which the origins of flu* 
coordinates, 0 * and 0 ^ coincide with one another, is, nsHunio 


/ » ^ ts y = Mt o 

as corresponding to 

which is a pure convention. The axes of y' and will then colncidt? 
at that instant with the axes of y and s. Let us fix our alien I ion 

on any point y\ s') taken in 5'. Then by the if 

formulae (4), in which wc have to write l=>X‘-vl, 

*'=^(*-'<0, (5) 

and, by the third of those formulae, 




a =-'S. 

tt 


( 6 ) 

To Obto t as a function of f, notice ttnt of nil thnt evonia 

occumng at vanous poinu of a transversal piano (ar- =. const.), hrinK 

Imagined as l«<t In reality Ihoy are u. In. 

amUenalepaM^ “““ ‘"resgbont the whole Ihitw. 
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simultaneous in S', arc also simullancous with one another accord- 
ing to the S'-point of view, For if M', N' bo a pair of such points, 
and if M'N^ then a wave started at their mid-point C at the 
instant •'\s'/e will reach both M' and N' simultaneously, at the 
instant Again, from the ^-standpoint, in our previous notation, 

Teu-^-Tvr, 

2C 


so that M' and N' will receive the signals at the same instant t. 
Thus, t is independent of /, s', and consequently 

0 . 


Next, take a longitudinal pair of points, say P' on the A;'-nxis and 
the origin 0 \ Call ^ tlie abscissa of P', Imagine a wave started 
at the mid-point of O' and P' at the instant t' -^x'je ; then the 
wave will reach O' and P' at the same instant and, by Principle 
11. and by the second of formulae (4), 


0-/(0, 


But, by the first of formulae (4) and by our convention as to the 
origin of time-reckoning at O', 


/(o, t')»ayi'. 

Hence 

tstix', 0 = ( 7 ) 


which is the required connection. Substituting here x' from (5) 
and remembering that we shall obtain I' in terms of 

I, X, 

Thus, the complete set of formulae connecting the y* with the 
5 - lime and coordinates will be 



Conversely, solving these equations with respect to I, x, y, e, or 
simply copying (7) and using it to eliminate i from the first equation, 
Xf^ay{x' +vl')‘, y*ao/j 
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Notice that, disregarding o, the set ( 9 ) loilows from ( 8 ), and vied 
versa, by simply interchanging x, y, e, ( with x', y', and by 
writing instead of v. Now t being the velocity of S' relative 
to 5, will be the velocity of 5* relative to S'.* As to e, it is 
common to both systems, and 7 (o)" 7 (’-w)«(i -w*/®*)’*^* Thus, 
there is noiprooity between the two systems of reference, except 
for the common arbitrary coefficient ^vhich is in the flrst, and 
a in the second set of formulae. As a matter of fact, there is a 
physical reciprocity anyhow, i.e. for any tt=ao(w), subject to the 
condition a(o) = i. For the conditions imposed upon the time* 
labellings In S and in .S^, in order to make them self-consistent, 
will continue to be satisfied when all values of time and coordinates, 
in S or in y, have been multiplied by a common factor ; in 
one, and a in the other case may be tlirown back uj)on the choice 
of the units of measurement. Thus, the choice of a being a matter 
of indifference, we may take a«i. Or, if not content with the 
physical, we require also a formal reciprocity, then wo have to 
write 

a“i=o, i,s. a* = 3 1, 

But a(o) « I, Thus, if a(ir) is to be continuous, a « + i.f 
In this way we obtain tlio formulae of what is generally called 
the Loreuti taronBfbnuatdon, 


x'^.y{x-vt)\ 

s' 


. 


( 10 ) 


the whole line of reasoning, the meaning^ and the rfilc of this trails- 
♦ In fact, what we call tlie velocity of S relative to S* is the vector whoso 




_ rf*' „ 

3r 


and this is the vector - v. In exactly the same way, the velocUv of S- 

^rt*'"** components are tlio derivatives of^A- y ' jr 

with respect to i, for coi^stmi x\ y*, U., again by (8), 

*=■"*’ a/”®* ^=0- 

t With regard to Einstein's own treatment of this nnyi «i ii 

adopted in Uue's bpok, see Note 1 at tliA end of the pr^nt'clmitdr ^ 
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formation aro essentially different from wlmt they were in Lorentz’s 
theoryi based as it was on the assumption of a privileged system 
of reference, the aotlior. 

■ Let us write also the inverse transformation 

(»'+»/'); y“/; , 



Tho postulate L, or tlio Principle of Special Relativity, may now 
be expressed in tho concise and more definite form : 

I". 37« laws of physical phenomam, or rather their imUte- 
vieUical expressions^ are inyorieuit wUh respect to the Lorente 
tramfomiation,* 

That is to say, if a law Z., valid in 5, involves — ^besides other 
magnitudes — x, y, 0 , t in a certain way, and if these are trans- 
formed according to (lo), tlicn tho resulting law X.', valid in S\ 
will involve y', s', f' in exactly tho same way. Any system S ' , 
with its corresponding tetrad of independent variables, is ns ' legiti- 
mate ' as S. The choice, of one out of 00 ^ systems of reference 
moving uniformly with respect .to one another is a matter of 
indifTcrcnco. As regards the behaviour of tho ' other magnitudes ' 
involved in the laws, any attempt to elucidate it by general remarks 
in this place would be useless. Wc shall come to understand this 
point by and by when considering various applications of the 
relativity principle. And, with regard to the specification * physical,* 
it has, of course, to be taken in the broadest sense of the word. The 
phenomena in question may as well be chemical or physiological, 
though, for tho present, physiology is far from being prepared to 
receive a theory of such a high degree of accuracy. Instead of 
' physical phenomena ' the reader can, at any rate, put theoretically: 
any ‘phenomena which arc at all localizablo in space and in time. 

The principle of (special) relativity excludes all such laws ns arc 
not invariant with respect to tlio Lorentz transformation. Thus, 
for instance, Newton’s inverse square law of universal gravitation, 
or oven his general laws of motion, cannot stand in their original 

* Some authors employ In this connection tlio mathomatically sanctioned 
term covarimt, instead of invariant. Bnt it will bo convenient to reserve 
' covariaiit * for another use, ' 
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form, but require some slight modifications, if they are to lio 
brought into line with the principle in question. But there is 
certainly no need to multiply such negative examples ; the reader 
can pick out at random as many eases as ho wants, and ho is sure 
never to hit a case which docs not contradict that principle. Max- 
well's equations for the free aether, also with the supplementary 
term pp, and for stationary ponderable media, are, ns has been 
already remarked, in an exceptional position. But tticse electro- 
magnetic equations will occupy our special attention in later 
chapters. 

Thus far we have had only one example of a ' law ' which is 
proclaimed to be rigorously valid, with reference to S, namely the 
law of light propagation, as enunciated in the principle of constant 
Ught-vciocity.* Thus, the true office of II. is to fix a particular 
case of a physical law which is postulated rigorously to satisfy I. 

This law then has certainly to be invariant with respect to the 
Lorentz transformation. And since this transformation has been 
obtained by means of the law itself, applied both to S and S', it 
can be foreseen without calculation that this law will prove to be 
invariant. In fact, this prevision may be verified at once, h'or 
‘the law in question states that if light be emitted at the instant 
/"=0 by a point-source, placed at or just passing through a given 
point, which may be taken as the origin of the coordinates, 0, (hen 
at any instant <>o it reaches a spherical surface of radius ruc/ 
and centre 0, i,e, such that, x, y, a being the coordinates of that 
surface, 

. (il) 


Now, squaring the equations (lo) and adding up, wo have, identi- 

«'“ + y'» + s'* - =» «* + y* + flS _ ^ , 3 j 

and consequently also 


(II') 

Thus, the Jaw of light propagation, (ii), is Invariant with resiKsnt 
to the Loronte transformation. Romombor that ff coinchte with 

S precisely the same thing as (ii) for S. Notice, moreover. Unit 
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III- 


the law under consideration would be invariant with any value of 
a (not zero). For, tlicn, we should have, by (8), 

„ tt* (*'* +/»+»'»- tf V“). 

and what wo require is not so much the invariance of the quadratic 
function a;* + y* + s* - as that 'of the equation (i i). But having 
once decided, be it only for purely formal reasons, to take a«>i, 
the property ( 12 ), which will in the sequel bo often referred to, is 
worth keeping in memory. 

It may be expressed shortly by saying that 

»■ + y* + s* - or r® 

is a rolatlTlaUo inYarlant. Any function of this expression alone 
is, of course, again an invariant. But all of these count as one 
invariant. It is worth noticing that, on this understanding, there 
are among all functions of x, y, s, t no other invariants than 

In what precedes we have used the integral form, (ii), of (a 
particular case of) the law of propagation. We might as well have 
used its differential form, 

□<A=o, (13) 

where ^ may bo thought of as any one of the rectangular com- 
ponents of a ' light-vector,’ and where 


^ c* ^ 9y® ^ 9s® «® 9? 


(14) 


is Cauchy’s symbol, called also the Daiembortiiui. The physical 
meaning of this famous differential equation is, among other things, 
that any clement of a wave of discontinuity is propagated normally 
to itself with the velocity c (cf. Nofai s). This then is the general 
law of which the previous is but a particular case, corresponding 
to a particular form of the wave. Now, by ( 10 ), 

9 /9 « 9 \ 9 9 9 * 9 . 

9y”^’ 9a“9)Er" 


so that 
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which proves the invariance of the differential law of Lho propaga- 
tion of light in empty space. But since (13). involves further 
particulars not yet entered upon (embodied summarily in 0) con- 
cerning light, the reader is recommended to keep rather to tho 
integral form (ii), until wo come to consider tho relativistic pro- 
perties of electromagnetic laws. Meanwhile it will bo enough to 
keep in mind merely that the Dalemberiian is an invariant ns good 
as r^-cH, although the latter is a magnitude and tlio former an 
operator. 

Conversely, the Loren tz transformation may be obtained by 
postulating the invariance of the Palombcrttan and by making 
some auxiliary assumptions (Hots a). But tho above method of 
obtaining the transformation formulae has seemed to be moro 
suitable for bringing into prominence their physical meaning. ' 
Basing ourselves upon the Principles I., 11 ., and upon the obvious 
rcquirehient III., we have obtained the formulae (40) for tho ratios 
of time-intervals and lengtlis as measured in S and S\ From these 
formulae the Lorentz transformation (10), and its invomo (10'), 
followed almost immediately. Now, it may bo well to notice hero 
how (4a) are to be obtained conversely from (10), (10'). The third 
of (4a) is identical with y =/, 0 To obtain the first of formulae 
(4a), remember that it was valid for any point fixed in S', Take 
therefore, in the last of (10'), const., and denote by A any 
increment. Tlien the result will be 

U=yLt', 

Similarly, remembering that the terminals of tho segment I are to 
be taken simultaneous in .S, take, in the first of (10), const. ; 
then tlie result will be 

A«*=- A*'. 

y 

Now, these are precisely the relations stated by (4rt). Notice that 
the constancy, or variability of the transversal coordinatas y, a is 
a matter of indifference. As to the fact, monlioncd on several 
occasions, that simultaneous events occurring at distant places in 
S' are generally not simultaneous in 5 , and vice versat it is most 
immediately expressed in (10), (lo') by the circumstance that t 
contains xf besides and similarly, that t' contains » besides L 
So long as o<c, or ^<1, tho coefficient y is real and greater 
than unity, so that the dui^tion of any process, local in is 
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lengthened, to the ^-observers, y times or in the ratio l ; (i 
and any longitudinal segment Aa;' is contracted to 
In the critical cose ot 0 =>c, or wo have ^»oo. Then any 
finite duration At' becomes infinite in and any finite distance 
08 judged by the .S-observora, dwindies down to nothing: 
the whole of 5 ^', with all the bodies sharing its motion, becomes a 
transversal fiatland. Finally, for i, i,e, when the velodty of 
S' relative to S exceeds the velocity of light or when it becomes 
what may conveniently be called a JiypexTeloolty,* y is purely 
imaginary and so also are t for any real values of x'^ if. But, 
as far as I^can sec, this does not necessarily mean that motion with 
hyporvelocity, of one body relative to another, is ' impossible.’ It 
.would, thus far, be enough to say simply tliat there is in this case 
no correlation in real terms between S' and to bo obtained by 
* light-signalling. Notice that, from the .S-standpoint, any station 
P* can then succeed in sending light-signals only to points con- 
tained in a certain back-cone, so that, according to that stand- 
point, no such station can ever receive back any of its signals, and 
tliat therefore the whole of our previous reasoning ceases to be 
applicable to the case in question. In what sense hypcrvciocitics 
arc, or by what reasons they may bo required to be, ' impossible,’ 
will bo seen from the physical applications of the principle of 
relativity. 

For the present, and for what follows, we shall simply assume 

v<c, 

considering only now and then the limiting value v = c. 

To touch the other extreme, let us suppose that 0 is a very small 
fraction of c. Then, neglecting /^“-terms, and limiting ourselves to 
such values of x as are not enormously great compared with cl, we 
obtain from (lo) the Newtonian transformation (Chap. I.) 

Or, if we like, wo can say also that, if 00 is taken instead of c, the 
LorenU transformation reduces to the Newtonian or Galilcian 
transformation. Just as the equations of classical or Newtonian 
mechanics were invariant with respect to the Newtonian trans- 
formation, so arc the fundamental laws of optics and (as wo shall 
sec later) of electromagnetism invariant with respect to the Lorentz 

'M' Tlio Gormans call It * Uoborllciitgcsohwindigkdt.' 

II 


S.K, 



THE THEORY OF RELATIVITY 


1 14 

transformation. Let us call the principle associated witli the 
former ihe classical principle of relativUyt and that corresponding 
to the latter of tliese transformations iJte new principle of relaihiUy, 
Then it is olsvious that wc cannot have both, retaining the classical 
principle for our mechanics and using the new one for our electro- 
magnetism, For if S be a particular system or space-framework- 
of reference in which the laws of both classical mechanics and 
electromagnetism arc valid, then, among all the systems moving 
with respect to it with uniform velocity, no other would have this 
property.* In other words, the system 5 would be privileged, 
being the system for both classes of laws, whereas, according to 
the new principle of relativity, i.e. according to 1. taken by itself 
(without yet touching IL), none of the manifold of 00 * systems 
moving uniformly with respect to one another is to be privileged, 
equal rights being claimed for all of them with regard to any 
physical phenomena. Thus, if we are to construct a truly rela- 
tivistic theory at all, wo can have but one Principle of RelalivUyf 
that is to say, one at a time. Now, Hertz's and Heaviside's 
attempts to extend the classical principle of relativity to the 
domain of electromagnetism proved a complete failure. And since, 
for the time being, tertium non daiur, the new principle, involving 
the Lorentz transformation, has become the principle of relativity 
of modern physics, as far at least as inertial reference systems are 
concerned. In this connection it must not be forgotten that electro- 
magnetic and especially optical phenomena have been known all 
these years with a much higher degree of accuracy than the various 
instances of motion of material bodies. No wonder, therefore, that 
the physicist has so easily decided to mould Ills mechanics and 
thermodynamics according to a principle which sprang out from 
optical and, generally, electromagnetic ground. This is not to say, 
of course, that mechanical and all other phenomena must bo 
ultimately electromagnetic, i,e. that everything must be explained 
by, or reduced to, electromagnetism. The theory of relativity is 
not concerned at all witli such reduction of one class of phenomena 
to another. It docs not force upon us an electromagnetic view of 
the world any more than a mechanical view. Quite the contrary ; 
it opens before us a wide held of possibilities of asserting that oven 

• Supposing, of course, that the inhabitants of each system avail them- 
selves only of one set of coordinates and time. 
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the mass of a free electron, say a ) 3 -particle, need not be entirely 
electromagnetic. 

Like the Newtonian transformations, the Lorentz transforma- 
tions, generally with the inclusion of pure space-rotations,* con- 
stitute a group, that is to say, two of such transformations applied 
successively one after the other arc equivalent to a single trans- 
formation, which is again a Lorentz transformation. In the case 
of the Newtonian transformation, if Vj be the velocity of S* relative 
to 5 , and Vg the velocity of S" relative to S*, the vectorial para- 
meter V of the resultant transformation is simply the sum of the 
parametci’s of the component transformations, i.e, The 

parameter of the resultant Loren U group is a more complicated 
function of the paramctci's of the component transformations, thus 
leading to a more complicated rule of physical addition of velocities, 
which will be given in the next two chapters. Only when the 
absolute values of v^, Vg arc small compared with the critical 
velocity, docs the familiar rule of composition of velocities re- 
appear. Classical kinematic is but a limiting case of modern 
relativistic kinematic. So are also most of the remaining branches 
of mechanics and generally of physics. For slow motion the 
reader will recognize throughout his good old friends in this new 
and strange land of relativistic connections. 

To close this somewhat lengthy chapter on the foundations of 
the theory of relativity, one short remark more. Einstein’s results 
concerning electromagnetic and optical phenomena will be seen to 
agree in the main with those which have been obtained by Lorentz 
in his generalized theory, the chief dilTcrcncc being (to quote 
Lorentz’s own words, Columbia University Lectures, p. 230) that 
Einstein simply postulates what Lorentz has deduced ' with some 
difliculty, and not altogether satisfactorily, from the fundamental 
equations of the electromagnetic licld. By doing so, he may cer- 
tainly take credit for making us sec in the negative result of ex- 
periments like those of Michclson, Rayleigh and Brace, not a 
fortuitous compensation of opposing cfTects, but the manifestation 
of a general and fundamental principle. ... It would be unjust 
not to add that, besides the fascinating boldness of its starting 
point, Einstein has another marked ad van tage over mine. Whereas 
I have not been able to obtain for the equations referred to moving 


* This rosorvalioii will become clear In Chapter VI, 
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axes exactly the same form as for those which apply to a stationary 
system, Einstein has accomplished this by means of a 35ratoin of 
new variables slightly different from those which I have introduced.' 
As to these slight differences, cf. Note 8(5 to Lorentz's Lictufss* 

We see from this quotation that Lorontz himself aimed at an 
exact sameness of form of tlic laws of all, or at least of electrO" 
magnetic, phenomena for a pair of systems moving uniformly with 
respect to one another. Why then not postulate this sameness at 
once? But Lorentz had not the heart to abandon the nclher 
which he confessedly * cannot but regard as endowed with a certain 
degree of substantiality.' 
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Note 1 (to page io8). Einstein, Ann. d. Physik, Vol. XVII., 1905, 
§ 3, obtains the formulae of transformation (10) In the following way : 

Let, to use our notation, x, y, m, t bo the coordinates and the tlino 
lu S, and x\ y*, x*, V those in S*. Write 

then to a point fixed in S* corresponds a aysloin of values of y, b 
independent of (. To obtain as a function of y, s, Einstein con- 
siders a signal sent at the instant V from the origin O* along the 
axis of X* towards the point whore it arrives at the instant niul, 
being reflected there, returns to O' at the instant Then, according 
to the definition of synchronism, (la), p. 94, whicli is to hold equally 
for S* as for 5, 


i.e. substituting the arguments and applying the principle of constant 
light propagation, 

('(O, 0, 0, 0+('(o, 0, + o, 0, / + 

whence, for an infinitesimal 

dt' . V 3 /' 

Applying the same reasoning to signals sont along tho axes of y>or x, 
Einstein obtains 

3 /' 3 (' 

^=0, ^=0, 

and, assuming to be a Umar function of its arguments. 
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whoro 0(v) is thus far an unknown function of v, and where has 
been put at 0 * for / *>0. 

Next, to obtain froth the lost equation y't 9' in terms of », y, g, i, 
Einstein writes tlie principle of constant light-propagation in S\ A 
signal started at O' at tlio instant readies at tiro instant i' a 
point of the positive ;v'-axis, for which 


0 (w) . - ^5^,^ . 


But the same process, if considered from the 5-standpoint, gives 
^=<(c-v). Thus 

Similarly 

y=e(' = 0W.t((-^.f). 

where t’«y(c‘~-v*)''K $“0. Thus 

y'’^tf>(v)yy 

and g'=^(v) yg. 

Consequently, writing again £=x~vt, and throwing the common 
factor y upon ^(v], 

x'=tft(v} .y(A-~vf), y'«>tft(v),y, g'^tf» (w) . g, 




These arc identical ivith the formulae (8) of the present diaplcr, lor 
(/>(v) = i/a. Einstein's metho<L of obtaining the particular value 
= i {loc. dl. pp. 901-902) need not detain us here. We know 
that the value of such a common cocfTicienl is essentially, physically, 
a matter of indifTcronco. 

As to Lauo {lielafivitatstheorie, 3Td edition, Vol, I,, p. 53, etc.), his 
method of obtaining the Eorentz transformation consists in ixistti- 
iating the invarinneo of the ' wave-equation ’ 

^ r*sr«"“ 

and in assuming linearity and symmetry round the axis of niulion, 
i.e. In writing 

at' = K (v) . {« - w/) , y' “ X ( w) . y, g'=*\ (v) . g, \ 

.X, J 

whoro K, k, /i, V aro functions of v alone. These functions are then 
easily dotcnnincU from the postulatod invariance which Lauo writes 

where u is again an tinlcnowii function of v alone. The value of A 


(a) 
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is easily shown to bo eciual to unity, by roqiiu'ing reciprocity, 

and by remembering tliat ' ior the y- and ijr-directions It is exactly 
the same thing whether S* moves relatively to S in the positive or 
in the negative sense of the ^-axis,' so that X(»)“X(-'t>). Thus 

y^y, g'smg, and, by (5), »7, Substituting 

these values in (n). Lane obtains the required formulae (lo). The 
discussion of Lane’s method of obtaining for a the particular value 
I, rather than any other, is again left to the I'cador, 

Note a (to page in). Lot the function satisfying the equation 
□^-o, bo continuous, as well as its first derivatives 3^/cW, 3^/3^, 
etc., that is to say, let 

|Vt/>]«o, 

but lot the derivatives of the second order, 3*0/31*, 3*0/3;r*, otc., bo 
discontinuons at the surface <r. Then, n^lffi+jHa + kn) being the 
normal of any surface-element da-, at the instant /, the identical 
conditions and the kinematic conditions of compatibility, expressing 
that <r is neither split into two or more surfaces, nor dissolved at 
the next instant t+dt, are (cf. Ann. der Physik, Vol. XXIX., 1909, 



where h is tlie velocity of propagation, along n, and A a scalar char- 
acterizing the discontinuity. Now, n being a unit vector, 

[V*0]-A, and [□0]»a(i-§)=o, 
whence |h | Q. b.d.* 

In clectromELgneUsm 0 has in turn the moaning of the components 
of the electrical and tho magnetic vector, and the ssnss of propaga- 
tion, d:n, follows from tlie mutual I'elations of these two vectors. 
Cf. p. 58. 

Note 8 (to page 112). Postulate tho invariance of the Dalom- 
bertian, Ls. 

and assume 

y^y, 

01 make any set of plausiblo assumptions loading to this. Then 
3*/3y"*=3*/3y«, 3*/3-r'*«3*/3«*, 

and 

3 *_£_ 3 ^_ 3 * 

W* c*3/'*”SF*“c*31* ■ 
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Instead of x, i introduce new indopendoiil variables 

f •^x “ ct, 

1)BtX + Ct, 

and similarly, for the system S*, 

ri'^X* + ci'. 

Then the required invariance will assume tlio form 

3* 3« 


110 


(«) 


^ Now, considering if as functions of wiVAotfj assuming their 
linearity, wc have 

, SJ“'^'3r+'^"57 

and 

3» 3^3^' 3' VV 3« ^ /35'3,/ , 3f'37A 3» 

ap^ " ^ W W ' W ^ WJ afW' 

, W' a , aij,' a 
■^Sfa^'sp+Sf^'S?' 


Thus, by (a), 


3»^ 3 *m' 

3f 3»7 


0 , 


To satisfy the third of these coiidiLlons, put 


then the fifth will become 


af Bi| 


SO that the only possibility of fulfilling the fourth condition consists 
in talcing 


3w' 


:0. 


Thus, 

In this way the first and second of the above conditions ore identi- 
cally satisfied, and the fifth becomes 
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[An altornativo solution would bo o-nd i,e, 

f v'=‘V'{ih with but Uiis may easily 

be shown to lead substantially to the same Anal result as the above 
one,] Now, for 

we require i.9. 

for every t ; hence, differentiating with respect to i, and supposing 
V constant, 

and, by (6), 



where both square roots are to bo taken with the same sign, namely 
the positive (since etc., for )3 = o). Here ( ), in the differential 

coefficients, means * for Ar"»v< ' ; but since depend only on t/ 
respectively, these formulae are valid for any arguments. Hence, 
integrating, and remembering that for sr=#=o, i.e. for'^=i/— o, wo 
require 

This intermediate form is worth notice, since it shows at once that 



i,B, X** - cV* = Af* - cH*. 




Introducing again the values of etc., in terms of x, etc., ((;} aro 
readily seen to be identical with the required lonnulao 
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VARIOUS REPEESENTATIONB OF THE LOBENTZ 
TEANSFOBMATIOK. 

Passing now to consider tho various expressions of the Loren Is 
transformation, wiiich was seen to be fundamental for the whole 
theory of (special) relativity, let us first of all deprive the ;i;*axis 
of its formal privilege and write (lO), Chap, IV., symmetrically in 
X, y, B, or, using vectors, avoid splitting into Cartesians altogether. 
This is done in a moment. In fact, remembering that our s;-axis 
was longitudinal, and those of y, e transversal, and calling r the 
vector drawn from 0 to any point in S, and r' its ^''Correspondent, 
we can write tho firat of (lo), 

where 1 is the unit of v; similarly the second and third, 
r'-(r'i)i»r-(ri)i, 
and, finally, the last of (lo). 

To obtain the full vector r' combine its transversal and longi* 
tudinal parts, and to get rid of the new letter i, write (il)l «» (rv) v/o®. 
Thus, the concise vectorial form of the Loren tz transformation, 
exhibiting its independence of the choice of coordinate axes, will lie 

r'-i+[^-5r(w)-r<]v 

lai 


(I) 
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Here v Is tlie velocity of S' relative to S, and 7 «(l 
as before. 

To suit the non-vectorial reader wc may again split (i) into 
Cartesians, But in doing so, let us this time take (wy set of 
mutually perpendicular axes x, y, », for S, which are also to bo 
the axes of x', /, s', x“, y', s', etc., for all other systems S', S", 
etc., moving uniformly with respect to one another. Call 
components of v taken along these axes. Then, 
projecting the first of (i) upon each of these axes and rewriting 
the second of (i), the required symmetrical form will follow, viz. 

r T ^ > {!«) 

where (rv) may be regarded as an abbreviation for xva + yOy+xOg* 
The inverse transformation is obtained by transferring the dashes 
from xf, y\ s', /' to x, y, s, /, and by changing the sign of v, that is 
of »*, Vjf, Vg. 

On the other hand, to condense the vectorial form (i) still a 
little more, observe that r enters into the first of (i) by the ex* 

pression ^ + v(vr) only. Introduce therefore the linear vector 
operator 

£«I+^V(V . (2) 


Then the Lorentz transformation will be expressed by 


r'ncr-vyf ' 


(lb) 


Write again, for a moment, v/o^l, and let j, k be a pair of unit 
vectors normal to one another and to v. Then ( 2 ) may be written 
e=yi(l + i -"1(1, or, I being the * idemfactor,' i.e. +k(k, 

e=‘7l(i+J(j+k(k . 
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This is caliod a dyadlo.* Considered as an operator it is a syfit- 
mefy’tcal linear vector operator, so that if A, B bo any pair of vectors 

(A.«B)-(B.«A). (3) 

But the operator e may be referred to most suggestively as 
a lonsrltiuiliua stretouer, since it stretches or magnifies y limes 
any longitudinal vector, i.e. any vector parallel to v, and leaves 
unchanged any transversal vector. According to Ihc usual ter- 
minology, y would be the ratio of this stretcher. 

Observe that v enters into e through y only, i.e. quadratically. 
Thus, the inverse transformation will be 
r«cr'+vy/' 

The form (il>) of the Lorentz transformation, involving (one 
vectorial parameter v or) three scalar parameters Vg, v^, Vg, is 
especially useful when there arc more than two systems, .S, S', S", 
to be considered, and when the velocity of 5* relative to S' is not 
parallel to that of S' relative to S. 

But before proceeding further let tis yet dwell a little more upon 
the properties of the sub-group contained in which involves 
one scalar parameter only, and which covers the particular case of 
parallel velocities. This case is especially interesting and instruc- 
tive as illustrating a fundamental theorem of Lie’s theory of groups 
of transformations f and as preparing the way for a subsequent 
form of the I«orcntz transformation, adopted for illustrative pur- 
poses by Minkowski. 

Measuring x, and x', along the direction of motion of S' relative 
to S, write again, as in the last chapter, 

x'=y{x-vt), 

* Cf, for Instance iny Vectorial Mechanics, London, Macmillan & Co., 
1913, p. 97, or Elements of Vector Algebra, Longmans, i9io» p. 35* Tlio 
dots nsed tlicro ns separators aro horo replaced by ( . Thus ft means 
7I (Ir) +J Or) -l-lc (to) «7U+Jy +k*. 

t Theorem 3 in Vol. I. of S. Lie's Theorie der Transfonnalionsgmppen, 
Leipzig, 1888, p. 33. See also the whole of ‘ Kapiitcl 3. J&higliodrigo 
Gruppen iind InOnitosimalo Tran-sformationon,' Ibidem, p. 

$That these transformations form a group, and iliat thoroforo lie's 
theorem must bo appllcablo to them, is easily scon. In fact, if Vi is tlio 
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and differentiate y', with respect to the parameter v, 
denoting dyjdv by y, 



Then, 


and using the inverse transformation a; {*'+«/'), etc., 




'o; ^--o, 


( 4 ) 

( 5 ) 


To see that this is precisely the form corresponding to Lie's tlioorom, 
which, writing a instead of », and 2, 3, 4) for y', s', 

would be 


da 


= V. V. ^^4'). 


(6) 


we have to remember only that y“ = (l jS^vfc, so that 

and consequently 

y/y*-y*»A"«o, 


velocity of S' relative to S, and », that of S* relative to S' (», being Inkun 
from the S'-point of view and from the S-staiulpolnt), then wo have 

y'«y. 4'=* 
and 

y'«y'. 

and substituting the first in tJio second, wo obtain at onco 


y*=y. 4**4, 

which Is again a Lorents tranaformatioii like oach of the nbovo ones, naniolv 
with the parameter (velocity of S* rolativo to S) 


vailtm. 

This foimiila oinbodiM the simplest case of Einstein's * nddlllon-thcorwn 
of velocities, which will occupy onr attention in the next chapter. 
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identically. Thus, the differential equations (4), (5), with the 
omission of the obvious dyidv^^da'ldv^o, become at once 


or, writing 
whore . 


dx' 
dv ' 


_ yl/' . ^ , 

dv 



and similarly 


dx* 

dv 

€. 

dv 





j 


{?) 

( 8 ) 

( 9 ) 


Here, the coefficient on tho right side being in both equations the 
same known function of v, the idea easily suggests itself to intro- 
duce instead of v the new parameter 


• U 



(0«arc tan (ijEl), 


(10) 


With this new variable tlic above equations become 

dx' dl' . 
dw ^ 


( 9 «) 


Using the well-known general integral of these simple equations 
and remembering that for )8 = o {».#. for u tao) jr' =x, V = I, we obtain 
the remarkable expression of the Loren tz transformation 

iu'oAf cos tu-nf sin 0) ; y'=y; 

V =l costa -X sin u, 

first given by Minkowski, who made it his starling point.* 

Thus, tho Loren Iz transformation may be described as a 
rotoHon, in the fottr-dimensional space x, y, e, /, Uirottgh an 
imaginary ai^le u in the plane x, I, or ’ around the plane ’ y, z. 



* H. Minko^vskl, * Dio Gnindgloichungcii fUr die olektromagnctischcn 
Vorgango in howegton KOrporii/ Geuinger Nachriehten, 1907 ; reprinted 
in ' Zwei Abliandlungon Uber die Grnndgloiclinngcn dor Eloktrodynnmik/ 
Toubnor. Leipzig, igio, p. 10. 
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That the transformation in question is a pure rotation, %,e. 
without change of ‘length,* {#*+y®+s*+/*)^, is best seen from 
the equations '(pa), which give at once 

showing thus tlie invariance, already mentioned, of and 

consequently also of Notice that the rotation w 

is an imaginary Euclidean rotation in x, y, a, /, or, which is the 
same thing, a real non-Euclidcan (Lobatchevskyan) rotation in 
the space y, s, ci through an angle ^ connected witli u by 

tan (ii =3 { tarn/'. (12) 

Wo shall soon have an opportunity to return to this real angle, 
which, according to (lo), is defined by 

tan (13) 

Let again be the velocity of ^ relative lo 5^, and v^ that of 

S" relative to the former from the 5- and the latter from the 
5'*point of view. Then, if Vj and Vg be parallel to and, say, con- 
current with one another, the corresponding rotations arc 

«i>=arc tan (t^j) 

<1 ^ 

round a certain plane, in the four-dimensional space x, y, 0, /, and 

a>2»arc tan (t/6lg) 

round the same plane. (In three dimensions the rotation is round 
an axis, or line, in four ‘ round a plane,* i,e. leaving fixed a whole 
plane instead of a line.) Thus, the resultant rotation, correspond- 
ing to the passage from the S- to the ^'-variables, will bo 


(1) ^ (Dj H* litg. 


(14) 


Not the velocities themselves are added but the corresponding angles 
of rotation. 

To verify the last formula, call » =«<r/9 the resultant velocity, corre- 
sponding to fa. Then 


or 


■■ tan w 


tan (ttfj + ftig) s*: i 


I+W 


^ Vl+V2 ^ 


1 + 


VlVi 


V 
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Now, this is but a particular case (cf, footnote on pp. 123-4) of 
Einstein's general formula for the composition of velocities, to bo 
fully; considered later on, 

Since the sub-group under consideration contains the identical 
transformation, namely for i»«o or w = o, it must be possible, 
according to Lie’s Theorem 6 {loe, cit, p, 49), to represent it as a 
group of iransloHons, i.e, by 

= *f*i i 0a' " 08 1 08' “ 00 ! 04' = 04 - 
In fact, by (9a) we have the simultaneous system 

d/=d3'«=o, 

l X 

with the initial conditions x^’s^x, y'“y, s'“S, for w=o. 
Whence 

»'a + r8=A;»+f>=»0i» say, 
and 



Thus, we have only to write 

0i“(i«^-H“)*; 0a=y; 0a‘=»; 04 = a>^csin-^^, (15) 

and the Lorcnlz transformation will assume the required canonic 
form 

0/'“0.(* = i,a,T); 0/ = 04 -W. {16) 

The interpretation of this simple result, and especially that of the 
meaning of ^4, is left to the reader. 

We shall now pass to a remarkable and instructive graphic repre- 
sentation of the Loren U transformation, due to Minkowski,* 
Minkowski calls a space-point at an instant of time, i,e. the whole 
tetrad of values x, y, s, t, a world-point, and the four-dimensional 
manifold of all possible systems of values x, y, s, t the world (die 
Welt). Thus, a point of the world represents a material, or, in 
Minkowski’s terminoiogy, a ' substantial ’ particle at a certain 
instant. Suppose that the particle can be recognized and watched 

* II. Mlnkow.skl, ' llanm und Zoib,' Icctnro clollverod during Iho mooting 
of tlm ' NalurforBChorvorsainmhing * at Cologne, iuo8, Physih, Ztnisekrijl, 
Vol. X., p. 104, igog, roprintod, with a profneo by A. Gutzmor, by B. G, 
Xcubnor, I^olpxlg and Borlln, igog. 
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during its whole history. Then a one-dimensional continuum, 
contained in the four-dimensional world, may be constructed, 
whose element has the components , 

dx^ dy, ds, dt 

along the space- and time-axes, and wliich represents tho history 
of the particle, This line, whose points may be uniquely referred 
to the parameter t, say, from -<» to +«>, is called a world-line 
Thus tlie whole world would consist of a maze of such world-lines, 
and the physical laws would find ' their most perfect expression 
in the mutual relations obtaining between these world-lines.’ This, 
of course, can be only an ideal task, and in putting it before tho 
eyes of physicists and mathematicians, Minkowski, no doubt, was 
very well aware how far we are from its accomplishment, 

If instead of a particle or point we have a body of finite space- 
extension, then drawing through each of Its points a world-line, 
wo shall obtain a tubular portion of tlie four-dimensional world, 
which may be called a world-tube. In his previous paper, of 
1907,* Minkowski calls it a epaoe-tlme filament. The utility of 
the conception of a space- time filament or tube in mechanical 
problems and tliose concerned with the motion of olcclrons Is 
obvious. 

The world-line of a particle will in general be curvilinear, c.g. 
for any non-uniform motion, whether the particle’s path or orbit 
in ordinaiy space be curvilinear or its velocity be changing in 
absolute value. But if the particle is moving uniformiy, with 
respect to a given system S{x^ y, s, <), then its world-lino will be 
a geodesic or straight line. In particular, if the parliclo is at rest 
in Sf then its world-line will coincide with the ^axis, this axis, ns 
also tlie axes of Af, y, », being considered as straight lines in the 
four-dimensional world. 

The complete representation cannot of course be given, cither 
by a plane drawing or by a tlireo- dimensional modoLf But this is 
no serious objection against Minkowski’s method. For, first of all, 
it is very advantageous, especially for tho trained geometer of our 
days, even merely to think and to speak about those relations in 

♦ Gnmdglolchmgen fUr di$ elekiromagnetischan VorgHnge, p, <17. 

)■ For a Tcmarlcable attempt to obtain a geometrical imago of Minkowski's 
world by means of systems of spheres see a paper by II. 12 . Tlmcrdlng in 
Jahresbericht dey daiitsehon Math. Veyeinigmg, Vol. XXI. 1913, p. 27^. 
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/ 


terms of four-dimensional geometry. And then we can help our- 
selves by taking various sections of the four-dimensional world, 
by constructing three-dimensional models (^, y, t, or y, s, etc.) 
or, still bettor, plane drawings in t and one of the space-axes. 

It is such a graphic representation that we are oEored in Min- 
kowski's inspired lecture. 

Let SiOB (Fig. 12) be tlie axis of et, and AiOA tliat of x,* Draw 
the straight lino LfiL bisecting the right angle AOJB, This line 
would represent the world-line of a particle moving uniformly, 
along the axis of x, with the velocity of light e. Now, according 



to one of the assumptions of the theory of relativity, the velocity 
V of any particle is always smaller than c, or at least docs not 
exceed c. Consequently no world-line will be steeper than, or even 
as steep as, LiOL or N^ON. Every world-line passing tlirough 0 , 
i.g. belonging to a particle for which at the instant /»o, is 
entirely confined to the region consisting of LON and LfiNi. For, 
to penetrate into LONi or NOLi, the particle would have to 
move, at least during a certain part of its wandering, with a 
hypervelocity. 

Let OB' be a world-line representing a particle in uniform motion 
with velocity Then 

tan^“;8, 

* Tho plotting ol x and the time agidnst each other has, of course, nothing 
novel about it. Tt is familiar to cvcrybotly from elementary text-lmolcs 
on mechanics. Jhit none tho less Its fti)pllcation to relativistic connections 
has been a happy idea. 

s.n. 


1 
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where ^ is the angle BOB*. Notice that our previous angle w, 
endowed with the remarkable additive properly with regard to tho 
composition of parallel velocities, is connected with this real angle 
BOB' by tan u « i tan By what has been said above, tho 
absolute value of the trigonometric tangent of this angle is smaller 
than unity, 

Itanv^j < I. 

Now, to obtain a representation of tho Lorenlz transformation 
from S {x, 0 to the system ^{x', t') attached to our uniformly 
moving particle, draw the hyperbola 

*”-^*•=-1 (17) 

and the conjugate hyperbola 

(18) 

of which the previous LjOL, N-fiN, given by 

is the common pair of asymptotes. 

In order to represent tlie particle as being at rust, i.e, in order 
to pass from 5 to y, take OB', instead of OB, as the new axis 
of time, that is to say of ct,', and as the axis of x' a straight lino 
OA', such that 

LOB'^LOA' 

or 

AOA'=BOB' = ifi, 

and, instead of OA and OB, tlic segments OA' and OB' as tho 
units of x' and ct', as explained in Fig, 12. The obvious proof 
f^at this is equivalent to the Loren tz transformation x'^^y^x-vt), 
t is left to tho reader. Again, by construction, OA* 

and OB' are conjugate semi-diameters of tho hyperbola x* - L - 1 
as were also OA and OB. ' 

Thus, the Lorentz transformation consists in passing from one 
to another pair of conjugate semi-diametom of the Jiyporbola 
and in taking their lengths as tho nmv units for 

X and cf,* 


before, X, that is lo say x for S as well as the now x' few C' lu 
the coordinate measured along v. the velocity of 5' with i-cspcct to sf ' 
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The new X' and /-axes are obtained by turning each of the 
old ones, towards or away from tho asymptote OL, through the 
angle 

tanjS, 

not exceeding 45°. 

Since is invariant with respect to tho Lorentz trans- 

formation, the asymptotes LjOL and NiON and tho hyperbolae 
are hxed, i, 6 . remain always tho same no matter whether Xf t or 
x', i or /*, etc., are chosen as variables. The same property 
belongs, of course, to the whole system of hyperbolae 

^8 - = - K® 

and of tho conjugate hyperbolae 

afS - » K* 

where k is any real numl}cr, Tlic asymptotes may be considered 
as a particular, limiting case of these cuivcs, corresponding to 

KesO. 

The reader is recommended to compare the case under con- 
sideration with that of an ordinary rotation of a plane, say x, y, 
in itself, wlien is invariant, giving circles, instead of 

hyperbolae, as permanent paths of the ])oints of the plane, and 
a single fixed point k = q instead of a pair of straight lines. In 
connection with this remarlc hyperbolic functions may conveniently 
be introduced, to replace tlie ordlnaiy sine and cosine. Writing 

tan ^ » tanh o, (20) 

Fig. 12 will cosily lead to the formulae 

x' » X cosh a --cl sinli a 
cosh a -s; sinh a, 
which agree with (ii), since, by (20) and (12), 

(23) 

Remember that, by the definition of the hyperbolic functions, 
siuh a-E -isin (m), 
cosh oescos (m). 

Notice Uiat, tho region of OB* being LON* a time-axis can bo 

* For positive values of t, and fur negative values uf i, and similarly 

as regards JLONi when tlio ;r-axls is in qnostlon. 
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drawn from 0 through any world-point situated in this region, that 
is to say, through any point for which 

Similarly, the region of OA' being LONu an *.axi8 can bo drawn 
through any world-point for which 

so that any of such world-points can be made smudlaneous with 0, 
This is an eminently characteristic fcaturo of the new doctrine as 
distinguished from the old system of physics in which slinultnnoity 
was an absolute property of events, independent of our choice of 
a standpoint. It is plainly an immediate consequence of the reform 
of the concept of simultaneity introduced by Einstein. ^ Pairs of 
events are or are not simultaneous according to the choice of our 
standpoint, i,e. of one out of an inanity of logitiinato systems 
5, 5*, etc., in exactly the same way as pairs of spaco-points hsivo 
or have not equal values of x and y (or y and or z and x) according 
to our choice of the coordinate-pianos. There is thus far an 
intrinsic similarity, a kind of coordinatcncss, between spsice and 
time, or as the Time Traveller, in a wonderful anticipation of Mr. 
Wells, puts it : ' Then is no difference between Time and Space 
except that our consciousness moves (dong it.* * 

The process of laying the time-axis through a world-point corre- 
sponding to a given particle, since it brings it to rest, is often 
referred to as transforming that particle to rest. In view of the 
above property, a vector (‘ world-vector,' to bo lreatc<l fully further 
on) in the plane x, cl, drawn from 0 to any point of the region 
limited by WN, or satisfying the condition (23n), may I)e 

called a ume-rnce veotor, and a vector drawn from 0 towards any 

* H. G, Wells ; The Time Machine, 1898 (Taiicliiilt?. edition) . p, i.f. It 
is interesting to remark that oven the forms used by Minkowski to vx|>ri‘!is 
these ideas, as ' Three-dimensional geometry becoming ii chapter of tiui 
four-dimensional physics,’ are anticipated In Mr. Wells' fniilUHlic novel. 
Here is another sample {foe, cU. p. i<|), illustroilvo of what is now cnllucl 
a world-tube : ’ For instance, hero is a portrait for, say, n Hlalito] of 11 
man at eight years old, another at llftoon, another at scvonlueii, niiollior 
at twenty-one, and so on. All those are evklontly sections, ns It were, 
Three-Dimensional representations of his Foiir-DliuonsloiaKt lielng, which 
is a fixed and nnaltorablo thing.’ Tims, Mr. Wells scemn to pensive 
clearly the absoluteness, as it wore, of the worlil-tulw oiul llio nilullvily 
of its various sections. 
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point of the remaining region, LONi or LiON, i.e, satisfying (236), 
a spaoe-like voator. On the border between Uiese two classes of 
vectors wo have aioffulax vooton, drawn from the origin to any 
point of the asymptotes, {,e, coinciding, in tliis bi-dimcnsional 
case, in fact, with parts of the asymptotes, and characterised by 
For t>o the world>point at tlio end of a singular 
vector represents a particle when it just receives a light-signal from 
0 , that is to say, a signal started at at the instant ^=0. 
Similarly, for t<o, the end-point of a singular vector represents 
a particle just at the instant when it sends a light-flash which 
arrives at at the instant /»o. Or, as Minkowski puts it, 
LfiNi consists of all the world-points that send ligJU towards 0 , 
and U)N of all those that receive light from 0 . 

Notice that^- if transformed, gives which follows 

from the invariance of - tf*/* (together with the requirement .v' = x, 
for f/ = o), and is only a verification of the assumption, made 
at the outset, that the velocity of light in empty space is the same 
for all legitimate systems of reference. In this case both x and I 
arc reduced by the Lorentz transformation in the same ratio. In 
fact, substituting in tf ^y{t'-vx/^, we obtain 

Thus far we have considered besides t one independent variable 
only, the space coordinateV Accordingly, any world-line, traced 
in that bi-dimcnsional diagram, has been the representation of a 
particle, or, in the limiting case, of a flash of light travelling along 
a straight line, the ;r-axis. Now, bring in the coordinate y. Then 
the resulting three-dimensional diagram or model will be appro- 
priate to represent the motion of a particle, or I he propagation of 
light, in a plane, the plane of x, y. Return to Fig. I2, and imagine 
the axis of y to be drawn through 0 perpendicularly to the paper. 
To obtain tho required rcprcsenlation, we have only to spin the 
two hyperbolae of Fig. 12 and their asymptotes around BfiB as 
axis. The two branches of the hyperbola (17) will generate a 
hyperboloid of revolution of two sheets 

+ y* - - I , (24) 

and tho two branches of the hyperbola (18}, exchanging rOlcs after 
a rotation through 180®, will give rise to a hyperboloid ofrevoltUioit 
of one sheet 

(25) 
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which will be cut by the y-axis in a pair ol points, say, C and Cn 
one above and the other below the paper, while tho asymptotic 
lines will generate a right cone 

+ y* + 0* - c*/* ~ 0, ( 26 ) 

the asymptotic cone of the hyperboloids. As regards this conic 
surface, let us distinguish its two parts LjONi and LON (revolved), 
corresponding to negative and positive times respectively, and let 
us call the first the finw'oone and the second tlio nlt-oono of OJ* 
The fore- cone consists of all world-points, out of those under con- 
sideration, which ‘ send light ' towards 0, and tho aft-cone of nil 
those which ‘ receive light ' from 0. Any vector drawn from 0 
to a world-point contained within tlie fore- or aft-cone will bo a 
time-like vector, and vectors drawn from 0 to any point of the 
remaining region of the world, outside tho cones, will bo spaco-Iikc 
vectors. 

Now, let V be the ordinary vector- velocity of a particle in unihirni 
motion, and let it have any direction whatever in the plane of .v, y. 
Then the world-line of this particle will be a straight line psi.ssing 
through 0 in the plane v, 0B^ and including with OB, the origlnjil 
time-axis, the angle 

^ = arc tan 

where ^^vjc. To transform the particle to rest, take this world- 
line as the axis of cl‘, and to obtain at the same time the new 
coordinates x\ / turn the old plane xy through the angle p around 
an axis passing through 0 and perpendicular to both v and OU, 
For the moment, call the coordinates measured in the ^ry-phuic, 
along V and perpendicularly to it, £ and respectively. Then the 
turning round of that plane from its original position (fao) will 
amount to writing 

. tan 

On the other hand, we have 

for any point of the plane xy, so that (25) will become 

• Minkowski, Vorhegel and Nachkfgel, 


GEOMETRIC REPRESENTATION 135 

The intersection of the now plane, witii Ihe surface (35), will| 
therefore, be given by 

(l + 

Now, / 3 * < I. Tiius the s^y' plane will cut the ono-sheclcd hyper- 
boloid in an ellipse. To complete the Lorentz transformation we 
have only to take the semi-diameters of this ellipse as the new units 
of length measured from the origin along any direction in the 
plane. The major principal axis of this metric ellipse will bo con- 
tained in the plane v, OB, and the other axis will be normal to it« 
This ellipse of our graphical representation will, of course, in the 
new units of length, be a circle, i.e. *'*+/“= i. So also did the 
old plane of coordinates {xy) cut the onc-shected hyperboloid in 
a circle » i . This is seen at once to agree with the invariance 
of a;® + y* - c®!® Wc have generally 

a;® + y* - r®/® = «'® + y'® - c®/'*, 

and since the sections under consideration arc obtained by putting 
< « o, » o respectively, the .S-circlc 

A;®+y® = i 

lids for its ^'-correspondent the circle 

A.*'® +y'® « j. 

The new unit of lime, or rather of cl', is again represented by the 
segment of the r/'-axis cut off by one of the sheets of the two- 
shceted hyperboloid of revolution, i.e. by the semi -diameter con- 
jugate to the plane A;'y'. So also was the old time-axis, OB, 
conjugate to the old plane of coordinates (.1.7), and the unit of cl 
was the scnii -diameter OB. 

To resume this three-dimensional graphic representation : 

The Lorentz transformation consists in passing from one to 
another set composed of a tinic-like semi-diameter and the 
conjugate spacc-like semi-diameters of the hyperboloid 

A;*-hy®-c®/®« - I, 

and in taking the lengths of the new somi-diamctcrs os the units 
for the lime [ci') and for the space-coordinates ; the units of 
length being thus given in each case by the semi-diameters of the 
ellipse cut out from the one-sheeted hyperboloid A;®H-y®-r®f®B>i 
by the plane of coordinates, 
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The new timc^axis and the now coor(Iiiial:c>[)hino are obtaiiiucl 
by turning each of the old ones, towards or away from llic 
asymptotic cone around an axis passing tlirough 0 and pcM'pun* 
dicular both to the old time-axis and to Iho velocity V of llio 
new system with respect to tiie old one. 

Having gone through all this, we can now pass to the most 
general, four-dimensional case. Here, it is true, our imagery fails 
us. But we can still advantageously avail ourselves of the geo- 
metrical language as a guide to, and as a short expression of, the 
analytical process involved. 

Instead of the hyperboloidic surfaces wc have now the two- 
■beeted bynerbololdlo spaoe or, as wc may conveniently call it, tho 
donUe bypeibolold 

- 1 (27) 

and its conjugate, tho ono-Sheetod byperbololdlo Bpooo or tjio slnglo 
hyperboloid 

^28) 

With their common aayinptotlo oonlo apaoo 

consisting of the fore-eone ^<o and the aft'oouo f>o, as before, 
with the only difference that these, Jike (lie hypcriioloids, nre now 
three-dimensional entities. 

The <-axi. cute the double hyperboloid (37) in a pair of nninl. 
namely ' 

= rical 


Take tho firet, contained in tho positive shoot, Call It 1 \ no Unit 

and UirienothTfi'"^ Iiyporbolold (3;), is tlio old tlmo-nxln, 

lit ri,.l • ^ “"u « «>o unit of et. Tho 8 |muu 

spacetonluoeta M "‘^‘•"‘ 1 !^ “POM-mnnifoId *, y, j is tlio Ihrco. 
space conjugate to the senu-diamoter OP, just as tlio xy-pluno in 

the previous case, was conjugate to OS (Fig, 13), Now inatcul 

el -P' “f P“i«vc sl oot of (sT t m 

consider OJ>' as the now Ume-axis and the Iciiglli of til nom 

th:igTe hVpe^b^r^ir;^ 
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around the plane passing tlirough 0 and perpendicular to v, till 
this space, or pencil of semi-diameters, becomes conjugate to the 
semi-diameter OP', Then it will become the x'y'e'-space. This 
space cuts the single hyperboloid in an ellipsoid (ellipsoidic surface). 
Take the semi-diamelei's of this ellipsoid as the new units of lengtli 
measured from the origin along any direction in the x'y'xi'^spacc. 
Then the Loren tz transformation, from S to S*, will be completed, 
and the new metric surface which, from the 5-point of view, is an 
ellipsoid of revolution will for the 5'-slandpoint become a sphere. 

So also was the old metric surface, viewed from the old standpoint, 
a sphere of unit radius. Remember that OP' is timc^likc, 
contained within the four-dimensional region bounded by the threc- 
dimcnftional cone, but otherwise the choice of this axis as a time- 
axis is free. Th c possible posi tions of />' const! tu tc a triple man ifold, 
namely all the points of the positive sheet of (ay). Thus, the 
.■ systems S^(x', y', s', (') equally legitimate with S are oo^, as has 
?/.bcen repeatedly observed.* 

fj To resume what has just been said with regard to the general, 
four-dimensional case : 

The Loren Lz transformation consists in passing from one (time- 
like) semi-diameter OP and the pencil of conjugate (spacc-liko) 
scmi-diamclcrs of the hyperboloid - 1 to another serai- 

diameter OP' with its corresponding pencil of conjugate scmi- 
diamclcrs, and in taking the lengths of the new semi -diameters 
as the units of Lime (ct') and of spacc-coordinatcs ; the units of 
length being thus given in each case by the acmi-diamcLcrs of 
the ellipsoid cut out from the hyperboloid r“ t by the new 

space of coordinates. 

The property of two lines OPi and OP^ being conjugate may be 
expressed analytically by tlic equation 

+ yiVa “ «*Va " 0 | (30a) 

where yi, Si, ct^ and yg, Sg, ct^ arc the values of the four 

♦ Tlio simple turning round of x, y, s, leaving x*+y*+z* invarlani:, being 
always loft out of account. Having once assumed ilio isotropy of space, 
wo have, speaking phyalcnlly, no need to consider such rotations. 'Wltli 
regard to Itielr mntlicinatlcal rdio see Gimp* VI. 
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variables defining the world-points Pi and I’cspoctivclyi or, uaiiig 
the ordinary vectors and rg, 

or finally, writing 

(rira) + /i/a-o. (30) 

By an obvious analogy such lines OPi, OP^ arc also called mutimliy 
peiTendlouiar or ttormal lines in the world «, y, a, I, Notice (httt 
this property of a pair of lines is inva/rietni with respect to the 
Lorentz transformation, i.e. that (30) is tmiisforincd into 

(riV)+W-o. 

In other words, conjugate diameters remain conjugate, indepon* 
dently of the clioice of a reference-system. Tills is ol^vioiia, ut 
least in two and three dimensions. More generally, for any pair 
of lines OPi^ OPg, 

teV) + + V., (3 1) 

as the reader himself may prove, using for In, stance the form (lit) 
of the Lorentz transformation, and noticing that 

(«i . «a) - y*c~”(riv) (rgv) » (r,ra) 

identically. Thus, the invariance of orthogonality is Init a jmr- 
ticular case of the invariance of 

(V>) + Va- 

We shall return to tlie last property later on. 

Given the origin 0 (and any world-point can be made the oi'igin), 
the set of any four values of 

«, y, «, I, 

or, more generally, of any four scalar magnitudes 

tt'*! Wg, t&g, s, 

which are iransfonned like x, y, 0, I respectively, and of which Lliu 
first three are real and the fourth purely imaginary, defines wlmt is 
called a worW-veotor or Bpaoe-time veotor of tho first kina* (Mlnkowakl) 
or a four-Tootor (Sommerfeld). * 
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Thus, if (30) is satisfied, Iho foiir>vcctors OP^ and OP^ arc said 
to bo perpendicular to ono another. Generally, if 

(WiWj)+5iJa«o, (32) 

then Wi, and Wg, form a pair of perpendicular four>vcctors. 
Hero Wi is tlio ordinary or three'vcctor whose components are 
70(0, Z& 2 /, Wa, and has a similar meaning, while (W 1 W 2 ) is, as before, 
tho ordinary scalar product of Wj, Wg. 

Any four-vector drawn from 0 to a world-point contained within 
tho asymptotic cone, i.e. such that or, more 

generally, any four-vector w, j, such that 

K)“+r*<o, (330 

is called, as in the two- and three-dimensional cases, a tlmo-iike 

VQOtor, while four-vectors satisfying the condition r‘+/^>o or, 
generally, 

70®-j'r“>o, (330 

are called apaoe-like vootora. 

The reader will easily prove that if one of a pair of normal four- 
vectors is time-like, the other is space-like, or that, in other words, 
if one is contained within the asymptotic cone, tho other is out- 
side it. 

Again, as in the above special cases, any vector drawn from 0 
towards a point of the asymptotic cone, whether the fore- or aft* 
cone, is called a slnsular four-vootor. The analytical expression of 
a singular vector is or, generally, 

(34) 

Finally, as in the less -dimensional cases, the aft-cone may be 
said to consist of all world-points which * receive light * from 0, 
and the forc-conc of all those that ‘ send light * towards 0» 

Fig. 13, which is Fig. 12 redrawn with the omission of the 
arbitrary axes, and thus contains only what is 'absolute* or inde- 
pendent of the choice of such time- and space-axes, may aid the 
reader in remembering the meaning of the various names employed 
in tho above representation. This hguro is drawn pcrspocUvcly 
(for three dimensions, of course), so os to show that the hyper- 
boloids (27) and (28) arc hyperboloids of revolution, the former 
consisting of two disconnocLod sheets and tho latter of ono sheet. 
Wo may mention further that tho world-region contained within 
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the fore>conc (left) was called by Minkowski tbia side of 0 and 
that contained within tlio aft-cone tbat side of 0. Every world- 
point of the first region is necessarily (independently of the selection 
of a reference-system) or ossentlaliy eaiiier, and every world-point 
of the second region is esflontlally later than 0. Any point of the 
remaining, cyclical, region of the world, called the intemedlate 
region, can be made simultaneous with or earlier or later than 0 
(t.fl. can be given a value of f »■ or < or > o) by an appropriate 
choice of the time-axis, and is therefore essentially neither earlier 
nor later than 0, This region is the domain of ali space-like four- 
vectors which can bo drawn from 0, Between the time-like and 



space-like classes of world-vectors arc the singular vectors, com- 
posing the cones which are three-dimensional entities. 

This partitioning of the world and the characteristic properties 
of the cones are obviously conditioned by the assumption that no 
particle, or at least, no legitimate system, can ever move (relatively 
to anotlier one) with a velocity v exceeding that of light in empty 
space. In classical physics there was no limit whatever to v. The 
Newtonian transformation follows from the Lorentz transformation 
by taking oo instead of c, or, figuratively, by widening both the 
cones till they coalesce with one another in a plane, squeezing out 
the space-like four-vectors and opening the whole world to tlie 
time-like vectors. Any straight line would, in the Newtonian 
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world, represent a possible uniform motion of a particle witli 
respect to certain frames of reference. 

So mudi as regards the geometric representation of the Lorontz 
transformation. 

Now for its analytical expression and the methods of dealing 
with tlie world’vcctors. 

Minkowski, though availing himself now and Ihcn of the four> 
dimensional vector language and ideology, made a systematical 
and extensive* use of Cayley’s calculus of matrloea.* Thus, the 
fundamental world-vector r, I and, more generally, any space-time 
vector of the first kind w, s is considered as a matrix of i row and 
4 columns, say, 

^ = y, », f| (35) 

and, in general, 

We, s\. 

The transformed world-vector r', V will then bo another matrix 
of I X 4 constituents, 

JC'H I, ( 35 *) 

which Is obtained from X by taking its ' product * into a certain 
matrix of 4 x 4 constituents, 

“11 f ^121 ®18l “w 
“SU “ 2 S 1 “24 

“an “82 » “B8> “84 
“41 » “42 » “481 “44 
and which is written simply 

X^XA, (37) 

Thus, the Lorentz transformation is expressed by the matrix A 
taken as a posljaclor of the world-vector to be transformed. This 
matrix is characterized by the condition that its determinant is -I- 1 , 

dotA^^l, (38) 

and further that all of its constituents containing tlio indox 4 once 

* Cf. Minkowski's GrmdgMchtmgm, already quoted. §§ ii st seq. Those 
readers who are not familiar with this branch of mathematics may eonsiiU 
llio Kote at the end of this cluiiitor, whero tho derinilioii of dtftcrcnl kinds 
of matrices and some rules of operating with thorn aro given. 



(36) 



142 


THE THEORY OF RELATIVITY 


only are purely imaginary, while the remaining constituents are 
real and the right lowermost one positive ; 

••• ®38 

Cti| j I CCajj I ^||4 ) 

I pnrdy imaginary 
“4sJ 

a44>0* 

The inverse transformation is represented by the reciprocal of A, 
which is at the same time the transposed of A, A'-^«*Af so that 

AA^AA^i. ( 39 ) 

It is this property that insures the invariance of Using A 

and X, we may write also, instead of (37), 

The short formula (37) replaces 

*' "* “ii*’ + ®«iy + “si* + “diA 

and three similar equations, witli 2, 3, 4 as second indices. If, in 
particular, the x, y, s*axes are taken along v and normal to it, and 
if y', s' arc, as before, measured along the same directions, then, 
as we saw, 

y-o; «'-oj 

Hence, for Uiis particular choice of coordinalC'axcs the matrix 
representing the l^rcntz transformation reduces to 


y. o, o, 



o, y 


The transposed matrix A which represents the inverse Lorentz 
transformation is obtained from this by simply changing the sign 
of yS, as it should be. 
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Writing, instead of x , ... I, the differentiators dfdx , ... d/dl, we 
obtain a matrix of l X4 constituents, which Minkowski called lor, 
111 honour of Lorentz, 


lor 


^333 
dx* els’ 3f • 



This is the matrix-oquivalcnt of our quatcrnlonic dilTcrential 
operator D, as defined by (13), Chap, II, It can be cosily verified 
that dfdx ^ ... 3/3f arc transformed in exactly the same way as Xi 
y, 0, I rcspcclivcly,* Thus, lor is oqulvarlont, or equally trans- 
formed, with the matrix X representing the standard world-vector, 
i.e. 

Ior'«lory4, (42) 


Moreover, it has the same structure as X, its first three constituents 
(difTcrentiators) being real and the fourth, 3/3/, purely imaginary. 
Thus, lor, though an operator, behoves in every respect like a 
space- time vector of the fu'st kind. 

We cannot stop hero to consider the matrix form of space- time 
vectors of the second kind and their analytical connection with 
those of the first kind (although it could be done in a few lines), 
for the reader docs not yet know their relativistic physical sig- 
nificance, Moreover, It is not our purpose to develop fully the 
matrix method of treating relativistic questions, since we shall 
avail ourselves chiefly of other methods, 13 ut one simple property 
of products of IF-matriccs in connection with the preceding remarks 
is worth mentioning here, namely that, if W^, W 2 are matrices 
representing a pair of vectors of the first kind (Wi, .Vj ; Wg, s^, the 
product 

»'W“{WiWa)-l-.ri52 (43) 


is an invariant. For by (39), and by the associative properly of 
products of matrices, 

- WiA , AWi 


* Thus, for instance, if 4* bo measured along v, 
x'^yix+ipt)i y'^y \ 


whence otc., and 


3 

a? 
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Thus, the orlhogonalUy of two four-vectors, which is nn invariaiU 
property, is expressed by 

W'xFa-o. 

Similarly, _ 

lor' 


or lor W Is a relativistic invariant. Holico that, similarly to (43), 


|orr=^+-«+— '+^ 


or, using div in its ordinary sense. 


lor IF w div w H 


ds 


‘ 31 * 


M 


So much as regards Minkowski’s matrix-form of the ruiKlamonlal 
relativistic connections, 

Sommerfeld, whose aim was to elucidate Minkowski's ideas, 
replaced his language of matrices by a four-dimensional vuctor- 
algebra and analysis which he developed in two very lucid papers,* 
and which is an obvious generalization of the familiar llirou-diinun* 
sional calculus of vectors, Sommerfeld begins by drawing our 
attention to the well-known circumstance that in space of three 
dimensions there are two kinds of vectors to bo distinguisliecl, c.f*. 
vectors of the ' first kind ’ or polar, and those of the * second kind ' 
or axial vectors. A vector of the first kind, such as a Iranwlalicm 
velocity, is a segment of a straight lino having a certain direction 
(and sense); its components arc the projections njmn the co- 
ordinate-axes. On the other hand, a vector of tho second kind, 
such as angular velocity, is represented by a piano surfaco of a 
certain area witli a given sense of circulation rounil its circiiin- 
ference, and its components are the projections of that area upon 
the coordinate-/j/o»fij. Consequently, the coraponenls of a vector 
of the first kind should be written with single indices, Vy^v^, or 
*>11 ®8i while tliose of a vector of tho second kiiul, as, for instance, 
rotational velocity w, with double indices, or WjJ 

‘“m* l^is discrimination, which in three dimoiisions is not 
very importent (or at least ceases to bo so when, instead of tlie 
plane area, a representative lino-segment normal to it is intro- 


• * Sojnmorfeld, 'Zitr RclativitiUBUioot-io. I. VionUmcnyiomUu Vviclor- 
■lonote VAtoronaljrri., Am. inPkj/.ik, Vol. XXXIII,, 19,0, (ii|9. 
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cluccd), becomes in Minkowski’s four-dimensional world cjuito 
essential. For here — argues Sommer fold — ^wo have 

(J) ^fottr coordinate axes, 

X, y, s, I, 

( 2 ) ">six coordinate planes, 

ya, flw, xy, xl, yl, el, 
and 

(s) coordinate spaces, 

xye, yely exl, xyl. 

Accordingly, wo liavc to distinguish between 

vectors of tbo flnb MnA having (our components, or four-vootora ; 
those of tiie Beoond Und having six components, or Blx-vootora ; 

and, finally, 

those of tbo tbird kind, which again have four components, nnd 
can bo replaced by their ' supplements,' which are vectors 
of the first kind. 

Consequently, vectors of both the first and the third kind arc 
called by Sommerfcld, summarily, four- vectors. 

This classification will be found useful later on. Ihil mean- 
while we are concerned only with space- ti me- vec torn of the first 
kind, which we shall simply call four- vectors. 

The standard or typical example of such vccLum i.s that drawn 
from the origin 0 to any world-point. Call it P* Then il.s com- 
poncnls would be, according to Sommcrfeld's general notation, 

Py, Pz, Pi. 

These, of which the first three arc real and the la.sl imaginary, are 
simply the previous 

X, y, s, 1. 

What Sommerfcld denotes by |7^| and calls the bIso of the 

* Soinmorfold docs not tiso any special typo of print for Ills four- voctora, 
to dlstlngiiisli them fiom slx-vcctora. A cortnlii unlformUy of iiolation 
WAS Introduced lator by Lnuo, loe, cil, But wo sliall not roquiro very much 
ot It for onr subsoquont purposos. 

S.U. 


K 
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vector P, or Its leugtb, i.e, the ' lengtli ’ of the corresponding four^ 
dimensional straight line, is the positive (or positive imaginary) 

value of 

+ y* +«■ + F +0“ - cH\ 

or of aA* - 

Tlie length of this, and of every other, four-vector is invariant 
with respect to any Lorentz transformation. It is its only invariant. 

Notice tliat the length, thus defined, of a (our- vector may bo 
either real, or purely imaginary, or nil, according as wc have what 
was previously called a space-like, a time-Iikc, or a singular vector. 

If yl, B be any pair of four-vectors, the sum of tlio products of 
their corresponding components is called tlicir sofilar prodnot, and 
is denoted by {AB), Tlius 

{A3)^(A(cBai’t'AjfBy’irAzBg’i-AtBi^t (45) 

Guided by the analogy of ordinary vector-algebra, Sommcrfcld 
defines then the dtraotlon-aoslne of A relative to B, or vice osrsn, 
by writing 

(y|R)-MM 5 |.cos(/f, 2 J). (45rt) 

Consequently, when 

{AB)^o, 

■ the four-vectors A, B arc said to be perpendioniiir to one another. 
This is identical with the previous definition of pairs of perpen- 
dicular vectors. 

What Sommerfeld calls the ' veetpr product * of A, B cannot here 
occupy our attention. For such a product is a (special) six-vector, 
which as yet is unfamiliar to us. 

As to the Lorentz transformation itself, it appears in Somnicr- 
feld's treatment ns a rotation of tlic system of four axes. Let P 
be any four-vector, and P«, etc., its components along the old 
axes ; then Sommerfeld defines Iho components of P along the 
new axes by 

Psf ^Pk cos («', x) + Py cos {x', y) -I- Pt COB {x\ a) + Pi cos (»', Q, (46) 

and by similar formulae for Py, P|.. Hero, Uic meanings of 
the cosines are defined by (450). If tho s;'-axi8 is spaco-like, then 
the first three cosines in (46) are real, while cos {x', f) is purely 
imaginary, like Pj, so that P« is real. Similarly, tho y'- and fi'-axes 
being space-hke, Py', P*» will be real. And tho I'-axcs being time* 
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like, Pi> will bo purely imaginary. In ordw to show that the pro- 
jection- or component-formulae (46), etc., are identical with those 
of the Loren tz transformation, Sommerfeld considers the particular 
case of rotation around the ys-plaiie, i,e, in the ^/-planc, when 

cos (zr', x) =cos (/', /), say «=cos w, 

, cos i) *= - cos <r)=N/i -cOT^««sin w, 

cos {y*, y) *» cos (s', 0) i, 

while all other cosines vanish. Hero wo have, obviously, cos u > i , 
so that the angle u, as well as its sine and tangent, arc purely 
imaginary, and the absolute value of the latter is <1. Con- 
sequently we can write 

tan « = t/ 5 , cos w => (i - = y, sin w *= e^y, 

so that (46), etc,, arc at once reduced to the formulae (11), on 
p, 135 , with the same meaning of w, provided that the new system 
of space-axes (*'yV) moves relatively to the old one {xyz) with the 
uniform velocity along tho A^-axis. There is, in fact, no 

(lifTcrcnco whatever between Sommerfeld ’s and Minkowski's method 
of representing the relativistic transformation. 

It is true that llio systematic use of the four-dimensional vector 
language may offer some advantages, when compared with that 
based on the use of matrices, But, on the other hand, there are 
rather important arguments which may be brought forward in 
defence of the matrix-melhocl. Thus, for instance, Somnierf eld’s 
‘scalar product,' say {AB), is (he samcjLhing i\s Minkowski’s 
product of tlic corresponding matrices, WiW^, (43). Butwliercas 
the invariance of WiWt is seen at a glance, vig. by writing, in 
virtue of the fundamental formula (39), 

the invariance of (AB) cannot be proved witliout splitting the 
foiir-vectora into their components, multiplying out expressions 
like (46) and adding them up. For Sotnmcrfcld's only dclinitlon 
of ' scalar product ’ (45) Is of such a character. It is essentially 
Cartesian, not vectorial. Of course, wo know that, in three- 
dimensional space, the scalar product of a pair of vectors can bo, 
and generally is, defined without any reference to axos, so that its 
invariance witli respect to space rotations requires no proof. But 
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this does not by itself enable us to seo the invnrifuico of when 
we are asked to pass into the four-dimensional \vorl<I, wlioru our 
imagery fails us. Similar remarks could be made with respcci: (n 
other points of Sommerf eld's method of troalmciit. I hit dis- 
cussions of this kind need not detain us hero any further. 

In the sequel we shall not avoid either of these two methods of 
analytic expression. In fact, wc shall now and then profitably 
employ matrices as well as world-voctom. But principally \v« 
shall avail ourselves of the language of Hamtllon*s qualentious, the 
utility of whidi for special-relativistic purposes I luivu endeavoured 
to show in two papers.^ I may notice that Minkowski liiinsclf 
{Grmdgleichwtgen, p. 28, footnote) despised Hamilton's cuIciihiH of 
quaternions as ' too narrow and clumsy for the purpose ' in tpies- 
tion. But, notwithstanding that, 1 am still under the imprcsHioii 
that quaternions are admirably suitable for most, if not for all, 
needs of the restricted or special relativity theory with which wc 
are here concerned. t We had a sample of the conci.Hcii<;s.s of 
Hamilton's language in Chapter II., when wc saw how easily the 
four vector equations of the electron theory arc condcnsc<l into a 
single quaternionic equation, But in advocating here tin; 

cause of quaternions I am doing so not only because they furnish 
us very short formulae and simplify their handling. Quito intle- 
pendendy of this, the quaternion seems to me intrinsically bettor 
adapted tlian the world-vector to express that * union ' of tinio siml 
space which was (too strongly, perhaps) emphasised by Minkowski. 
For, although there is a certain union between the two, wliicli 
manifests itself when we pass from one system to another, there 
IS no total fusion. In each system, out of the four scalars .r, y, 

«, /, the first three are more intimately bound to each other than 
any of them to the last one. The first three are artificial com- 
ponents of a vector, r, which certainly is a more immediulo entity 
than each of them. Now, in a four-vector, as well as in a matrix, 


* Mag., Vol. XXIH., 1912 p, ^Qo and Vol 5fxv 
^ VmmietitU, Vol. IV. tone' o' mm 

I »l«h to monaoi^ horo thot Br 'o if c‘ 
‘ 1^'- Conwy. Irhi, 
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X, e, I arc, as it were, on entirely equal looting with one anolhcr, 
being the four components of'thc former, or the four constituents 
of the latter,* On the other hand, a quaternion ^ has a distinct 
vector part, V. or simply Vq, and a scalar part, S(^, and none of 
the components of the former can be confounded with the latter. 
Now, the position of a particle is determined by a vector in the 
ordinary sense, and its date by a scalar, Wiiat then more natural 
than to take the first as the V and to embody the second in the 
S of a quaternion t We could insist upon loosely juxtaposing 
them, and write simply 

r, 1. 

But, if instead of the comma tlic plus sign is used, we have just 
enough of ' union ' to express the relativistic standpoint, and yet 
enough distinction not to amalgamate time and space entirely. 

Let us therefore combine the position vector r of a particle with 
its date, into a quaternion, 

q^l+r, ( 47 ) 

which, if it needed a name of its own, wo might call the poaltlon- 
quaternion. Those who arc particularly fascinated by the world* 
concept can consider this * position ' to be the position in the world. 
As a malLcr of fact, that name is simply an abbreviation for 
' position-dale quaternion.' 

The ooningats of g, i.e. Hamilton's Kg, will be denoted by qe, 
Tims, 

[A7c) 

The reader need not be afraid of quaternions. If be is familiar 
with the cIcmciUs of ordinary vector-algebra, the following short 
remarks will enable him to understand thoroughly all of our sub- 
sequent calculations, 

1, Without returning to Hamilton’s original expression of a 
quaternion as the quotient of two vectors, wo can cunveiiicnlly 
deflno it from the outset as the ipaif) of a scalar and a vector, 
using for tlio latter heavy typo. Thus 

a^tr+A 

will bo a qnatornion whoso scalar part is or, and whoso vector pari 
is A, 

Srt-<r. V««A, 


* It Is true, that the lourth, t, ia Imaginary, while tlio first throe are 
real, blit this does not seem to oniphnslse the distinction aurTicioiitly. 
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2, The conjugate a„ of the quaternion a Is tlcnncil, as nhovo, by 

rttf=aor-A, 

by flB=Sa-V<». 

8. Two qiiaternions a, h are said to bo egiml If both Iholr acalava 
and their vectors are equal to one another. Thus, 

means the same thing as 

Va='Vb and Sa^Sb, 

4, Quaternions are added to one another by nddiiiK sojMiratoly 
their scalars and tlioir vectors. Thus 

means tlie same thing as 

Sc»S«^S6, Vc=Va+V6. 

Now, since the addition of scalars and the addition of vectors aiv 
both oommutatlve, the commutative property l)olon{{8 also to the Hwm 
of quaternions, 

b+a^a + b. 

And for the same reason the associative law holds for the siiiii of uny 
number of quaternions. Thus 

+ [6 + f] " [u + 6] + c, 

so that both sides may bo sinii)ly written a +&-I-C, 

6. Subtraction of quaternions, and the change of the sign <tf n 
quaternion are at once reduced to tlic sanic 0 ])oralioiis applied (o 
scalars and vectors. Thus, if a •!< A, 

“«*» “C-A. 

Also, by 4, a -6— -i+a. 

6. Two quaternions, »»tr+A and ore muHiptied acciinl- 

ing to the formula 

aft la trr + tA + crB H* AB, 

where the first threo terms require no further cxidannlhm, and tins 
last is defined to be a quaternion 

AB^VAB + SAB, 

such that Vab is identical with the vector product and SAB is llio 
negative scalar product, botli supposoil to bo Itnown from ordinary 
vector algebra. Thus, In our usual notation, 

AB-VAB-{AB). 
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The niinits sign is introduced lo suit the whole of Hamilton's cal- 
culus : I do not think there is any trouble in doing so. Ultimately, 
the product oh of a pair of quaternions is given by 

Su&a(rr-(AB), 

Voh htA + crB + V ab. 

Thus, ah, and similarly, the product of any number of quaternions, 
is again a quaternion, with uniquely determinate vector and scalar 
parts. 

Both (AB) and Vab being distributive, quaternion multiplication 
is distributive, i.e. 

a[b+G]^ab+a6, 

[b+e]af^ba+ea. 

It can easily bo shown that it is also assosiative, i.e. that 
a , bc=ab . c, 

so that both sides may bo simply written abc. The same thing is 
true of the product of any number of quaternions. It is chiolly this 
associative projicrty which makes Plamil ton's calculus so powerful. 
From the above formula we see that 


Sba = Sab, 

because (AB), like or, is commutative. On the other hand we have, 
generally, 

Vba + Wab, 

because VBA = ~ VAB. 

Thus, mullii^lication of quatcniions is, generally, not cwmuintatlve, 

ba tji ab. 


It becomes commutative only when VAB vanishes, i.«. when A||B, 
or Vo II V6. This is, for instanco, the case for a pair of conjugate 
quaternions, and, consequently, wc have, for any (itialcrnion a, 




7, Writing again ««(r+A, wo have, by 6, 

whore A*=: (AA). Thus aae is always a pure scalai*. Its square root 
is called tho toiiBor of the quatci’nion a, and is denoted by Ta, 

Trt«(tr®+A»}*. 

If it Is real, tho positive value of tlio root is iakon, and If purely 
imaginary, tho positive imaginary value of tho root is taken. (In 
ensos of complex values, when ambiguity of T might arise, special 
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explanations will be givon.) But llio chief thing is to keoi) in mind 
the formula for the square of the tensor, 

(Ta)* aOe ^ (fc^i 

which is called the norm of the quaternion a. 

Let a be the unit of A, so that (aa)*^! and A»^a. (Thei'o is, 
I hope, no danger of confounding the quaternion a with the absolute 
value of a, which is i.) Then the quaternion a can be written 
a nTa , [cos a +a sin a], 
or, by an obvious analogy, 

a=Ta . 

where 0 is the basis of natural logarithms. The factor of Ta, which 
is a quaternion of unit tensor or a unit quaternion, is called the 
vereor of the quaternion a, and is denoted by Ua, so that n»>Ta . Ua< 
The unit vector a is called the axle of the quaternion a, and the 
angle a, which can be real or imaginary, is called the ang^o of the 
quaternion a. 

Thus, conjugate quaternions may bo described as quaternions 
having equal tensors and equal angles, but opposite axes. 

Notice that if (as in the case of our above g) a- is imaginary ami 
A real, or vies versa, the tensor of a may vanish, though a is not 
simply ' zero,' but a definite quaternion having a certain axis and 
a certain angle. Sucli a quaternion was called by Hamilton a 
nuUifisr, and by Cayley a nuUitat. In our physical applicatioiis we 
shall not avail ourselves of either of these names, but shall adopt 
for such quaternions the name singular, already used for the corre- 
sponding world-vectors, 

8, The following rule, whidi will bo often required, can cosily bo 
proved ; 

The conjugate of the product of any iminber of quaternions is the 
product of their cottjugates in the rovened order. 

Thus, if 

i» = ah, 

then 

0, Finally, as reganls division by quaternions, it may bo entirely 
reduced to multiplication by what am called their reciprocals. 

The raolprooal of a quaternion a is again a certain quaternion, 
which is denoted by o-* and which is defined by the equation 

* But tills analogy cannot bo pushed so far as to writo in the expression 
of a product of two quatemiona a, 6 

gim+fib 

and to Invert the order of addends in tho exponent. For. unless a lib. 
the product ab is not commutative. 
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Multiply bath sides by (fg os a postfacior. Then ar^«ag=‘(tt, and, 
by 7 . 



Thus, the reciprocal ot a quaternion is its conjugate divided by its 
norm. In otlior words, the reciprocal ol a has the reciprocal tensor, 
the opposite axis and llio same angle as a. 

Conscquontly, wo can also write 

Thus, If wo have an equation 

am = b 

and wo wish to isolate m, wo have only to multiply both sides by 
as prefactor, obtaining 

Similarly, if • 

na=b. 

wo shall have 

Notice, in particular, that the reciprocal of a unit quaternion is at 
the same time its conjugate. 

10 , The (liiTcrontialion of quaternions, with respect to time or 
position in si>acc, docs not raquire any explanations. The definition 
of ' curl ’ and ' div ' lieing supposed known from usual veclor- 
aualysls, it will bo enough to remember hero what was said alrea.dy 
ii\ Cliai>. II.. namely Lliat V, the vector port of our D, when applied 
to a vector A, gives 

Va - VVa + SVA - VVA - (VA) 

(as in 4j Iwcaiise V ni>art from its differenliating properties is to be 
treated ns an onlinary vector), or ultimately 

Va = ciirl A - div A. 

For all of our purposes we shall liartlly want more than is given 
In the above ton sections, — ^whlch will in the sequel be shortly 
referred to ns ' Qiial. 1, 8, etc.’ 

Uclu riling to our position-quaternion g, let us write its 5 '-corre- 
spoiulonl, 01* the transformed quaternion 

4 '=r+r'. ( 47 ') 

Since U t«-U/c, we have, by (16), p. 122, and denoting 
now the unit of v by u, 

r=»y[/-i^(ur)]| 
r* 1*1 «r + ifiyla. J 


(48) 
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Here, it will be remembered, t is the longitudinal stretcher, whoso 
developed form is, by (2), 

«=i+(y-i)u(u . 

Now, such being the scalar and the vector parts of ^ in terms 
of those of q, we can easily find a quaternion Q such that 

^^QqQ* ( 4 P) 

First of all, since wo know that is an invariant, or that 
Tq* •=Tq, we can at once take for Q a unit quaternion, 

{ 2=003 d+a. sin 6 . 

Thus, we have only to find the angle and the axis of j 2 in terms 
of jS and u. Now, developing the triple product in (49), we obtain 
easily, by Quat. s, 

f's 50 ?j 2 “cos {iff) . f-sin (2fl) . (or), 
r' 3 Vj 2 ?j 2 = r - 2 sin*fl . a (ar) + sin {iff) , fa, 
whence, comparing with (48), 

a—u; cos(2^=y; sin (20)=;(/8y, 

and 1-2 sin*fl . a(a = «, i.e, 2 8in*^i = l -y, which is identical with 
the third of the above equations, and tliis, again, says the same 
thing as the second. Thus, all conditions arc satisfied at once, and 
we have ultimately 

. a*u and 0“^^ arctan 

where u is the (imaginary) angle of rotation, as previously defined, 
[Cf. (10), p. 125.] To resume : 

The posiiion-quaiemion q is transfonned by the operator 

Q[ ]Q. 

the vacant place being destined for the operand. 

The axis of the unit quaternion Q is u, the unit of v, and its 
angle is half Uiat of Minltowski's imaginary angle of rotation, i.e, 

0 = cos- + u.sm-«ifl* . (50) 

♦ As regards the reason why particularly tUt form, involving a qua- 
iornionic prefactor and postfactor, is sought for, see my paper in Phil, 
Mag,, Vol. XXIII,, quoted before, wlioro I gave roforoncos going back to 
Cayley's original discovery (1854). 



QUATERNIONIC METHOD 155 

Another form of this qualornion is 

( 50 *) 

Notice that, y being > I, the vector part of 0 is imaginary, while 
its scalar part is real. 

Since is a unit quaternion, we have Qr^’^Qot ot 

QQe‘^QeQ^^i 

n properly which we shaii constantly use. Thus, to obtain from 
(49) Ihe inverse Iransformation, multiply both sides by (3d as a 
post- and a prefactor. Then the result will be 

S-Wfid, (4fW) 

as it should be, since (3« is obtained from |3 by a reversal of u or v. 
Again, to see once more, or to verify, the invariance of 

W-g^d=r»+f“=r*-(;V, (51) 


take the conjugate of (49), which, by Quat, a, is 

9*«“(2o?o(3o* 

Now, by the same formula (49), and by the associalive law, 

(/V “ QqQQ<^cQc ^ QqqtQe. 


But, since qqo is a scalar, it may be writlcn before Q, or also after 
(3d, so that 

q'qJ ^qqMe^qqc. 


Q.n.D. 


We shall see later on, when we come to consider products of two, 
or more, of such quaternions, that they arc transformed with equal 
case. 

Conscculive transformations assume the following simple form. 
Let v^bViUi bo Ihc velocity of ^ relative to S, and Vgi^^naUg the 
velocity of S" relative to S\ and lol (3x, (3s be the corresponding 
transforming qualornions, i,e. 
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Then 

and 

*“ (3a ” QaQiHQiQai 

so that the compound transformer is 

(3a(3i [ ' ] (3i(3a> 

In general, (or non^parallel axes Uj, u^, 

(SalSi ^ (3i(3ai 

so that Uie compound transformer has not tho form Ql ]Q, This 
is but the quaternionic expression of the fact, to be considered fully 
in the following chapter, that a pair of consecutive three-parametric 
Lorentz transformations, (48), does not generally give again such a 
transformation, but is equivalent to (48) combined with a pure 
rotation in ordinary three-dimensional space. In other words, the 
transformations (48) do not constitute a group. But, as we saw 
before, they contain sub-groups, namely for parallel velocities. 
Then, and only then, 0 a( 3 i becomes equal to and the com- 
pound transformer assumes the form Q[ ]Q. Suppose, for in- 
stance, that tlie velocities v^, v,|, being parallel, are also concurrent 
with one anotlier, i.e. that 


Then 


Ui=U8«=U. 


j2 »■ s* l<«i+«i)a^ 


so that tho previous formula for the composition of parallel veloci- 
ties, follows from tlic quaternionic foi'm immediately. 

Imitating tlio name 'world-vector,* we could now call g, or 
the standard of world- quaternions. But tho more modest name 
viiyilQal qaatemlon will do as well. Also, to begin with, no 
further specification of the ' kind ' is needed. But it may be 
convenient to have a pair of short symbols, in order to compare 
any quaternions with respect to their relativistic behaviour. By 
writing 

X^q, 

we shall understand that the quaternion X is equivariant or eauany 
transfbnued with q, i.e, that 


X'^QXQ 
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witliout taking into account tho atructure of X, And if X has also 
the atruoture of q, that is to say, if it has a purely imaginary scalar 
and a real vector,* we shall write 

The latter will then bo equivalent to saying that is a physical 
quaternion, equally transformed with q. This being the case, the 
conjugate of X will, of course, be also a physical quaternion, 

X^^qc, 

Tho same notation we shall extend to quaternionic operators. 
Thus, as wo saw, <)/Df and V, the scalar and the vector parts of 
the operator D, are transformed like I, r, the scalar and the vector 
parts of tho position^quaternion, ue. 

jy-=QDQ, (52) 

and similarly, being tlio conjugate operator, 

Dt » QeDcQo. { 5^0 

But D has also the same structure as q. Consequently, apart from 
ils dKTcrciitialing properties, D behaves as a genuine physical 
quaternion, or 

D^q, 

Analogously to Minkowski’s classification of four- vectors, we may 
call any physical quaternion X a spaoe-Uks, or a tlme-iiks, or finally 
a singular auatornion, according as its norm, (T^)*=X^e, is posi- 
tive, or negative, or zero. 

Bui it docs not seem desirable to dwell any longer upon the 
formal side of the subject until our stock of materials has been 
somewhat enlarged. For as yet we have only one physical qua- 
ternion, namely q. 


* If tho rovei'so is tho case, thoii will havo the structure of q. 
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NOTE TO CHAPTER V, 

(To page X41.) A matrix is any rectangular array of luagnltiulcs 
or, more generally, of symbols either of magnitude or of operation, 
each of which has its assigned place, i.e, belongs to a given row anti 
a given column. Thus 

*11 1 *»i 

A ^*S 8 » «•* ^11 


is a matrix of »» rows and » columits. The Arsb index of any con- 
stituent aue denotes tlie row, and the second the column to which it 
belongs. . 

The matrix whoso rows are the columns of A is called the trana- 
poBed of A, and is denoted by X Tims, A being ns above, 

<*11 » flfaii 

A = <fl3, Ojs, ... rtms , 

®lm ^1*, •••Amh 

To Specify tlie number of rows and columns of a matrix wo may 
conveniently att^h to its ^mbol a pair of indices. Thus, A will 
^m«, and similarly A ^A^m, Or wo may say, cciiiivalcntly, tIuiL 
if is a matrix of «» x n constihients, and A a matrix of n x w con- 
stituents. 

If we have a pair of matrices ,4 and B then the nuilrix 
whoso constituents are sums of the corresiwnding const i- 
tuents of B (i.e, rtK=0(K+&M), is written 

c=.A+n. 

If, in particular, B«i4, the result of addition is written ari, and so 
on. Geimrally, if a be any number (or symbol of operation) and A 
any matrix, then the matrix C, whoso constituents are Cu^^aatg, Is 
called the product of a into A, and is denoted by aA . 

If the matrix B Jhas as many rows as A has cohnnns, i,o, if 


(wh^ p may be equal to or different from w), thon Iho matrix C, 
Of which any constituent is equal to the sum of the products of 
the constituenia of the ith row of A into those of Uio wth column 
of B, IS called fhe product of A into B, and is written 





MATRICES 


Thiifl, if /f is 08 obovo, and if 




thou 


tjll ^Hl ••• 
^1) 

I • *** • 

^nli ^nS> 


C “ Cm, w i 4 ■» 




wlioro 
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^n> Cw> ^ip 

0 »i Op 

• • « 

« 9 • 

<^llll (^9| ^MP 

®n“^iAi+®ia6«+”>+*in&«ii 
®ii “ ^u^ia + ^is^n + • • . + j 

and so on, goiiorolly 

OiK + . t . + 

Nolico that, if ptftm, Iho expression BA would bo meaningless. 
Ihil, since IJuiJp,, and wo can have the product which 

will l)Q a matrix of p x in const! Uicnts, This, os can easily be seen, 
will bo the liunsposod of AB, i.c. 

AB^BA. 


('nmpiiro this properly with Qiial. 8. p. 152. 

Sinco AB^Cnp, it can be multiplied into a third matrix DtsD„, 
Ihus giving riso to AB.D, which will bo a matrix of mxq constb 
liumls. It can Ix) proved that for such products the associative law 
holds (HiipiwKing, of course, that the constituents themsdves, which 
generally can Ira operators, obey this law), i.e. 


AB.D^A.BD. 


1 leiu'c, both sides may be simply written ABD, The same praperty 
bi'lougH to the pnKliict of any number of matrices. Thus 

A tnH ■ > • hfjgN = Rm* 

will be a dcnnllc malrix of mxx constituents, independent of tlie 
grouping of Iho factors, Notice the analogy with quatcmionic 
prod unis. 

Ix‘t each of (he constituents of the principal diagonal (from left 
uppermost to right lowermost) of a square matrix U=U„„ be 
(■({lull I, t.0. 

and lot each of Us i-oinaining constituents tax be zero. Then, if M 
be any matrix of n rows, 

In view of this property, U Is called a unlt'matrlx, and may be simply 
denoted by i. 
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Now, lot M bo any square matrix. Then the determinant lormcd of 
Its conslitiioiits Is c^led the dclerminanl of ikT, and is Hliorlly written 
dotilf. Suppose that dotilf does not vanish. Then there exists a 
deilnito matrix which, multiplied Into M, gives a unit matrix or 
simply unity. This matrix is called the rooiprooal of ikf, and is 
denoted by M'**. The above definition is written shortly 

where i stands for CAim. The rocixwncal is, of course, as M itself, ii 
s(|naro matrix of n x ii constituents. 

Other paiiiculars concerning matrices wilt bo given Incidentally, 
os the need arises In the subject under consideration. 
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COMPOSITION OF VELOOITIES AND THE LOEENTZ 
OBODP. 


Consider a particle moving about in an arbitrary manner in the 
system y, which in its turn moves with uniform velocity v relatively 
to the system S. Let p' be the instantaneous velocity of the 
particle from the point of view of the ^'-observers, i.e, let at the 
instant 


What is the velocity p of this particle from the 5'Btandpoint, at the 
instant t corresponding to I* } 

To answer this simple but very fundamental question of rclati* 
vistic kinematics, use the form [ib), Chap. V., of the Lorentz 
transformation. Then its inverse will be, as in {ib*), 
r=€r'‘i-yv<', 


and, since dtv* > 


>crfr' and rf(vr') « (v<ir'), 

dr idv'+yvdl* 

p ea-j ca — — " . 

rl*'+:.(v*')l 


Divide the numerator and the denominator on the right by dt\ 
and remember the meaning of p'. Then the required velocity will 
follow at once under the simple form 
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This is the vcctofial expression of Einstein's famous Addition 
Theomn of Velocities. 

As before, y « (i P^vfc, and c is the lonRiUidinal slrclchcr 

of ratio y. Thus, in Cartesians, with x racasurccl aloni? v, (in) 
will become 


A — jhi. _ 

i + vpxfc^' 7(1 + w/j/Zc®)’ 


P* 


pt 

yifVvpffd^y 


(l&) 


But having explained this for the non-vectorial reader, we shall 
henceforth use the short vector formula (la). 

By writing p', p we wished to emphasise that the tatter is the 
•S'Corrcspondont of the former. But wo may as well look at p ns 
the resultant of v and p', keeping in mind that the first of these 
component velocities is taken relatively to one system S, and the 
second relatively to another * system Then it may be more 
convenient to write for the velocities to bo compoundcil Vi, Vj 
(instead of v, p'), and for the resultant velocity v (insteail of p). 
Thus, attaching the correspondent suffix to 7 and «, wo shall write 


... (,) 

yi[i +^Kv»)] 


Notice that the resultant is, in general, a non-symnivlriral 
function of the two component velocities. It is important to know 
which of these comes firat, and which next. In Newtonian or 
classical kinematics the resultant is simply Vj^ plus Vg and at the 
same time Vg plus Vj. Here the case is dilTurent. Wo may slill 
speak of ' addition,' os a non>pcdantic synonym of coinposilion of 
velocities, but to avoid confusion wo should employ inHtca<t of the 
ordinary + another symbol, say >=||=, and write tho above v, us 
given by (l), 

ViHhvg. 


Then the resultant of Vj and Vg (i.tf. the 5*vclocity of a particle 

* If lM>lh were taken with rcnpcct to the sojiro Hynlmn, tlieii llielr rcHiiiUint 
wonkl, of coiirHc, bo Hlinply equal to their vector Huni. Hut this is liiinlly 
worth mentioning. For all cases ol cotiipoBiUoii of vclocltien, which iilfnrd 
any physical Interest, are of tho typo considered oluive, i»te. Iniidy vinn- 
ponont volociticH referred to a chain of difTcrunt systems : An iibjrct It 
movou 111 a given way relatively to id, a third ubjiwt C inoves relull vvly to 
B, and so on ; fiiid the moUon of the litHt relative to the firHl, 
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moving with velocity v^ relative to S^, which in its turn moves 
with velocity v* relative to S) would bo 

T,+T.=-JSs±aa-, (2) 

r.[i +3 (▼!▼«)] 

where is a stretcher acting along v^, of ratio 
In sliort, the relativistic composition of velocities is, generally 
speaking, uon-oommutatlTo, 

But it is interesting and, in view of what has to come later, useful 
to notice that the two vectors (i), ( 2 ), though dilTcring in direction, 
are identical in their absolute magnitude. To see this, wo have 
only to prove that the squares of the two vectors 

a«Vi+~<iTa 

and 

b=V, + i.,Ti 

are equal. Now, by the elementary rules of vector algebra, 

" (v*. CiVa) +:j^(eiVa)“. 

and, since is a symmetrical vector-operator, 


(Vj.€iVa)-(e,Vi.Ta)-=yi(ViVa). 

Again, denoting by 0 the angle between v^ and V 2 , 

Hence 

rt# « oj* -I - + 2 (V1V2) - Vi\^B[a ^0 « (vji + Vj)» - ^ (Vviv 

and this, being a symmetrical function of Vi, v^, is at the same 
time the value of bK Q.n.o. 

Thus wo have the general property of relativistic composition of 
velocities ; 

(V,+T,)«-(V,+V,)*. (3) 
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The common value o{ tliese scalara is, by (l) and by tho formula 
just found for 

(vi+Va)*-^(VviVa)* 

(4) 

[i+3(vivs)l* 

This is Einstein's formula for tho square of tho resultant velocity, 
written vcctorially. 

Before passing to give a few examples and a certain very re* 
markable geometric representation of tlio Addition Theorem (i), 
let us approach the question of composition of velocities from 
anotlier side, viz. by considering a pair of consocutivo Loren t^i 
transformations. 

Lot again v^ bo the velocity of S' relative to S, but instead of 
our particle take a third system S" moving relatively to S' with tho 
velocity Vj,, tlie former velocity being talccn from tho S'-standpoint 
and tho latter from tho ^'•point of view, both being now uniform 
'translational velocities. Let yj, and y^, bo tlic corresponding 
meanings of y, e. Then, i', r' being the time and tlio space-vector 
in S'f and r” the time and the space-vector in S", we shall have, 
by n), Chap. V., 




(5i) 

r"«=<Br'~Vay/; 


(Ss) 


Introduce the values (5i) of r' and i' into (5*), and remember that, 
Cl being a symmetrical vector operator, (v8.«ir)*=(eiVj.r). Then 
tlio result will bo 

r" - w H-snrsVsM - ' 

II r (6) 

“rira[l + -i (viv*)]/ - ^ya[(«iV,. r) +yi(Vir)]. 

. The Lorent// transformations hitherto considered, of which ( 5 ]^) 
and (5 b) arc individual cases, involve three scalar parameters 
{vjtt Vy, Vg) or one vectorial parameter v. Let us tlicrcforc denote 
any one of these transformations by 7^(v), Thus, the two above 
component transformations willboZ.(vj), and tlieir resultant, 
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i.c. lliQ firet followed by the second, or the transrormalioii (6), may 
be written 

We know that any L{v) leaves invariant the quadratic expression 


** + y*+a”*l-/*, 

and can therefore be considered as a rotation in tliefour'dimensional 
world. But it is not the most general rotation, since it does not 
include the rotation round the time-axis, i,e. a rotation of tlie space- 
framework, or an equivalent rotation of the three-dimensional 
vectors. If any transformation L(v) is followed by sucli a rotation 
of r', which docs not change the value of r'* ■=*'*+/* -ns'®, then 
the above quadratic expression will, obviously, continue to be an 
invariant. Let 12 bo a purely rotating operator, or what Gibbs* 
called a ' versor,* i.e, such a linear vector operator that, for any 
vector B, 

C12E)»«Ra. 


Then the amplified or, as it is sometimes called, tiio ffenend Loreati 
tronsronnaUon will be given by 


r'=12[€r-vy2], ^ 


L(v, fl) 


Since 12 involves three scalar data, viz, one for its angle and two 
fur its axis, Z,(v, 12) will be a six-paminelrie transformation. Thus, 
tile above symbol Z,(v) of the special Lorentz transformation stands 
for /,{v, i). Notice that the scalar product of two vectors, e.g. (vr), 
is not changed at all by a pure space-rotation. This is the reason 
why 12 does not enter into the expression for and would not enter 
into it even if the rotation preceded the special Lorentz trans- 
formation. 

I,ct us now return to our L(v8)/.(vi), as given by tlic formulae (6). 

We liave seen in tlio last ciiapter that, if tho velocities Vj and Vg 
are parallel to one another, the resultant transformation is again 
a special Lorentz transformation, i>e, 

where v|| ViI|vb. Now, it can easily be shown that this is the ease 
only for VillVg. 

♦ J. Willard Oihbs, Hchnlific Papers, V 0 I. IT, p. 6,|. 
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In fact, suppose that (6) is an Zr(T), that is to say, suppose that 
there is a vector v (with the corresponding y and <), such that 

r»«€r-vy<; 

Then, remembering that this has to coinddo with (6) for every r 
(as well as for every /) and taking, for instance, we shall have 
from the first of (6), 

yv»yi[e,vi+y,vj, 

and at the same time, from the second of (6), 

rv"rsf‘iVa+yiVili 

and, consequently, 

7iMx+raVal -yaKva+7iVil- 

Now, this equation cannot bo satisfied unless Vi and v^ arc parallel. 
To see this, call and the parts of v^ tolcon along and normal 
to Vg, and similarly and tlic parts of Vg taken along and normal 
to Vi, and write Vi^li+nx, VgB>lg+ttg, Tlion, remembering that 
<}, cg are longitudinal stretchers, the above equation will assume the 
form 

yiMi +»i +yik+y^i] "rstriia+ns+riii+yinj] 
or 

yi(i “y»)%”ya(i -yiW 

lienee, either y^aygmi, whidi corresponds to the trivial ease 
e Vg B o, or Hi |j Ug, and consequently also Vx || Vg. q.k.d . 

Thus, if Vi and Vg arc not parallel to one another, the resultant 
transformation (6) is not an Z.(v). In other words, the class of co ^ 
transformations L(v) docs not constitute a group, although it 
contains one-parametric subgroups, each ranging over parallel 
velocities. 

But the six-parametric transformations L(v, LI) do constitute a 
group, i.e. 

Z(vg, flg) L(vi, fix) «L(v, 0), 


for any pair of velocities and any pair of versors, and honco, in 
particular, also for f2i»l, as in our case. For non-parallel 
velocities, then, our Zr(v^X,(vx) is not again an I.(v), but it is an 
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!.(▼, 0) wilh a cortain space-rotation,* to be determined. In fact, 
the formulae (6) are of the form 

r" «li[cr -vyi] =»Q«f - y/Rr 

r-y(;-^(vr)l, 

wheron</>i. 

A comparison with (6) will give us the four equations 

(<*) 

y=’yiyall+^(ViV8)] {b) 


ttv=?4[egvi+y,vj [e) 


From (f>), (rf) we have at once the resultant velocity, of .S" relative 
to S, 


V 


=Vi#Va 


yiVi+«iVg _ 

I • 

yiU +“a(ViV9)] 


identical wilh (i), which was obtained by dirrcrcnlialion. The 
verification that y, as given by (i), is equal to (i is left 

to the reader. Again, the right side of (f) is what v becomes by 
permutation of g, so that 


12v=^«(vil|'Val=Vj-!hVi, (7) 

and this agrees wilh the nature of the operator R. For, as was 
shown explicitly, the 10118011) of< the two resultant velocities arc 
equal; cf, (3). Thus, S2 /ttnw ViHI v* into Va H v^. The equation 

* In four-ilinioiiHioiml languagu the ctiso niiclor conahlenitlon may be 
depressed as follows. Call t llic Linidaxls In Minkowslcrs world. Then 
i.(ri) will 1)0 a rutallon in Iho piano t, v, ; Hiinilariy, /.(v,) will bo a mtaltou 
111 liiQ piano t, v^. Now, if V|||Vx, tho rcsultiuil traiiHrurmation 
will ngatii bo a rotallun in the plane t, Vt. But if Vi and v« are not parallol, 
the resultant four-dimensional rotation will also have a component * around 
t,' i.e, /«(V|) will involve also a pure (ihroo-dimcnsional) spaco-rotntlon. 
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ol course, does not by itself suffice (or a complolo dutormiimlion 
of the operator, for it states tlic result of its application to a special 
vector V only, But wo have still (a), which is valid for any vector r 
as operand, i.e. 

Her « cjcir + Vs(vir)- (<*) 

As to t, the reader may verify that none of the above (our equations 
is contradicted by assuming it to be a longitudinal stretcher corre* 
spending to v, i.e. by writing, for any r, 

Then R will be determined by (a). In fact, take for r a vector n, 
normal to the plane V]^, v^, and consequently normal also to v 
(which is always coplanar with Vi, Vg). Then (Vjn) and (vn) will 
vanish, and m^n, so that (n) will become 

(In ^ 

and since ej, cg are longitudinal stretchers and n is normal to the 
axes of botli, 

(2n *=u. (8) 

Thus, tlie axis of rotation, or simply the iixis of (2, is normal to (he 
plane Vj, Vj, while the angle of rotation is given by (7). To 
resume ; 

The general or six-parametric Loren t?, transformations /,(v, (2) 
constitute a group, but tlie special or llirce-pnrninetric trans- 
formations Z,(v, i) or L(v) do not constitute a group, though they 
contain the subgroups for parallel velocities. The successive 
application of two special Loren ta transformations with non- 
parallel velocities Vi, Vg gives always an L(v, (2), that is to say, it 
is equivalent to a special Lorentz transformation followed by a 
p^^re space-rotation round an axis normal to Vj and Vg, which 
turns v=iVj4iVg into Vg+Vi, — the former of theso vectors being 
given by (i), and the latter by (2). 

The above properties might be elegantly expressed in qiinter- 
nionic. language, by taking instead of our 0[ ]Q the more general 
operator a[ ]6, consisting of a pair of unit quaternions a, b, whoso 
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axes are not parallel. I 3 iit this subject need not further detain 
us here. 

Wo have touched the six'paramctric Lorentz group only to 
elucidate the question of successive transformations, as intimately 
connected with the composition of velocities. But henceforth wo 
shall hardly need it any more. In fact, our previous transforma' 
tion L(v), without any rotation of the spacc*fraincwork, will be 
found sufficient for all physical purposes. 

Let us now return to the Addition Theorem of velocities, (i), 
with the purpose of illustrating its meaning by a few remarks and 
some simple examples. 

In the first place, if both and v^ arc small as compared with the 
velocity of light, then, if magnitudes of second order arc neglected, 
(i) reduces at once to 

V “Vl Vi, 


which is the Newtonian or classical formula for the composition of 
velocities. 

Next, consider the simplest ease of parallel velocities. Then 
ciVjwyiVa, and, as In Chap. V., 


VS3“ 


I +(vxv;}/?' 


or, counting the resultant velocity positively along Vt, 

according as Vj is concurrent with or against V|. It will be enough 
to consider the former ease, for which 


I -I 


{ 5 >) 


Let both and be smaller than c, say, 
where m, n arc positive and smaller than c, Tlicn 

2c-m-n+mnle " ’ 

i.e. ike resitUanl of any veloctlics smaller than tlie velocity of light in 
vacuo is again smaller than the velocity of light. In other words, 
e plays the part of an infinite velocity, inasmuch os it cannot bo 
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obtained by tlio accumulation of any number of velocities smalior 
than e, liiis property, proved hero for concurrent velocities, 'will 
be expected to liold a fortiori for velocities of any direction. The 
rigorous proof, to be based upon tlio general formula (4), is loft to 
the reader as a useful and interesting exercise. 

Again, if one of the compounded velocities, say is equal c, 
then, by (9), 


C+Oo 

I+Vg/c' 


i,e. Ike resultant of c and of any other parallel velocity (no matter 
whether it is smalior or equal to or even greater than c) is again 
the velocity of light r.* This result becomes obvious, when it is 
remembered tliat in tlio present case the system ^ becomes a 
flallandj perpendicular to the direction of motion, and that or 
the former p' is the velocity of our particle relative to S\ The 
whole patli of the particle appears to tlic ^'observers os a single 
point of that flatland, so tliat, for these observers, tlie particle 
might as well be fixed in ,S^. 

The following is one of the most beautiful applications of Rela- 
tivity that were made in the early times of the doctrine. 

To emphasize better the meaning of the various velocities, write 
again, for the moment, p, v, p* instead of v, Vj, Va, so tliat 


P 


v+p' 

i+vfjc*' 


(9rt) 


Now, this can be put into the form 


p^p' + KV, 

where fr, expressing the fraction of v, which is added to p', is given 
rigorously by 

t 


-p'‘lc\ 

Tvfp’ 


( 10 ) 


and approximately, for moderate values of p^jc and small values 
of vjc, by 


K = 1 





* The cllacusaion o£ cases of non-poraltol velocities, to be lused upon (4), 
is rocominciulcd to the render. 
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Here />' is llic velocity, as observed in •S', of what we have hitiicrlo 
calicd a ‘ material particle.’ But in doing so, we have assumed 
only that it is somclbing that can be recognized and watched in its 
changing position. Its being ' material ' or not, mattered, in fact, 
but little. Wo might as well have spoken from the beginning of 
any comparatively permanent complex of scnse*data, distinctly 
localizablc in the S‘ and ^'•spaces. Thus, if />' be the velocity of 
propagation or transfer of anything that can bo watched,* from the 
^'•standpoint, and if v bo the velocity of 5' relative to S, then p, 
as given by (pa), will bo the corresponding velocity of propagation 
or transfer, from the -point of view, and the above k will be the 
dragging coefficienl of y (if it be empty except for the framework), 
or, as the case may be, of the bodies or media carried along with S'. 
If, for example. S' is attached to a column of air blowing uniformly 
past'^in observer resting on earth {S), and if p' be the velocity of 
sound relative to S' (and consequently, by the principle of relativity, 
also the velocity of sound as would be obtained by our 5-obscrvcr 
in quiet air), then (li) will be the dragging cocincicnt of air for 
sound. In tliis case p'fc is of the order 3-3 , io*/3 . io“= I0“", 
so that K dHTcm from unity by little more than one millionth, and 
we have a sensibly (though not rigorously) full drag of sound by 
air. Similarly, for light i' propagated along a column of flowing 
water, ns in Fizcau’s experiment, \ip' be its velocity relative to the 
water and taken from the .S' -standpoint (and hence also the velocity 
of light in stationary water from the standpoint of an ordinary or 

* ' 1 ‘ropnKatioii,' as here (IrliiiL'cl, (Uiiis not nucussanly involve any inaloriiil 
niudiiiin as the ' substratum ' of Lhu thing to bu recognixed and wntclKHl 111 
its iidgraliunK, the only miiiiromoiil being the possibility of its being 
watched so. 'Unis, wo may have ' propagation ’ of a dihlorlion along a 
rope, or of soiiiid waves in an, or of electroniagnctie ' disturbances ' through 
cm ply space us well as through glass or water. 'Ihe process of delecting 
and watching the waves or disliirbiinres may be immediate in some 
and very indirect in other cases, but this docs not bring in any essential 
dillcrences. 

fin this case wc can imagine an Irregnlar train of liglit waves or a solitary 
wave or a HufTicicnlly thin electromagnetic sheet which can be watched, at 
least thonretlcally. And if wo wish wo can reduce this ease to that of the 
motion of a ' material particle/ by placing sncli a particle (in oiir Imagi na- 
tion. of course) in tlial slicct and by requiring it to ho permanently illiiinl- 
nnted ; f»>r llien it will have to move just ns quickly os liglit in the medium 
in question. This is Lane's dovlco, slightly modified. But I do not tldnk 
that such a reduction to the motion of something tangible is seriously needed. 
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^'•observer), formula (li) will express Uio drag of light )>y walor. 
The only difference is that in tills case the value of p'Jc is no longer 
exceedingly small as for sound and air, and tliis Is tlio reason why 
the case is of considerable physical importance. For water in 
• ordinary conditions p'fc is as great as 3/4, and it approaches 
’ unity even more nearly for optically ‘ rarer ’ media, Generally,' if 
*n be the corresponding index of refraction, wo havo p'fc^ifn, so 
that (11) gives at once 


and this is the famous dragging eoafjicimt of Fresnclf which occupied 
so much of our attention in the early part of this volume, and 
which was found to be in such good agreement with experiment. 
Thus, Fresnel’s formula, which on tlie electron tlieory appeared 
as the outcome of a rather complicated play of minute corpuscles 
or electrons, follows here as a simple consequence of the funda* 
mental theorem of relativistic kinematics, quite independently of 
any theory of the structure of matter. 

Notice that the above is but an approximate value of the dragging 
coefficient, and that its rigorous value would be, by (lo), 

(' 2 ) 

where P=ylc. But for the present Fresnel’s formula, considering 
tlie technical difficulties of ^0 measurements, is more than suffi- 
ciently accurate. Remember that in Fizcau’s experiment, as 
repeated in an improved form by Michelson and Morlcy (p. 41), the 
water was flowing with a velocity of 8 metres per second, so that 
p was of the order i(r», while tlie observed value of the drag could 
be trusted to hardly more than two decimal figures, I do not know 
what possibilities lie in other fields accessible to the physicist. At 
any rate the experimental discrimination between (12) and the 
Fresnel formula is a problem reserved for the future. 

To take anotlier example, consider in 5 ^ a ray of light in tho 
^'/-plane, making with tlie fl;'.axi8 tho angle 0 *. This may bo 
likened to the orbit of a particle * moving with light velocity 

“ desires ho can think of Einstein’s HghHmnhm 
trevdllng trough space as an Isolated parcel of light energy, not nccessnrllv 
“ slender as to deaorvo tlie name of a ' light dart,* ^ 
aberration formula, togoUior with I>oni»lor'8 
law, based on the concept of light waves will bo found in Cliap. VIlV 
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Thus, by (l 6 ), if 0 be tlio corresponding inclination of the ray from 
tlio standpoint of an 5*obscrvcr, 


or, writing 


. n pu esmd' 
tan gj-, 

pH 7(O+CCO80) 


lan 0 < 


sin 0' 

7(/i + C08f')' 


( 13 ) 


Tills, with Iho fixed-star system as S' and the earth as S, is tlie 
relativistic law of aberration. For small values of j 8 (as e.g, i(r^ for 
the earth), tills law reduces to the familiar formula. In fact, 
neglecting in ( 13 ) we have y«i, and 


sin (fl'“<l)»^sin 0 , 


(I3i) 


identical with the classical abermtion formula ( 8 ), Chapter 11. As 
a second approximation, up to terms of the order of we have 

sin (<?'-0)=/8sin^. [H-J^cos (I 3 b) 

Attempts at a discrimination between tliis relativistic formula and 
the classical one (l 3 i), based on observations, do not seem feasible 
for the present. Some interesting possibilities, however, arc hinted 
at by A. KopfT.* 

As a further example of composition of velocities, let us consider 
the case of any perpendiadar component velocities. Returning 
once more to the notation adopted in the general formula (i), we 
have in the present case (viV*) =>o and «iVa=Va, so that the resultant 
v«ViB of Vi followed by Vj becomes 

Via=Vi=|| Vg = Vi = Vi + Vbn/i - /ii*- (14 

Similarly, the resultant of Vg followed by will bo 

* ' Wobur L'itio MO(>Helil{eit tlur I’rlllunB clos Bpozlollon Koltttivitats- 
]>rlnxiiui ttiif JwtriHUJinischeni Woge,' Physik. Zeiischrip, Vol. XXIII., 1922, 
pp. lao-iai, and ' lioilcliUBung,' ibidem, p. s’55. 
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In Fig. 14, in which OANB is a rectangio, the former of tlicso 
vectors is given, in absolute value and direction, by and the 
latter by OD, while tlie diagonal ON represents the Newtonian 
resultant. As was already remarked, the absolute values of the 



relativistic resultants Vig, Vn are equal to each other, the square 
of either being in the present case given by 

(* 5 ) 

instead of which we may conveniently write 

or also, as a particular case of (b), p. 167, 

y=yi 7 a. (16) 

To obtain the angle (=COD enclosed by the two resultants, take 
their scalar product and divide it by The result will bo 


cosf= 


Yiffi* + ya^ii” 


(17) 


Thus, for equal of the velocity of light, the angle f 

would be, in round figures, I®, 8®, 43 ®respoctively, or more accurately 
I® 10', 8® 13', 42® 54'. 

To use Sommerfeld's illustration,* if we have a rectangular ruler, 
whose edges coincide initially with OA and OB (Fig. 14), and, 
while it is moved relatively to the paper ( 5 ) horizontally with the 

• A. Sommerfolcl, VeyhandlutigeH der neiilseheu Phys. Ges., XI. iy»u, 
!>• 577 - 
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velocity tho point of a pencil is led along the vertical edge with 
the velocity rclativo to the rujor (S'), then the pencil will draw 
the lino OC, e.f{, tho segment 0€ in unit time (S-time). On the 
other hand, if tho ruler is moved vertically with velocity o, and the 
pencil is led along its horizontal edge with velocity tfi, the point of 
the pencil will draw tho lino OD. According to classical kinematics, 
tho line drawn would be in both cases the diagonal of the rectangle. 
Notice that from tUo papor-atandpoint tlie velocities to be com- 
pounded are 5 in the first cose OA and AC (not A^i), and in tho 
second case OH anti JSD (not BN), In tho old kinematics tliere 
was no <piCHlion of discriminating between the drawing paper- and 
tho rulcr-slandpoinks. 

So much to cx[>laiii the true meaning of V].-iHVs, as distinguished 
from Vj'll Vj. 

Tl )0 spnen in tho ordinary sense of the word, or the space of 
positions being assunicd Euclidean in both the old and the new 
theory,* tho space representative of velocities, or what is shortly 
called the kinemalie space, is again the Euclidean space in classical 
kincmalics, but non-Kuclidcan in relativistic kinematics. In order 
to represent the resultant on the same Euclidean plane drawing 
with the component velocities, wo had to cut oil from v^ the piece 
CN, uiid similarly, in constructing wc had to cut oft from v^ 
the piece DN. If wc want to obtain the resultant by a triangle 
conslnu'Uon without culling of! anything from the segments repre- 
senting I ho i‘«iniponcnt velocities or any functions of each of Ihcsc 
velocilios alotte, (hen wc have lo use a non-EucHdean space, namely, 
Lobalrlievsky's and Holyai’s space of constant negative curvature, 
or, as it is ap)M'oprin1ely railed, a hyperbolic space.! 

In shorl, the rulativislio kinematic space is a byporboiio space. 

* I tho A/'rc oil not. the general rolaUvily theory. 

t Th(n was (iMl pointcil out uxpUelDy hy V. Vtuidik. Phys, XeUschti/l, 
Vi»l. XI. OHO. (>l». 55H71 cb also Jahfesbericht d«r deutschen MaUi. 

VervhiifiHUf!, Vol, XXI. lyia. p. n» 3 . where all his coiitributiona to the 
Hiibjri-l tiiv lint it must be nolicwl that materially the discovery 

was nmclr |>rovionsly, in 1900. by Sommerfold {Verh. deulsch. Phys, Ces., 
XI. 1 ». .577), when ho jirtwed llint the relativistic lonmilae for tho composi- 
tion of vrliHilli«!i uro * vo toii/fcr Ihs/omutae of ptam but those of spheyicat 
(willi liiui|3{iniiry sUIck).* i.e, those which are obtained from tho 
usual oiiuH by ri'jiliicliiff tho real radius 2i of tho sphere by iJ?,— 'and the 
iduntily of lhi»iu foriniilao with those valid for triangles in Lobatchovskyan 
space bus been well known for a long time. In fact, this idontUy wna 
pointed out by boUatclievsky liimsoU, 
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To see this, take again, for simplicity, the case of 
Denote the angle contained between Tj and the resultant v<»Vig|, 
i. 6 . the angle AOC of Fig. 14, by Then 


and, by (16), 



.A. 

/Jin’ 


y"riy«- 


Now, instead of the absolute value of each of the velocities, 
introduce the corresponding imaginary angle u, 

(I) narctan (t/8), 

as defined by (10), Chap. V. Then y^cosot, /8y«i >-isina}, and 
the last two formulae will become 


cos (I) »COS fOi . cos Alg, 


tan 0 ^ 


tan(i>a 

sinuj’ 


and these arc the known formulae of spherical Irigonoinctry for a 
right-angled triangle, whose sides and hypothcnusc are (Oi, dig, m 
and whose angle opposite to uji is 0 ^^ the only dilTcrcncc being that 
here all the sides are imaginary. Tliis is the properly remarked by 
Sommcrfcld (cf. last foolnolc). 

Next, lo get rid of Ihc imaginary sides, introduce, for each vclocily, 
instead of ta the real angle a, as defined by (20), Chap. V., such lhat 

tanh vfc. (l 8) 

Then, as was previously noticed, w = in, and, since 
sin(t4) «( sinh a, cos (in) ncosh a, 
the previous formulae become at once 


cosh a i-cosh . cosh Ag \ 


tan 0 ^ 


tanh a, 

8mirrt7* 


J 


(19) 


Now, these arc exactly the formulae for a right-angled triangle 
in Lobatchevskyan or hyperbolic space.* Thus, if /jj and Oj 


♦Cf. N. I. Lobatchevsky's Zmi geometrisehe Ahhandlungen, translated 
from liUHsion into Gorman and edited by F. Kiiffoi, Leipzig, 1 8ij8, Also ' Non- 
Enclidcan Geometry.' by Frederick S. Woods, in Monographs on Topics of 
Modem Mathematics, etc., London, igii, or It. llonola's Non-Uttclidcan 
Geometry, translated by II. S. Carslaw, Chicago, xeia. 
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15) are segments of geodesics or shortest lines in hyperbolic 
space, representing the component velocities, the shortest line a, com- 
pleting the triangle, will represent the resultant velocity, as regards 
both size and inclination, The same property may be proved 
to hold in general, i.e. for component velocities including with one 
another any angle. Hero it will be enough to give the length of a. 



Denoting by ir -0 the angle v^, v*, 
opposite to a (Fig. 16), we have 



~a(viV2)‘=' -ft/iscosd, 


so that our previous formula {b), 


becomes at once 

cosh a =scosli . cosh -sinh <1^ . sinh ^2 . cos 0 , (20) 

Tlic clotcrminadon of the angle 0 ^, by means of the general formula 
(1), is left to the reader. 

Notice that, as long as we arc concerned only with two velocities 
and their resultant, we have no need of three-dimensional hyper- 
bolic space. What we want then is a Lobatchevskyan plane or a 
surface of constant negative curvature. Now this may be easily 
procured of any size in Kuclidcan space. Models of such a surface, 
known as a pseudosphere, which is a surface of revolution,* belong 
now to the outfit of many mathematical class-rooms. Our last 
two figures must be imagined to be drawn on a pseudosphcrc (which 
certainly has nothing more imaginary about it than the page on 
which Figs. 15 and 16 arc drawn), the curved triangle sides of our 
drawings being as straight as possible on such a surface. Thus, 

*Soc, lor instance, IBonola's book, jnst quoted, p. 132, 

M 


S.K. 
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having at our disposal a pseudosphere, we could study at our 
leisure the non-commutativily and all the retnaining properties of 
the addition of velocities. In this way the relativistic rules of the 
composition of velocities could be made accessible even to all those 
who do not like to think of hyperbolic, and other non- Euclidean, 
spaces. 

It has been proposed by Dr. Robb * to call our n, as dcrincd 
by (i8), that is 

V I V 

as^arctanh (21) 

the xapidUqr, corresponding to the velocity u. It seems a very con- 
venient name for the purpose. Using it, we may briefly restate the 
above result as follows : 

Any two rapidities arc compounded by the triangle-rule in 
hyperbolic space. 

Whence also : the resultant of any number of rapidities 
arranged in a chain in hyperbolic si>aco, is the geodesic or the 
straight line of that space, drawn from the beginning to the end 
of the chain. 



Notice that if rapidity is to involve ‘ direction ' ns well as si/o 
or absolute value, it has to be considered as a vector localiced in its 
own line, le. in a Lobntchevskyan stmight line or shortc-sL line 
upon our pscudosphcrc. In connection with this we have only 
the fmwgfe-rulc, and not the parallelogram-rule, as in Newtonian 
kinematics. There arc no parallelograms in hy])url)olic space or 
upon a pseudosphcrc, any more than upon a sphere. To exjircss 
tliat direction is involved, we imiy write for the rapidities aj, Og, etc., 
and use the ordinary sign + for their addition, keeping in mind 
that each of these rapidity-vectors can be shifted only along its ciwn 

♦ AUvcil A. Itobb. Optical GeoHieiry of Motion, CambrUlgu, \V. llulTor & 
Sons, iQxx, 
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lino, anti, consequently, that their addition is non-commutativo, 
unless ai, arc on the same line. Thus, the rapidity aj + a* 
(Pig. 17) is AB, while Ha + ai is CD, which, though of the same 
length, is on a different line. 

Remembering that tanha=(tf«~e-<^/(fl«+«-‘Oi we can write 
instead of (21), ’ 

logj-^“^+J^ + + . (21a) 

For small values of ^ we have, up to quantities of the second order, 
a=p =w/c, so that for small velocities the corresponding rapidities 
arc small fractions, of the order of P, and the Lobatchevskyan 
triangle becomes a Euclidean triangle, as in classical kinematics. 



It seems worth mentioning that to unit rapidity corresponds a huge 
velocity, amounting to J of the velocity of light ; more accurately, 
we have 

/ia>y 6 i 6 for a=>i. 

From (2 In) we see most inimcdiatciy that to the velocity of light 
itself corresponds an infinite rapidity, 

rt=*oo for — 

Now, if two sides of a pseudosphciical triangle are finite, its third 
side is also finite. Thus, our previous statement, tliat the resultant 
of any velocities smaller than that of light is again smaller than the 
velocity of light, is reduced to a simple property of hyperbolic 
triangles. 

To close the discussion of this beautiful representation, let us 
recall that Lobatchovsky’s n(n), the angle of luumUeliem for the 
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length a, as explained by Fig. 1 8, is related to the aljovo Iiyperbuliu 
functions, for any a, as follows j 


Thus, equations (19) can bo written, in terms of urdinury trigono- 
metric functions of the corresponding angles of pamilelism, 

sin n(o) “sin n(Oj) . sin Il(ffg) ] 
tan dt =»tan n(ni) , cos ll(rtg), J 


wliich is the original form of Lobatchcvslcy's own (oriuulao, fiir u 
right-angled triangle. Similarly, the gcncml (oriuiila (20) will 
become 


. . smn(02).8in1f(ns) , , 

sm («) “ j _ n(tf j) , cos ".~cbs"0 * ^ 


which is Lobatchevsky’s fundamental formula. TJio unit of lengt It 
here adopted is that employed by Tmbatchevsky, i,e. that length 
whose negative reciprocal square is the curvi\Uire of Ihu rejireson- 
tative hyperbolic space, or the curvature of the pscudosplierc uj«in 
which the triangles are to be drawn. Thus, if we lake for lliut 
purpose a pseudosphero of curvaliirc -l/ioo cm.*, a .s<!gm<*itl (jf its 
geodesic 10 centimetres long will correspond to ihe nqiidily 
and consequently will represent Ihe velocity 76 c which is a lillh; 
above the velocity of light in water. 

Instead of (18), we shall now have, by the second of {22), 

COSll(rt)=i"«^. (,g„) 

for very small values of /3 the angle of pariiileiism 11 is nearly a 
right angle, as in a Euclidean plane. Thus, for the caiiJi’.>j orbital 
motion ^ = 10“* and n-89" S 9 ' 30 "‘ 4 , so that the departure from 
Euchd amounts only to 20 “- 6 . But if wo turn to swift elcelrojiH. 
as observed in ^-rays of radioactive subslanccH, ihe angle of 
parallelism is voi*y considcmbly reduced. l**or aiid *95 

(Kaufmann observed even -99 and more) I find JI 50' ami 
18® 12' respectively. At the limit, for Jighl- velocity, the angle of 
parallelism would vanisli altogctlicr. 

Finally, notice that the relativistic addition of jmallcl vulocilioN 
considered as a transformation of vctocilics as oxjiresscd ))y {{ja) 
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is a genuine homography, known from ProjccLivo GeomcLry, of the 
typo The determinant of this homogmphy 

is I Thus, the cross-ratio of any four ^-velocities 

will be equal to the cross-ratio of the corresponding S'-vclocitics, or 


MpiPv PuPi) 


^ Pi'^Pi . Pi ’“Pi 

Pl-Pa Pi-pi 


will be a relativistic imariaiU. In fact, as the reader can easily 
verify, the latter expression reproduces itself identically in the four 
dashed, velocities. 
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FOUB-VEOTOBS OB PHTSIOAIi QUATEBNIONB. 

DYNAMIOS OF A FABTIOIiE. 

The importance of the study of four<vcct()i's or of pliysieal 
quaternions for relativistic investigations is obvious. For, if Ihii 
form of the laws of physical phenomena is to be preserved by (ho 
Lorentz transformation, they can involve besides llie lime and 
the coordinates, and, of coiii'sc, besides any invariants, only snob 
sets of magnitudes which, eaeteris paribus, bear in any of (he 
legitimate systems the same relations to its time and coordinules as 
in any other of such systems. Therefore, physical quaternions (or 
whatever m’athcmatical form we may choose for tetmds of inugiti* 
tudes transformed like I, x, y, e and of sets of magnitudes ilerived 
from them) constitute, as it were, the building material of the 
modern relativist. And what is most important to keep in mind, in 
that he cannot use any other material. For if he did, lie would be 
sure to infringe against the fuiidamcntal principle of tliu whole 
theory. 

To try to describe in a tow abstract sentences the way Imw (his 
material is procured and how it is used, would be u vain atlempl. 
Tlie reader will see it best from particular eases. 

As yet we had, propel ly speaking, only one physical (luateriiion, 
which wo made the standard of such quaternions, to wit, Iho 
positio mquaternion 

(i) 

Tills was transformed Into q' by the operator Q[ ]Q. If any 
quaternion X was transformed into X' by the same operator, we 
wrote and if it had also, like q, an imaginary scalar and a 
real vector, we wrote, X stq, and called X a physical i|uat«rinon. 
Sucli was our definition given in Chap. V., onlircly equivalent to 
that of a four-vector. 


i8s 
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Now Icb us look for other physical quaternions. An indefinlto 
number of such can be obtained at once from q itself. 

In fact, let q belong, say, to a material particle at a given instant I 
of its history. Let the particle move about in an arbitraiy manner, 
and lot p bo its instantaneous velocity in S. Then its position- 
quaternion at the instant I +dt will be q +dq, and this as well ns q 
will certainly bo a physical quaternion. And since 0 [ ] (2 is 
distributive (or since the Loren ts transformation is linear and homo- 
geneous), the dilTcrcncc of these two quaternions, i.e, 

dq^dl+dv^[ic+ p] dt, 

will again be a physical quaternion s:q. Therefore, as we know 
from Chap. V., its tensor 

T dq^idl'Jc^-p^ 

will be an invariant. Divide it by tr ; then 

dT=dt^i (a) 

y ^ yp 

will again be an invariant. Its value will be real, provi<led that 
p is not greater than c. And since dq is a [)hysical quaternion, we 
shall have also 



Hint is, Y will agtiin be a j)hysical (luaternion. I^t us call it the 
voloolty-quatornlon of the ir.u-Lielc in question. Its developed form is 

Y^ypOc+p], (3«) 

wlicre p is the ordinary vector- velocity of the particle, justifying 
the above name. 

The plain meaning of our result is that Y'=QYQ, *•<?■ that 
icyp and py,, 

arc transformed as I and r, or, what is the same thing, that 

yp and py,, 


arc transformed like 


t and r. 
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Using Uiis, the render will obtain at unco the addilion Ikcurcm oC 
velocities, identical with (la), Chap. VI., along with the formula 

(identical with (6), p, 167}, which is a consequence of that Ihcoreni. 
Tlius, the relativistic rule for the composition of velocities is implied 
in the statement that Y is a physical quaternion. 

Tile infinitesimal scalar as defined by (2), deserves special 
attention. For p^o it reduces to dty the element of ordinary 
S-time, but is, in general, smaller than dt. It has the advaiUago 
of being an invariant, whidi ^ is not. In other words, the value 
of dr is independent of the choice of our standpoint, being equal 
for all legitimate systems. It belongs to the particle. The same 
property will obviously hold for 



where the integral is taken along any portion of the particle's 
history, or along any segment of its worlddino, from an arbitrarily 
fixed initial point to the variable end-point. The parameter r, IIuim 
defined, may be called, after Minkowski, the propor ilmo of the 
particle. The velocity p of the particle, entering into each element 
of r by its square, may, in general, vary from instant to instant, as 
regards both absolute value and direction. If the particle is fixed 
in 5 , its proper time is the ordinary time I of the system S, And if 
the particle moves uniformly in .S', we can imagine a system .V' in 
which it will be at rest. And tlion the proper time of the particle 
will become the ordinary time of that system. 

The velocity-quaternion may now be described as the derivative 
of the position-quaternibn with respect to the proper lime cd 
the particle. It will often be convenient to use the dot for this 
dilTcrontiation. Thus, V =q. 

The name corresponding to Y in the language of four-ill nicnsional 
algebra would hfi four-velocity^ and its matrix-form would be simply, 
by (30), 

y»\Pm Pv\ Ptt 

Remember that dr, as originally defined, was simply the tensor 
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of dq (lividud by wr. The tonsur of the voiucily'qualcrnioii is, 
therefore, 

TY^ic, ( 4 ) 

We know, from Chop. V., lluit the tensor of every physical quater- 
nion is tin invariant. In the present case this knowledge docs not 
furnish us any tiling new. For c is, by the fundamental assumptions 
(tf the theory, a universal constant. The norm of Y being negative, 
namely equal to -c®, tlic velocity- quaternion is always limedike. 
In Minkowski's language we should say that the four- velocity is 
along the world-line of the particle in question. 

Since Y is a physical quaternion and r is an invariant. 


„ dV 


(5) 


will again be n physical (piatcrnion which, for obvious reasons, may 
be called the aooolonitioii-quatomion. So also will d^q/dr^, etc., be 
physical (iiiatornions, each zij, and obviously also d^qefdT^, etc., 
each erfd. Hut of all these derivatives of q we shall hardly need 
more than the lirat two, containing the velocity and the acceleration. 

Let Ye be the conjugate of Y. Then, by Quat, 7, we can write 
for its norm the product YYo or also SVYc, and coiuicquently, 
insleud of (4), 

YY„= -c* (-!«) 


nilTeri'iiliating this with respect to t, we have 

ZYc+YZe^o, {6a) 

or also 

SZYe--o, ( 6 ) 

which say.s precisely the same thing as {6a)* Such then i.s the 
relation which holds always between the acceleration- and the 
vcloeily-ipuilernion of a particle. Using the developed form 

q-4-\ r, we should have, corri'S[>ondingly, 

(h“) -l-^“ -c® (4i') 

and (tlf) {6b) 

• In fact, the iwuhir will liitd at oiico that, for any pair of quatoniioiis a, b, 
ub, bffe » 2Sabe » ah>(?uf>< 
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or, in a ptill more developed form, 

»* + y* +jb* + ^ - c* (.!<’) 

and 

XX + 0^+11 =» o , (^0 

In four-dimensional language, as explained in Chap; V., llio last 
formula would read ; The four-acceleration is alvHiys normal to the 
four-velocity and, consequently, lo tlic world-line of the parlielo,-'a 
famous statement of Minkowski. This cardinal property rinds 
then its short quatcrnionic expression in (G). Observe that the left 
side of that equation is the same thing as Sommerfeld's sealar 
product of the corresponding four-vcctora. liut the invariance of 
such expressions is seen more immediately on the quatcrnionic 
scheme. In fact, remembering that 012(1'= we have, by 

Quat. 0, 

SZ'Ko'-S0Z00«Ya0«=sa^Yo0o=S0c0;SY,;-S/Yo. 

Next, as regards the transformational properties of the acetilera- 
tion. These arc entirely determined by saying that l-r is 

a physical quaternion. For this means .simply that , H arc trans- 
formed like ly V. If, therefore. S' be a system moving relatively to 
S with the uniform velocity v, we have, according to (I'fc), Chap. V., 


r«evr' + vyBlE' 


(;) 


where the subscripts arc to remind us that y, t are to be (a ken for 
thc velocity v. llic dots denote, on both sides, dilTercnlialion wiih 
respect to the same variable r. Fur, as the reader already knows, 
di^=dT, There is no difliculty in developing tlu*se fnnmilao and 
thus finding the ordinary acceleration 


in terms of a' and p', or vice versUy for any pair of Icgil imal o 

systems Sy S' picked out at random. Hut this would hardly be 
worth the trouble. 

To see the plain kincmatical meaning of the second derivatives 
with respect to t and hence of the whole acceleration-quaternion, 
we have to place ourselves at a standpoint which bears the simple.st 
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poMsilile rulalioii lo Lho moving iiurliolc ilsvit. us lliun lake 
for S' that pnrliuular syslcm of reference with respect lo whicli 
Ihe particle is instantaneously at rcsl. In other words, let S' be a 
system whoso uniform velocity v, rclalive to S, is equal in size and 
direction to the instanlancous velocily of the particle, i.e. to the 
value of p at a given instant of its hislory. Then, at that inslant, 
p'^o and y'^y{p')^i. Now, we had, gcncxxilly, dljdr <=‘y{p). 
Therefore, 


^ dl' 


dy' 

"iu* 




or «o, ns might have been expcclcd, and in a similar way, 


dy'v' rfp 

“ dt' ~'di' 


so Lliat Z' ’l-r', the ncceIcralion-(|uali’rninn rclalive lo S'^ fur the 
instant in queslion, is simply 

( 8 ) 


t,e. C(|iial lo the ordinary acceleraliun of I he pari id e with respect 
lo S'. Since .S'' is I hat particular system of reference in which the 
particle is inslanluneously at rest, il may be called Ihe ;r£^systcm 
and the corresponding a' tlio roafc-AoQotomUon of the particle. 

Thus, the scalar part of the accderalioiMiiialiTnion Z' vanishes 
iflenlically, aiul its verlor pari is eipial (o llic rest -accelera- 
tion.* C'oiisu<iuenlly, TZ' a'. Ami since llie tensor of every 
physical qualeriiioii is an invariant, we have also, for any legitimate 
system .S’, 

T/. (ij) 


In wortls, the ICHSor of Ihe acceleratioihquateruum is equal to the 
absolute value of the rest'accelemiion of the parlicle. It aciiuircs 
thus an immediate kinematical meaning. Al the .same lime 
formulae (7), in which wo have now lo write Vrap, give us, for 
the syslcm S which in a certain sense is an unnatural system of 
reference, 

(10) 


* Tills result could bo lorcHcen, In fuel, tho 11 me of our system S' 
coincides, In ils oloinoiit In question, with lho proper tlino of the pitrllclo. 
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and ‘/=*c“®y(pftO. s*» '^liolo acccloratit)ii*qiuil«rnl«n may b« 

wiltcn : 

Z «-y{pa') + «a'- (* 

ar e" 

Here, p is the velocity of llic particle relative to 5; y^Vjo 5^^*^ 
the stretcher « =ep, of ratio y^, nets along the instantaneoua direction 
of p or tangentially to the path <»f the particle. Ihus, in (^ai tcsiann, 
if the tangent to the path of the particle, <lrawn in the direct ion of 
its motion, be mir instantaneous ^''axis, 

x^yax, y’=‘((u, (I**'*) 

and ci=Pyaie\ If the y^axis be taken in the osculating piano of 
the path, then s tao. Since we already know, by (p), that 

ill® +y»+H* 

the formula for i becomes superfluous. 

Finally, to express r»d®r/rfT* in terms of the ordinary .S» 
accclemtion a«rfp/<f/, remember once more that dlfdT ->y. .Since, 
by the definition of y, 

the result will be 

r«y^ “y^fa-l- ?gy®p(pa)] »y®rn -i-/i®y“u(iia)], 

where u is the unit of p. Now, i + /J*y® = y®, identically. 'I'hcrcforc, 
the bmeketed expression is the vector sum of the longilndinal pari 
of a magnified y® times and of its unaltereil transversal part, or 
simply the result of a double application of the Rtrelcher c. 'I'ltus, 
ultimately, 

(12) 

whence also, by (lO), 

y®<a«»ia', (t3) 

giving the connection between a and the rest-acceleration. Or, in 
Cartesians, with the above choice of axes, for the longitudinal and 
the iransvcrsal components of ir, ' 

X “ /««, y " y®i»y, a ^ y % , 

y®fli8»»o«, y%»)/“Oy, 


and 


(1211) 

(I3<|) 
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By (13) wc have also, writing 

a . 7**yi 8ln*(pi^} = rt', (1 4) 

which is merely a developed form of (9). In fact, the lcft>hund 
side of (14) is seen, by (i i), to be identical with 
The simplest ease of motion of a particle occurs when a’ is 
pcrniancntiy nil, and consequently also n«o. This is, as in 
classical kinematics, the trivial ease of uniform rectilinear motion. 
Such motion preserves its character in all legitimate systems. In 
fact, owing to the linearity of the LorenU transformation, any 
motion which is uniform and rectilinear with respect to one of these 
systems will be so relatively to any other of them. A straight 
world-line will remain straight. The next simplest kind of nioliou, 
which also preserves its character in alt such systems of reference, 
occurs when the non-vanishing rest-acceleralion ix constant in sm 
and direction, i,e, when rfn' (dr' »o, and hence also da,' /dt - o. Then, 
by (13)1 the vector is constant in S, that is to say, independent 
of t. But since the axis of the stretcher e, or the Ar-axis in (13a), 
instead of being fixed, is at every instant tangential to the path of 
the particle, which may be curvilinear, it does not follow that even 
the direction of the acrcleralion a will be constant in S. Thus, the 
general ease of such a nioliou, which is the couuterparl of the 
uniformly accelerated or par.ibolic motion of elassical kineinalicsi 
would still be fairly com pi I rated. The .simplest sul)-cas(>, which 
also will show best the eha racier islic properties of this kind of 
nioliou, occurs when the paiiiclc moves on a slmight line. 
I.el this be our ,v-axis. 'rheii, by (13), 




» ndp , 




whence, eounliiig the lime t from the instant at which p-^o, 
dx , r 

y, 1 I -I- 


dt 

Or we may write, cciuivalcntly, 


(")]• 


/. 

' ' C 


(» 5 ) 

(I5rt) 


Thus, us lung as a't is small in comparison with the velocity of 



THE THEORY OK RELATIVITY 


190 

light (whether before or after the instant when the particle was at 
rest in 5 ), wo have, approximately, and x^^a'l^+consL^ 

as in the Galilcian free fall. But aftci' a sulBciently long time the 
neglected terms begin to assert themselves, and the velocity of the 
particle, instead of increasing beyond all limits, tends asymptotically 
to the velocity of light. In fact, we have from ( 1 5)1 for aoy given 
for /s^oo. 

Integrating once more, and choosing the origin of x so that, 
for ; = obtain 

= (16) 

Thus, the world-lino of our particle, in rectilinear motion with 
constant rest-acceleration, is an equilateral hyperbola (Fig. ip) 



Kiti. 19. 

willi semiaxes of length c^fa*. This motion lias therefore been 
called by Born, who ivas the first to study it, hypoTbollo moUon.* 
Tlio asymptotes AO, OA correspond, as in a previous figure, 
to tho velocity c, directed towards and away from the origin. 
The ])article arrives from x »oo with light-velocity, moves up tho 
.Y-axis with ever-diminishing velocity to^vards P, the vertex of the 
representalivo hyperbola, where its velocity is nil. Then it turns 
and moves down tho x-axis witli increasing velocity, which again 
tends asymptotically to tiio light- velocity. Tho larger the value 
of tho rest-acceleration a\ the more docs the hyperbola penetrate 
into the angle AO A, and tho more sudden is tho passage of the 
particle's velocity from -c through zero to +c, Taking, instead 

* M. ]lr>rii, ' Dio Thaorlo dcs starron Uloktmiis in dor IClncninUk doa 
UoIallvlttitsiirlnKips,' Aim, d. Physik, Vol. XXX. zgog, p. z. 
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of S, another system of reference S'* which moves uniformly along 
the AT-axis, and whose origin coincides with 0 at the instant 
we shall havo again equation (i6) for the now variables, 
For, ^ is an invariant, and so is the acceleration a', by its very 
definilion. It is this we meant by saying that tlie considered kind 
of motion preserves its chai'acter in dilTcront systems of reference, — 
a property whicli is not shared by tiic Galilcian uniformly accelerated 
motion to which would correspond a parabola as worlddine. Re- 
member that in classical kinematics there was no question of 
discriminating between the ordinary 5-accclcration n and the 
rcst-accelcralion a'. 

We may mention that the hyperbolic motion is particularly 
interesting in connection with the theory of the relativistic ' rigid ' 
body.* Rut its chief importance lies herein that any variable 
motion can be closer approximated by it than by uniform motion. 
In other words, any curved world-line can be brought into closer 
contact with a hyperbola than with a straight line. There is for 
every point P of such a world-line a hyperbola of closest contact 
with the world-line, which plays the part of the familiar circle 
of curvature and which was called by Minkn^vski the hyperbola 
of curvature. If 0 be the centre of this hyperbola (whose vertex 
is at P), then the four-acceleration will be given by the world- 
vector drawn in the direction OP and having the absolute value 

eVOP. or - In fact, as we have just seen, the last exnrcs- 

' ’ seniiaxis ' ^ * 

sion is simply Cipial lo a', and this again was seen to be identical 

with T/, or with the size of the four-acceleralion which was ahvays 

normal to the world- line. Kemeiiibering, on the other hand, that 

TyDic, or that the R(|uarc of the four- velocity is equal to -c®, 

the reader will at once perceive the perfect analogy between 

the above properly of c^OP and the familiar formula: normal 

acceicralion - square of velocity divided by radius of curvature. It 

will also be noticed that, the sipiarc of the four-velocity being 

negative, the four-acceleration is directed away from the centre 0 

of the osculating world-hyperbola, while in that mure familiar ease 

it is towards the centre of the circle of curvature of the path in 

Ihrce-diniensional space. Hut enough has now been said about the 

hyperbolic motion, in illustration of the use of the relativistic 

tetrads, Y and Z. 


* iiun Koto at the and of the cliuptor. 
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Such then arc the properties of the velocity* ami th« accelera- 
tion-quaternion. These being simply the deriyativea m the 
position-quaternion 9 of a particle with respect to its proi»or UiiM*, 
all our considerations had a purely kincmatical character. 
Although we have spoken of <7 as defining the position ami tlie daUs 
of a 'particle,' the latter could mean anything which can be 
recognized at all and watched in its vai7ing position. Of coiirae, 
if this is to be possible, the particle must have som(! cc cl her 
characteristics of its own. But these need not necessarily be qnani i- 
tatively measurable, to say nothing of their being constant in tinw 
or equal for different standpoints or systems of reference, llu^ 
moving thing in question might have no such chametorislic at all. 

But let us suppose there is a certain magnitude of such a^ kiml, 
that there is, more especially, a scalar cocfficiont belonging nr 
attached to the particle and fulfilling the latter comlitinn, i.t'. 
invariant with respect to the Lorentz transformation. Dennte it by 
tn, without yet giving it any name. Then wg, ntY w/ » Y, 
and so on, will all be physical quaternions, and, consc(|ueully, each 
of them may be employed, along with other physical (puil erninns, 
for relativistic purposes, i.e, to write down la^va of mo tin 11 of tin* 
particle. Such laws would be admissible, in that sense of tlui w<ird, 
that they would not infringe a^inst the principle of l■^lla^■ivily. 
But this does not imply, of course, that they will bo obeyed by 
Nature. If sucli laws or equations arc to be of any use for lln* 
physicist, and if tlicy do not happen to cover an entirely mnixplorfd 
ground, they have to coincide, roughly at least, and for (tniinary 
circumstances, with what is otherwise known to hold in oxperiuncr. 
In the present ease we shall require that the relativistic <M|na(ionH 
of motion should coincide, approximately for smsill vrbirilics, or 
rigorously, when referred to the rest-system, with Newton's second 
law of motion. 

Keeping this in mind, let us see wliat are the consequonci's of 
assuming, as the equation of motion of our particle. 


dmY 


(> 7 ) 


First of all, since tlic left-hand member is tlio rJgliL-hand 
member X, which is to be considered as a given function of pOHilion, 
and, in general, also of velocity and of time, must a go in bo a 
physical quaternion. This fixes the Lransfornialional pro|iurlies of 
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tho quaternion X, and implies that it has an imaginary scalar and 
a real vector ; tlie coefficient m being supposed real. 

By its construction, equation (17) will preserve its form in all 
legitimate systems of rcforenco. 

Remembering that dijir^y^ write, instead of (17), 

dmY ly 
di "y » 

and denote tho imaginary scalar of by tv and its real vector 
by N, i,e, put 

ix-.»+N. (18) 


Then (17) will split into the vector and tho scalar equations 


d 

J^mcy = y, 


(I7«) 


where p » drfdt is the ordinary velocity of tho particle relative to S, 
and y “(i 

Written (or the resl'sysiom, which wo shall again denote by 5 ^', 
tho firat of these equations becomes at once 

# dp' „ 


i.e. identical with the classical equation of motion of a particle of 
iiiass m under tho action of tho impressed force N'. Thus, the 
above requirement is fulfilled. In view of this property, the 
coefficient m is called the raat-nuuiB of the particle,* The ordinary 
force, N' in the rest-system and, generally, R in any legitimate 
system S, is called the ' Newtonian force * in distinction from yN, 
the vector part of X, which is the ‘ Minkowskian force.’ For reasons 


* Lorontz, Phys. Zailsebrifi, Vol. XI. 1910, calls m tho * Minkowskian 
mass,' and VX =yR tho ' Minkowskian force/ sinco (17), with constant m, 
is tho c<iulvaloat of tho four oquations of motion given by Minkowski j 
GrundgMeAwtgau, Appondlx, formulae (za). Tlio foiii> vector correspond- 
ing to tho whole quaternion X is Minkowski’s * fuotdng Jorce (bewogondo 
Kralt),' Itiiistoln used tho Newtonian force ; his throe equations of 
motion arc idonlical with tljo first of (17^). Cf. Einstein's paper in 
Jahvhitch dor UadioaktivU&i und XloMronik, Vol, IV, 1908, pp. 411-4G3, 
forimilao (ix). 

B.K. 
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which will appear when we come to consider the pondcroinotivo 
actions of the electromagnetic field, wc shall have Lo consider the 
former and not tlie latter as the force acting upon the particle. 

The second of {lya) becomes, for the rcst*sysleni, 

dm v' 

W'"7' 

As will bo seen in Chapter IX., there arc reasons for admitling 
that even the rest-mass may -vary with time. In fact, this will, 
in general, be the case when the internal state of the particle varies 
during its motion. But, to simplify matters, let us suppose that 
the particle's internal slate is kept conslant. Then its rest-mass 
m will be constant in time. This implies p'^o, so that the whole 
quaternion X will be reduced, (or tho rcst*systcm, to 

(i80 

and we shall have, for any legitimate system 5, 

TX^TX’^N^, (ip) 

where N* is the absolute value of the (Newtonian) force as cstiinulcd 
from the standpoint of the rcsl>syslcm. 

With this assumption of a cotisimU reU'inasSt cijualion (17) 
becomes 

dY 

ni’^^mZ^X. (2(i) 

Now, by (6), SZYe=‘0, and conscquonlly also 

(21) 

or, in developed form, by (3a) and (18), 

(Np) » tfi». 

Hence, by the second of (17^), which is simply tho scalar part 
ot (20), * 


Thus, (Np) being tho BCtIvlty ot die r«ree N, the sciitiir part u( 
the quaterniome equation (20) expresses Uu principle of eitcrgy or 


DYNAMICS OF A PARTICLIS 


195 

o£ Vis-vim, giving for the kinetic energy of tlic purticlc Iho value 
!rwwc*(y+ const.). 

If we require that, for p^o (t.c. for to 

put const. «-’i. Ultimately, therefore, the idnotlo euorsy of the 
particle, moving with the velocity p relative lo S, becomes 

(23) 

or, ilcvclopetl in a series, 

For small velocities, this reduces to the first term which is 
the classical value of the kinetic energy, since in this case the rest- 
mass becomes sensibly identical with its .S-vahie. 

This formula for the kinetic energy was first given in ICinsLein's 
fundamental paper of 1905, An allernativh, remarkable, form of 
(23), duo to Minkowski, is 

(230) 


and reads as follows : the kinetic energy of a particle, as estimated 
from the it -stand point, is the product of its rest-mass by the siiuarc 
of the light-velocity and by the proportionate gain of the 6'-lime 
with respect to the particle'.s proper time. 

Let us now con.sider the vector part of the (luaternionic c<]ualion 
of motion, or the first of {17a). This, which holds also for a variable 
rest-mass, may be read in the usual way ; rale of change of 
momentum => force. Then the inomoiibuiu of the particle, of resL- 
inass m, will be 


in 




( 2 - 1 ) 


Thus, Lo obtain the momentum we have to multiply the ordinary 
velocity p of the particle by my, ami not by m. .Some authors 
call, therefore, my the ' ordinary ma.HS ' of the particle. Hut we 
have rather to avoid so many dilTcrcnl names. It is <]uiLe suflieient 
to know that m, tho rest-mass, enters in a certain way into the 
expression of momentum, and in a certain way into that of kinetic 
energy. 'I'he inomontum-Qiuitornloii, which is always a physical 
quaternion, will simply bo inY, 



196 


THE THEORY OF RELATIVITY 


Next, to see the properties of witli respect to tlio ordinary 
acceleration a«d*r/d/*, return once more to tlio nssuinpkion of 
constant m, and write the first of (i^n) 


m 


di 


di 


jfi 

y 


■ N. 


Then, by (12), 

(25) 

where, it will be remembered, c* is a stretcher of mtiu yS nctin|{ 
tangentially to tlic path. Thus, the force, Ihougli always con- 
tained in the osculating plane, will, in general, difTcr in direction 
from the acceleration. Instead of the old mass, wliich was simply 
a scalar factor converting the acceleration a into the force K, wc 
have now the linear vector-operator 

viy . «*. 

Or, splitting the acceleration into its tangential and normal (or 
longitudinal and transveraal) components, 

my* . «ai “ iV«t my (2 50) 

This result is expressed by saying that the particle has the lonsi- 
tudlnal nuMB 

m 




and the transversdl moaa 




(20a] 


Wi=»j«yi 


m 


{ 2 Cib] 


For vanishing velocities both of those masses l)ccomc identical will 
the rest-mass of the particle. With increasing velocity the longi 
tudinal mass increases more rapidly tlian iho transversal oiu!. h'oi 
p=c both would become infinite. So also would the Idncliu cnergs 
of the particle increase beyond all limits when the veluulLy of Huh 
is approached. ^ 

It is worth noticing here that the two masses im and wi* doitent 
on the velocity of motion in exactly the same way as iho Iniud 
tudinal and the transvowal cloctroinagnclic ninases of a r.orciil' 
electron. The formula of Lorente for tho transversal cleclro 
• In fact, tlio fornuiloc (s6a). (a66) bocomo Ulon Heal with those of Lorenl 
when M Is^roplaaod by in tho case of homogtiiioouH vohiino'Clmrgi 

homogeneoHB surfnco-isliarBo, « belus the dmiu 
and Ji tlio rost-radius of tho olcotron, Cf. Cluip. VIII, 
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magnetic mass is now fairly well vorificci by experiments on 
electrons constituting the /S-rays. In tho early stage of such 
experimental research other electronic formulae coincided equally 
well with tho observed facts. It has been inferred therefore that 
tho whoU mass of tho electron is of purely electromagnetic origin. 
Now, tho above relativistic formulae, giving tlic required depen- 
dence on velocity, have nothing electromagnetic about them. If, 
therefore, the doctrine of relativity is accepted, any part of the 
observed moss of the electron may bo attributed to a non-electro- 
magnetic origin. To obtain this we have only to give to the 
electron, instead of the usual cm., a correspondingly greater 
radius, reducing thus its electromagnetic mass. Remember that 
what is given by observation is tho total mass and the total charge 
of an electron, while its dimensions remain free, in very wide limits 
at least. But this subject cannot profitably be discussed here any 
further. 


The longitudinal and tho transvcraal masses of a particle, defined 
as the quotients of the corresponding components of force and 
acceleration, may also be written, by (24), in terms of the absolute 
value G of tho momentum, 


G 


dG 

'“‘-rp- 


(27) 


The first of these is simply (24) itself, and to sec the truth of the 
second, wc have only to remember that rfy/dp « Tlic 
formulae (27) would even continue to be true if wc had in the 
expression for the momentum, instead of the factor my, any other 
fimclion of fi alone, as the reader may easily prove for himself. 

Let us once more return to the first of equations (i7n), which 
may bo written 

dQ 


dt 


=N. 


(28) 


Multiply it on both sides vcctorially by r. Remember that tho 
momentum coincides in direction with tho velocity p = dr/d/, or 
that VpG«o. Then the result will be 

^Via-rH. (ap) 

In words : The rate of change of the momout of momoatnm is equal, 
in absolute value and direction, to tho moment of the impressed 
♦ So that dG/dp ssmy-i saiiiy {i +/JV) '^»*‘y** 
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force, both moments being taken about Of the origin of r. This 
is the relativistic equivalent of what is known in classical dynmnics 
ns tile principle of areas. Tho above moment of momentum is, in 
terms of the rcst*mass in, and r, f, 

wVra=mVr$. 


In particular, if the moment VrK is permanently nil, i.e, if the 
impressed force is central, we have the equivalent of tlic principle 
of conservation of areas, that is, m being again supposed conslanl. 


Vr;c»A, 


where the vector A is constant both in size and in direction, relu* 
lively to the frame-work of reference S. " In this ease the particle 
moves in a plane, normal to A, as it would also according to New- 
tonian mechanics. But there is tho following diiTorcnco. In terms 
of the usual polar coordinates, r, 0, wo have, by the last equation. 



that is to say, equal areas swept by the radius vector in cqiml 
intervals of the proper time of the particle, and not of tho ii-timc. 
Using the time t of an observer fixed in S we should have 





and this is variable, unless the particle happens to move uniformly 
along its orbit. Such then is the relativistic modification of Kepler’s 
second law, valid for any central forces. For slow motion we fall 
back, of course, to the ordinary conservation of areas. 

Leaving, for the present, any further dynamical questions, we 
shall close this chapter by developing some simple and general 
properties of certain combinations of physical qualernionH, inde- 
pendent of their particular meaning. These will bo fouml useful 
in connection with tho subject of electromagnetism to be treated in 
the next chapter. They may also have a certain interest of their own. 

Let a, b, d, etc., bo any physical quaternions, each ~ g, and, 
consequently, a«, &*, rf,, etc., each What combinations of 
these quaternions, obtained by their addition and mullijilicalion, 
can be used for relativistic purposes, that is to say, for writing 
down equations which will satisfy tho principle of relativity ? 
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Wc nccU not dwell upon the sum a+b + dh (or Op + 6o + dt + ...), 
which is again a physical quaternion, in the original sense of the 
word, and as such, is rclativlstically available. But liaving men- 
tioned the sum at all, it may be good to obseiwo that a sum of 
antlvarloat quaternions,* as, for example, 

a + bt, 

cannot be used. For not only is this sum not covariant with g, 
nor with q^, but, when subjected to the Lorentz transformation, 
it is split, the two addends being torn asunder, thus 

+ bf “ { 2^(2 + Qab<Qot 

In other words, such a sum is not transferred as a whole from one 
legitimate system of reference to another. 

Now for the product of physical quaternions. Begin with the 
simplest case of two factors. Leave aside ab which is split in the 
act of transformation, thus 

a'b'^QaQ^bQ, 

and pass straight on to the product of aniivariaiU factors, say, 

H «tfp&, (30) 

Pass from the system .S to any other legitimate system S'. Then 
II' ^QeUjQt.QbQ, whence, by the associative property, an<l re- 
membering that QeQ^l, 

ir^QJIQ. ( 31 ) 

Thus, the new (lualcrnion //, though it is neither et] invariant with 
the standard q nor with q^, is transformed as a whole (composed 
of constituents already admitted), and can therefore be used for 
relativistic purposes. A moment's relleelion will convince the 
reader that such a procedure will not infringe against the principle 
of relativity, and the meaning of these abstract remarks will 
become plainer when wo come, in the next chapter, to consider a 
concrete law involving a magnitude which, in passing from 6' to S', 

* Any two qiialevnions of the sot 

<ii bf d, ,,, , 

or any two of the sot 

flp, fi|i, dg, ,,. , 

boliig cipmlly traiiRformod or equtvartaiit with oao anolhor, wo may con< 
voniontly call any qnaloriilon of the first sot auUvatiatU with rospoot to 
any ono of tho second sot, and vtea versa. 
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is transformed oxaclly ns the above quaternion II* Mcnnwiiiloi let 
us look for some further properties of that quaternion* 

Consider the conjugate of H. This will be, by the elementary 
rule of the conjugate of a product, Quat» s, 


Now, transforming this, we find Ho =Q^oQ^^Qi ofi hi exactly the 

same way as above, ♦ . , 

( 32 ) 

Thus we see that 

Qc[ ]Q 


is the relativistic transformer of both H and its conjugols 11^ and 
hence also of tlieir sura and of their dilTorence, i.e* ftlsa of the 
scalar and of the vector parts of the quaternion H scpiiratcly, say 
s and L, 

s-S//, L«V//. 


Now, s being a scalar, wo have simply 


S'^QeSQ^sQeQ'^S, 


i.e, s is an invariant, as was proved before. Thus, the scalar part 
of ajb need not detain us any further. 

What we really need for the subsequent physical application is 
L, the vector part of this quaternion. This is Iransfornicd into 

( 3 . 1 ) 

and since Q^ Qo are unit quaternions, Ihc tensor of L is an hmriani, 
TL'«»TIi, which may also be written, more conveniently, t 

( 3 . 1 ) 

These being the transformational properties of the vcc Lor L V/i,//, 
let us see what is its structure. 


• Horo, H/ is on abbreviation lor the tmnsforinod conj iigalo. i lii t 

taking the conjugate of tiio transform^ qtiatornlon, (31). vro iibiiiiii 11 1 
once so that and both sides niiiy, therefore, 

be written simply H/. 

t Romembor ihat the square of the tensor, or tho norm of any <iuatcriil(m 
X is XX„, Now, in our cose, L being a scalaftess quaternion, Hh eonjiigaln 
is L,»; -L, so tliat its norm is simply -L*. If l worn an urdinury, ival 
vector, wo could writo (instead of - L*) L*. the square of its sUo or nbfioliiLo 
value. But since L la a complex vector, or a hivwtor, the above notalhm 
is preferable. L* is a scalar, of course, namely a complex scnlur, ns will ho 
seen presently. Wo need not put tho prefix S before it, nlncu VU. in 
always nit, by tho elementary definition of a vector prodiicl:. 
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Since bolh a nnci b have llic strucluro uf q, the standard of 
physical quaternions, write 

and b^ip + B, 

whore R, ^ arc real scalars and A, B ordinary real vectors. Tlicn 

LesLi^iLg, (35) 

where Lx and L^ are the real vectors 

Li«VBA, La=i/8A-ttB. (36) 

Thus, L is a complex vector or a Uveotor, — called so, since it 
consists of two ordinary vectors. Wo had, in Chap, II,, a sample 
of such a magnitude in the electromagnetic bivcctor. Tiic complex 
invariant, (34), of L splits into its tivo real invariants, 

V-V and (LxLa). (37) 

The second of these invariants vanishes, since, by (3(3), L^ is 
perpendicular to Lg, This being the case, ’L^Voeb is a special 
bivcctor (and is equivalent to Sommerf eld's ' special siX' vector '). 
In order to obtain the general bivcctor, wiioso two real vectors are 
mutually independent, we have only to add to L another, appro- 
priate, special bivcctor having the same transformational pro- 
perties. For this purpose we can take the special bivcctor 
the ftiipploinont of L, defined by where 6^ is a 

pair of i>hysical quaternions, such that 

But particulai's concerning the choice of a sulTicicntly general 
supplement, ns this is, need not detain us here. 

Henceforth we shall denote by L the general bivcctor, thus 
obtainable. And we shall call it, whore it will be needed for the 
sake of distinction, a left-handed bivcctor, in view of the position 
uf the subscript 0 in its transforming operator, or in the generating 
quatcrnionic factors : Ag, & ; a^i\ 

Similarly, starting from abt, (where a, b arc not necessarily the 
same as above), and proceeding as before, wo can construct a 
general righl-handed bivcctor, B, consisting of two ordinary, real 
vcctore Bj, B^, Tliis will bo tmnsformed by | 3 [ ] Qe, i. 6 . so that 

(38) 
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and will, Ihereforc, have again the two real invarianta 

and (BjBa). ( 31 )) 

Both L and B can bo used, with equal convenience, for re- 
lativistic purposes, and will bo found useful for the ircalinent of 
electromagnetic questions. 

To illustrate the above properties by a siinplo kincmatical 
example, take, as the generating factors, the velocity- and the 
acceleration-quaternions of a particle. 7 'hcn 

Ii=VFeZ“» -VrrH-iff(iif-/r) 

after a slight calculation, in terms of the ordinary velocity p 
and acceleration a, 

IiicaySyup, -ey®ai» 

Thus, besides (L^Ls) which vanishes, obviously, wu have (he 
invariant and, therefore, also) 

-/f“8in*(p,~ii5, 

and this invariant has a simple kinoniatical moaning. For it is 
identical witli the absolute value of the rcst-acccIcru(ion a' of the 
particle, as given by (14). 

Returning to our general topic, let us consider the prndticl of 
any number of left-handed bivcclors. Then we shall see, by (33), 
that, in transforming it, all the internal 0'8 and (?/», as it were, 
neutralize one another {QQc=^\)t and what is left is only the (>o at 
the beginning and the Q at the end of the wliolc chain, exactly as 
for a single Ii. In other words, the vector port of the product of 
any number of left-handed bivcctors is again a left-handed hiverlnr. 
Similarly, we sec, by (38), that the vector part of tliu producl of 
right-handed bivcctors is again a right-handed bivi-ctlor. Ihil we 
shall hardly find a physical application for such iirodiiols. 

What will turn out to be rather important for Much upplleal ion 
is the product of one of the original physical (pialcrnioiis iiilii u 
bivcctor. Of such a nature will bo the ponderoinolivo fiirce in an 
electromagnetic field. 

Notice, therefore, that if a be any physicKil qualeriiion eovurisiiit 
with q (not necessarily that already Involved In L or R), the product 
ah will transform into 

that is to say, ah will again he eomriam wiith q. So also wilt Bn 
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bo covarhml witli q. And similarly will hoo and bo covariant 
wUlij,. In short symbols, ( 40 ) 

(4o«) 

Each of these producls can bo used for relativistic purposes. As 
regards their structure, they are Mquaterniozu, in I'lamilton's (not 
in ClilTord's) sense of the word, that is to say, quaternions, of 
which both the scalar and the vector parts are complex.* But, 
as wo shall see in the next chapter, any one of such biqualcrnions 
can bo split into a pair of our original physical quaternions, 

each or s:qa in the ease of (40) or (40<r) respectively. In this 

way we fall back to the quaternions considered at the outset. 

Thus, the product of any number of anlivariani physical qua* 
^ernions ...oMru... 

will furnish us (after the rejection of the invariant scalar part) a 
bivcclor Ii or XI, which are transformed by Qe[ ]Q and Q[ ]Qt 
respectively, or again, biquaCernions consisting of pairs of primary 
physical quaternions, whicli are transformed by [ ] j 3 i or by 
QA ]Qo. 

And, as was already remarked, products of covariant factors, 
such as ab, arc out of the question. 

As concerns the operation of division by a physical quaternion, 
we know that it is reduced to multiplication by its reciprocal. 
Thus, it will be enough to observe that the reciprocal of a physical 
quaternion is again a physical quaternion. For we have 

and the tensor Ta is a relativistic invariant. Notice that a and 
are mutually antivariaiit. 

Finally, notice that any one of the above faclons may be replaced 
by the qualeniiunic dilTcrciUial operator 

or by its conjugate 1)^, whicli is c^qg. Thus, for example, if the 
quaternion be a hinclion of time and the coordinates, then 
V/VI* will be a Icftdiandcd bivcclor ; and so also will VD^\ be 
a right'handcd bivcclor. For these dinfcrciitial operators behave 
with respect to the Loronto transformation exactly as any of our 
primary quatornionic magnitudes. 

* Thus, for oxamplo, U omiA'I'A and ~iL,, 

SoL » - (AL|) I (All,), Vat »«t, I- VAt, >1 iat| - 1 VAt,. 
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NOTB TO CHAPTER VIL 

(To page 191.) Tho dormiUon and aomo properties of the rcln- 
tivlatic * rigid body ' were first given l)y M. iiorii, Kjog, in a paper 
quoted on p. igo, and after liiin simpliliod anil oxliaiislivoly treated 
by a most elegant method by G. HorglotZi Ann. d. Physih, Voli KXXL 
igio, p, 393, A little later tho subject was talcon up, independently, 
by F. Noether, ibid. p. gig, without, however, any essential addUion 
to tho results obtained by Ids pi'ctlcccssors. 

Since this newly coinod concept is not destined to play any im- 
portant r61e in physics, it will bo enough to give licro only n very 
concise account of Hcrglotz's investigation, roforring tlio render for 
details to the original impcrs. 

A continuous body is doAned to bo rigid, if iho toorlddincs of all 
its particles {points) are mnimlly equidistant', in other words, it tho 
normal (foui'^dimonsloual) distance of tho world*liiics of every imir 
of inAnitosimally contiguous points remains constant. Tho onllimry 
distance in tho classical doAnition of tho rigid body is hero ru])laced 
by ‘the four>dimen8ional distance, whoso cloinent is the s(iuare-root 
of G^dfl - - dy* - d«8. This makes tho new concept invariant wi I It 

respect to Lorentz transformations. An iminediato conscr|iien('0 of 
the deAnitlon is that every volume element of such a bmly undergoes 
a FitzGerald-Lorcntz contraction (i - : i corrcsiMtndlng (o its 

instantaneous velocity v*»ep relative to any logltimalo or inertial 
system of reference. But although cacli clement has thus the full 
number of six degrees of freedom, ns in classical Icincniftlics, a Ixidy 
of Anito volume built up continuously of such elements has its freedom 
of motion much more restricted. In fact, one of Ilergluls's chief 
results is that if tho motion of but one of its points, say P, is 
(arbitrarily) prescribed, the motion of the ivhoh Imly is completely 
detemined, unless tho world-lino of P happens to have constant 
curvatures, Tlius Born’s rigid body may be said to have, in gtnicral, 
but three degrees of freedom. 

The cIossiAcation of all the possible motions of such a body, 
together wth those corresponding to the aforesaid exceptional ciihch, 
will be found at tho end of Horglotz’s i>upor. II«)ro it will he enough 
to mention that if one of its points is Axed (which is tho siinplrsl 
of those exceptional cases), tho whole body must elthor Im Axed or 
spin uniformly around n Axed axis, as n classical rigid body. Prom 
the standpoint of grouiw of motion, as devcloiwd by Herglols, this 
case belongs to tho ' elliptic ' group. Born’s * hyperb(»II(i mol ton ’ 
of a rigid body, moiillonod on p. 190, whlcdi Is a ro(dllinear liaiiN- 
lationol motion, is covered by another of Iforglots’s groups, iho 
loxodromlc one, Tlioro are two more groups. (lio.He, liowevcr 
offer nothing of particular interest. ' 


CHAPTER VIII. 


rUNDAMENTAL ELEOTBOMAaNETIO EQUATIONS. 


In this chapter wo shall consider, from tlio standpoint of tho 
(special) theory of relativity, the fundamental, or microscopic, 
equations of tlio electron theory and their consequences. These 
equations, written in their ordinary vector form, are, as under (i.) 
and (ii.). Chapter II., 


and 


^ +pP“e.curlM; /»»divE 
-r.curlB; divIlBio 

P=p[E+iVpM]spJ. 


(I.) 


(II.) 


Here, p is the velocity of a chargc-cicmunt with respect to that 
framework S, for which, to begin with, the equations arc supposed 
to be rigorously valid ; F is the poiulcromolive force, per unit 
volume, and the pondcromolivc force per unit charge, or Uic 
electric force. 

First of all, wo have to ask whether these equations satisfy tho 
principle of relativity, that is to say, whether they preserve their 
form when we pass from the system 5(/, y, s) to another syglera 
S*{t*, x\ y\ s') moving with uniform velocity relatively to And 
if the answer bo, as it is in fact, in the aiTirmative, wiiat are tho 
connections between E', lH', tho dielectric (lispluccracnt and the 
magnetic force as estimated from tho 5'>staiKlpoint, and these field' 
vectors as estimated by tho .S'-observors ^ To answer both of these 
questions, first with regard to the dilTcrential equations (i.), we 
could follow tho way originally taken by Einstein, v/s. subject the 
time and the coordinates involved in the difToronlial operators to 

ao3 
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the Lorente transformation +vt'), otc.| ami cxprossing p 

in terms of p' by means of liis addition tlicoroiii of velocities, sIm)w 
the invariance of the form of these equations, and finally {gather 
together the terms which in the tran^ornied c(|uations play tlio 
part of the field-vectors,* But the shortest method to obtain 
these results is to write the four equations ([.) in their condensed 
quaternionic form, 

DB-C, (0 

as given in Chap. II., and to test the constituents of this eiiiialion 
with regard to their relativistic qualities. 

Here, it will be remembered, B = while 

C=-p[n-^pI, (2) 

or, in terms of the vclocity-qiialcriiion, (3ff), Chap. VII., 



(2rt) 


where 7p"»(l 

Keeping this in mind, let us consider the c(]uation (i). We know 
already that the dilTcrcnlialor D behaves exactly as a jiliysical 
quatci'nion, vie. that Dziq. Tlic only thing, llieroforo, we still 
require, is to find the nature of the cuiTent-(|ualernion 
Now, the electric charge tie of any individual portion <»f an 
electron is a relativistic invariant, i.e. if dS bo the volume of lliaL 
portion, and dS* its 5 '-corrospondent, then 


pdSf»fi*dS*. 

In fact, taking the divergence of the fii-st of (i.), wo have 
o “ ^ + div(pp) *=1 ^ .|. (pV) p -I- p d iv p, 


ii) 


which is known as ' the equation of continuity,' or, denoting by 
the rate of individual change, as on p. 31, 

j^-hpdivp»o, 


treatmonl, which may ho helpful to some 
rofidcrs, will be found In Note i at the end of Uio ohapior, 
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whoiicc, multiplying by dS and observing that divp,* 

Thus, Ihe chargo, as estimated from the ^’Standpoint, is invariable in 
lime, notwithstanding the motion andtliodcformation of the volume- 
otcinent wo are watching. This being the case, we can imagine the 
chargo first fixed in S and then set it into motion, bringing it 
gradually to the velocity v, when it will bo at rest in S\ Claiming, 
therefore, in the name of the principle of rclativily, the same rights 
for S* as for 5, wo shall have de'^de. If the reader docs not like 
this kind of proof, as implying an accehraled moUon of Uie chargo, 
ho can simply posUtlalc the invariance of chargo, and verify 
a posieriori, after having obtained £' in terms of £, M, that this 
postuiatc is fulfillccl. 

On the other hand, remembering that volumes arc transformed 
in tho same way ns longitudinal dimensions, and denoting for the 
moment by dS^ the rest-volume of the element considered, we shall 
have 

and dS* 
or 

yi4S^yp,dS*, 

Therefore, by (3), 

y» ri/ 

that is to say, the coclTicicnt of Y in (20), is an invariant. 
Now, as we know from the last chapter, y is a physical (pia- 
Icrnion, Therefore, f.', the cwreiU’que^omion^ as it wiis already 
called in Chapter 11., is agtiin a physical quaternion, like the 
.standard 

CsLq, 

as well ns Drr 

This proves the invariance of the form of the equation (i), or of 
the equations (i.), with respect to tho T,oront% transformation, and 
gives at the same time tho cuniicction between B' and B. 

In fact, since C^QCQ^ we have from (j) 

QD'&Q'^a, 

* Cf. ray Veetortal Mechanics, p. zaC. 
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and inserting QQ^^i between D and B, 

(lO 

wlioro Thus, B, the electromagnetic bivector, is a 

left-handed bivoctor. 

Or, to obtain this bivector in its typical form Vae&, we may 
proceed as follows. Operate on both sides of (i) with i)«« Then 

But D«D is an invariant This, therefore, is already the required 
form. Wo need not even put the prefix V before DjC, since 
S£1 «C«bo, as wo shall sec when we next return to the last equation. 

Thus, B U a lefi-iianded biveclor, having the same structure and 
tho same transformational properties as our L of the last chapter. 
Henceforth wo can consider it as the standard of puyaioai bivootors, 
in Iho same way as q has been the standard of physical quaternions. 

It will be found convenient for subsequent work to write through- 
out It (instead of our previous B) for the electromagnetic bivector, f 
thus : 

(4) 

The quatemionie egitivalenl cf the electrmagnetie differentia 
equations (i.) will now be 

DJi C, (i.n) 

and the transformation forintda of the electromagneHe bivector 

(5) 

Tho invariance of the formula (ii.) for tho pondcromotivc force 
will, with equal case, be proved later on. Meanwhile let us fix our 
attention upon (5). 

As already pointed out in tho last chapter, Q and Qa being unit 
quaternions, the square of the electromagnetic bivector is an 
invariant, i.e, 

* That tlio product QcBQ Is, in fact, a pure vector {scalarlass quaternion), 
nice B, wo see at a glance. For tho conjngato of QoBi? is QoB^ » ^QeTiQ$ 
so that tho Slim of that product and of its conjugate is nit, 

t And correspondingly, in what follows, Rfor tlio complementary bivector 
H-l-iB, which will turn out to bo right-handed. 
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Now, by (4), 




and similarly for L'*. Thus we have the two real invariants 


and (BL£). (6) 

Tlic first of these invariants, tlic difference of the densities of tlie 
magnetic and the electric cnct^ics, is the electromagnetic Lagrangim 
function per unit volume,* The second Invariant, the scalar pro* 
duct of E and M, has no particular name of its own. Notice that 
what is called a pure electromagnetic wave is defined by 
and (£M)«>>o, In words : energy half electric and half magnetic, 
and E, JH perpendicular to ono another. Using the electro* 
magnetic bivecLor we can characterize pure waves more shortly 
by At the same time we see that a wave which is 

pure from the ^'Standpoint is equally pure from Uio 5 ''point of 
view. In short, purity, at least in this domain of relations, is an 
invariant property. 

Next, to develop (5) into its vectorial form, remember tliat, by 
(50), Chap. V., 

^ U . (U 

(3bcos ;+u.sin-, 

0 2 


where u is the unit of v, the velocity of S* relativo to and where 
id is the imaginary angle previously defined. Multiply out the 
right side of (5). Then 

L' s(i - cos u) . u(uIj) -{'COS <u . L 4 -siii CO . VL11, 

From this intermediate form we can easily see that If' is obtained 
from L by Inming U about n, the axis of the quaternion Q, through u, 
the double of the angle of that quaternion. Sucii lliun is the office 
of the operator ] j 3 * This is only a particular instance of 
a Ihcorciii of the calculus of quaternions, given by Hamilton 
himsclf.t 


* Tlio proiMtrttcs of Ibis function, arc glvon In Note 8. 

t If A bo any quntornioii, h-' Its rocipi'ocal, and x any quaternion to be 
oporatod upon, tlion tho operator ]A turns tho vector of x about the 
axis of A through doubto tho angle of A, wlillo the scalar {s) of x romidns 
unchanged, of cotifso (dneo tr^sh^sh-^heas), Cf, Tnlt's Quaientions, 
1890, p. 75. 
s.R. 


o 
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Let us write the last formula in terms of y, which is an ab- 
breviation for y« *« ( I - « vfc. Remembering that cos » =» y 

and sin (u ifiy, wo havo 

L' ~ (i - y)Ti(uL) +yL + — yVLv, 
c 

or, using again the longitudinal stretcher c, of ratio y, 

I.'-y[il.+-jVLvl (7) 

and splitting into the real and the imaginary parts, according to (4), 

E'»y[iB+ivvM] 

' ‘ (7«) 

Or, finally, in Cartesian expansion, using 1, 2, a fhc rectangular 
components of the vectors taken along the direction of motion and 
perpendicular to it (right-handed system of axes), 

These aro the relativistic formulae for the transformation of the 
electric and the magnetic vectors, as obtained by Einstein. They 
agree entirely with those given by Lorentz in his modified theory 
(see p. 85). Notice that, in passing from the S~ to the .S'-stand- 
point, the longitudinal components of B, IdC remain unchanged, 
while the changes brought about in their transversal components 
contain the vector products VvM and VEv and the cocllicicnt y. 

Multiplying both sides of (5) by as a prefactor and by as a 
postfactor, wo have at once 

L-fiLU. ( 5 ') 

But 00 follows from 0 , and vice versa^ by a mere change of the sign 
of V, Thus, the inveree transformation, giving B, M in terms of 
E', M', is obtained by changing the sign of v in tlie vector formulae, 
or by writing instead of /? in their Cartesian expansions, and 
by transferring the dashes, to wit 

^s"y(^a'+W). etc., ’ 
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as the reader may also prove by solving {yb). This shows once 
inoro that none of the systems of reference is privileged. 

The invariance of electric charge, used at the outset, can now bo 
directly veriAed by diflcrentialion of the transformed electric 
vector or of its components.* 

The applicability of tlic above formulae of transformation is 
obvious. For, if we know a solution of the electromagnetic cliAcr' 
cntial equations for one of the legitimate systems of reference, we 
can deduce from it at once the solution for any other of such 
systems. Now, tho problem of integration may be much easier for 
one of these systems than for any other, owing to some particular 
simplicity of tho condilions us slated from the standpoint of the 
former system. Whence the advantage of tho metbod.f 

Tho simplest solution of the electromagnetic equations is an 
ehclmiatic Acid corresponding to a given distribution of charges 
(electrons), which arc nil Axed with respect to a legitimate frame- 
work, say S*. Tho ^-correspondent of this will be the electro- 
magnetic Acid accompanying a system of electrons in uniform 
Iranstaiioml motion^ with velocity v relative to or what is called 
n oonvooUvo flold. The framework .S' will be the rest-system 
belonging permanently to these charges. It will be good, before 
proceeding further with our general subject, to consider this 
example at some length. 

Let us suppose, therefore, that we have in S' a purely electro- 
sialic Acid, so that B'« - wliere »/»' is the scalar potential of 
(he given distribution of charge, while M' »o. Then, remembering 
that the inverse of the Arst of (70) is 

E-y[* E'- VvM'J, 
we shall have, from the 6 '-poiiit of view, 

i.L\, in Cartesians, 

lii « lif, IS 2 y/Vi 

* See Note 8. 

t The reader will find It awiful to cnmpnro this proccdiiro with that 
contnlncd In Loreiitz's 'Tlicoram of currospondiiig statoH,' as given In 
Chapter 111. 
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The second of gives us al once K in terms of 

M = -VvE = -VvE, 
c c * 


since the stretcher e acts along v, while the vector product is 
normal to v. 

Thus we have for the most general comecimfielA^ accompanying 
any system of charges which moves as a whole with the uniform 
translalional velocity v relative to 5, 


M-iVvE. 

6 


( 8 ) 


Hero E'a~V'0', the scalar function being the clcclroslatic 
potential of the given distribution of charge fixed in 5'. The 
problem is therefore reduced to findingj for cacli particular case of 
distribution, the scalar potential Observe that this is the 
scalar potential of E', while E has no such potential. Notice, 
further, that the magnetic lines, due to the motion of charges, arc 
everywhere normal to both E and the direction of motion. And 
since E' is coplanar with E, v, the magnetic lines arc also at right 
angles to E'. 

The gradient or slope VV' easily be replaced by V0'. In fact, 
measuring x along the direction of motion, so that 
and remembering that, by assumption, wo have 

3 .// 0 *// dif/ 

7ix dx'* dy^W' "Si “Os' ’ 

f.e. 

«vy-v«/A 

80 that the first of (8) can be written 

Thus, the displacement E, as already remarked, has no scalar 
potential. But the electHe force J|, or the pondcromotivo force per 
unit of charge carried along with S', has such a potential, exactly 
ns in Lorentz’s treatment, given in Chapter III. p. 8i. In fact, 
remembering that in the present case p «▼, wo have, by (n.) and 
by the second of (8), 

#=B+^VvVtB-B-/3*[B-u(<iB)], 
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or 

and by our last formula, 

J=-v (0 ( 9 ) 

Thus ^'fy is Iho scalar potential of the electric force. This is the 
convection potential of Chap. III., tlic above equation being identical 
willi formula (21) of that chapter, in which i was yp\ The same 
result may be deduced more directly from the transformational 
properties of the pondcroinotivo force, to be developed later on. 
Since y is constant throughout S'f the surfaces of constant cou' 
vection potential and those of constant overlap. We sec, 
therefore, that the lines of electric force ^ (but not those of 
displacement E) cut perpendicularly the surfaces of constant 
electrostatic potential of the rest'System, = const. The electric 
force and displacement of that system arc, of course, identical. 

To illustriitc the general formulae (8) of the convective field, 
suppose that the distribution of electric charge in ^ is in homO’ 
gcncous concentric spherical layers round 0 \ the origin of the 
coordinates or the origin of the vectoi's r'. Then </)', and con- 
sequently also E\ will be functions of / alone, and the lines of 
displacement in S' will be straight and radial or, say, 

B' »/(!•'). r', (10') 


where / is a scalar function of its argunient. By the fundunienlal 
formulae of transformation, r'««r-vy/. Now, since Ihe whole 
field, togellicr with the charges, moves past S without being de- 
formed, it is enough to consider it at one single instant. Let this 
be the instant /»o, when O' coincides with 0 , the origin of the 
6-coordinatcs or of all vectors r. Then 


and, by (8), 


B-r/M.r 

M-jv/M'Vvr, 


(10) 


so that the dielectric displacement in S is again in straight radial 
lines, while the magnetic lines arc circles norma) to the direction of 
motion and centred upon the axis of symmetry passing through 0 . 
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The whole clectromagactic field is symmetrical around this longi- 
tudinal axis. Since r«=€”V, or 

the spheres r' ^ const, become, in oblate ellipsoids of revolution, 
as in the FitzGcrald-Lorcntz contraction, i.e. having 


for their semi-axes. These arc known as Heaviside ellipsoids. Such 
then will bo the surfaces of constant convection potential, and tho 
lines of electric force (^), cutting these ellipsoids at right angles, 
will be parabolic arcs, contained in the meridian planes. 

If be the distance of a point from the axis of sym- 

metry, we have 

or also, denoting by 0 the angle contained between r and the axis, 
/ = yr^ I - sin*^. (i i) 

This is to be substituted In each particular ease for the argument 
of the given function / in (lo). 

Take, as the simplest ease of tho above kind, a single sphere of 
homogeneous surface-charge, or a Lorentz electron. Call its rest- 
radius R and its total charge e (which, as we know, is equal 
to «'). Then E*=o inside tho sphere r'«R, and consequently 
also E=o inside the oblato ellipsoid while at the 

surface of and outside tho electron* 


and therefore 
that is, by (ii), 


B'- 





r 

? 


( 12 ) 


with the magnetic force M =- VvB to match. For any given 0 the 

c 

value of E, and consequently ol^o that of M, are inversely propor- 
* In HcavlBlclo's rational units. 
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tional to the square of Ihc distance from the centre of the oleclron. 
The unit tubes of displacement, though everywhere radial, arc 
crowded towards the equator, and tho more so, the greater the 
velocity of motion. At any given distance r, the density of the 
tubes at tho equator is greater than that at tho poles or «■) 
in tho ratio I : (i 

From the above, widely known formulae the longitudinal and tho 
transversal electromagnetic mosses of the elecLron may be easily 
deduced in tho usual way, Tho flux of energy or the Poynting 
vector being 

3 U = VBVvB =.JS*v - (Ev) E, 

we have for tho elcclromagnclic momentum, per unit volume, by 
(30), Chap. II., 

where 11 is tho unit of v and Ei the longitudinal component of E. 
Integrating through the whole field (from to r'aoo) and 
taking advantage of its axial symmetry, we obtain, for the total 
electrome^elic momeiUiim, * 


whence the longititdinal eleclromagtietk mass of the electron and 
the transversal one, ntt, defined by ini — dGfdv, mf^Gfv: 


where 




(14) 


VI 


®“6jrc9A’’ 


(15 surf.) 


These are the well-known formulae of Lorentz, as mentioned 
previously. They arc vuliit for an electron of homogeneous surface- 
charge, In the case of voIumc-chai^c, we should obtain for the 
electromagnetic momentum I of the above value, so that (14) 
would continue to hold with »ig equal to ^ of the above, 

* Sco Noto 4 at tho Olid of tlio cliaptor. 
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The elcclromagnotic momentum can, in ciliicr case, be wriUcu 

(l6) 

Thus, m^, tile eloctromagncUc rcst*mnss, plays tlio same part as the 
rest-mass, of any origin, in the relativistic dynamics of a particle. 

cf. (24), ciiap. vn. 

To obtain the abcrrp.tion formula togctlicr with Doppler’s law 
on the electromagnetic tlicory of light, consider a train of piano 
monocliromalic waves of period V in the system S' moving rela- 
tively to S with the velocity 0 along tlic A^'-axis. As on page 172, 
let Uio rays bo parallel to the oT'y'-planc and enclose with the 
A;'-axi8 the angle 0\ Then B', M', and therefore also the olcclro- 
magnetic bivcctor L, will be simple periodic functions of the 
argument 

u' [#' cos O'+y' sin $* - rt'], 
say L^BtL/sinw'. 

Since sin «' is an ordinary, scalar quantity, we have, by (5'), 


L^^Xgsin M=sin u'QLq 

so that ii! is an invariant, and the wave propagation in Iho system 
S will be given by 

u [y {x - 0/) cos + y sin O' - y (ri - j8.v)] 


or 


2Jry(l 4*^ cos 

mi 

"x iP + cos O') + y-iy sin O' 

cT 1 

I + cos 0* 



Thus, if wo write 

« [x cos V -hy sin 0 - tf/], 


so that T will bo the oscillation period and 0 the inclinalion of 
the rays from tlio i^-slaiidpoint, wo shall liavo 

^“r(l+J'coafl') 

which, apart from the factor y, is the familiar formula of the Doppler 
effect, and at tho same time 

^cosd* 

+/8co8 0 *' 


sin 


sin O' 

*y(l +/^ cos 0^)’ 
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The second of Ihcso forniulao follows from tho first, the sum of their 
squared right*hand members being identically equal to i. Either 
formula expresses tho relativistic law of aherr(Uion. Dividing the 
second by the first, we have 

. sin 

identical willi the aberration formula (13), deduced on page 173 
from tho addition theorem of velocities. 

Having for tlic present sufficiently illustrated tho transforma- 
tional properties of tho electromagnetic bivector, let us return 
to our general subject. 

Consider again the equation 

Dh^C (i.«) 


embodying in itself tho whole of the electronic dillcrcnUal equations 
(i.), and showing at tho same time their invariance. Operate 
upon both of its sides with Dt, Then 


ButZ)<,D is the Dalmberiiatt, 




3* 38 Q* I 38 

'S« 


□1 


and this is a purely scalar operator ; that is to say, if applied to a 
scalar it gives a scalar, and if applied to a vector il gives again a 
vector. Now, Ii is scalarlcss. Therefore 


SDjC=>o. (17) 

This is eqmUon of mtiimily. In fad, its developed form is, 

by (2), 

.^^l-div(pp) = o. 


But this only by the way. 

Next, introduce an auxiliary qiialcrnion <I>, satisfying the dilTcr- 
cnlial equation 

(18) 


and the supplcmcntniy condition 

(19) 

Then, when < 1 * is found, for any prescribed C, the electromagnetic 
bivector will bo given by 

L--Do*I*. (20) 
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Now, DJD »Q being Ihc norm of D ~ will be an invariant, as 
was already remarked on p. iii. Therefore, by (i8), will be a 
physical quaternion, having an imaginary scalar and a real vector. 
Write it, tlicrcfore, 

= (21) 

and call it the potentlal>(taatemioa, since the whole electromagnetic 
bivcctor is derived from it by simple differentiation, 7 'hc corre* 
spending world*vector is called the foW’-potenliai. 

The scalar part of is t times the usual scaiar poteniial, and its 
vector part is the vector potential. In fact, splitting (20) into the 
real and the imaginary parts, we obtain at once 


M-VVA^curlA, 




while the condition (19) becomes 


10 ^ 


+div A 


=0, 


and these arc the familiar formulae of tho electron theory, ns 
used incidentally in Chapter III., p. 80. The dilTcrcntial 
equation (18) splits, of course, into the familiar pair of equations, 

a- -Pi DA- 

identical with (16), Chap. II L 

According to (21), 0 and A arc transformed as cl and r. Thus, 
for instance, if wc have in 5 ^ a purely electrostatic held, i.e. if 
/{'■no, then, for the convective hold, as estimated from the 
.S-standpoint, 

y = y«f 

as mentioned above, and 
as in (19), Chap. III. 

So much as regards the potontiahquatcrnioii and its relationship 
to the electromagnetic bivector. 

Next, observe tliat instead of wo might equally well 

have taken the complex vector 


(22) 
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which can bo called the eomphumtaiy electromagnetic bivcctor. 
Then wc would have obtained as the condensed equivalent of the 
fundamental equations (i.), instead of and in exactly the same way 
as (i.n), 

(a) 


where Ct is tlie conjugate currcnt*quaternion /}(i’<p/o). Operate 
on both sides of this equation with D, Then the result will be 
And since the Daiembertian Is an invariant, wc sec 
at once that E is a nghl-handed physical bivcctor,* i.e. that 

R'-GRG«. (33) 

Henceforth E can be considered as the standard of all such bi* 
vectors, just as L became the standard of the left-handed ones. 
Obviously, the difTcrcntial equation (i.fr) is invariant with respect 
to the Lorents transformation, t.e. 

(i.n) and (i.&) differ, of course, only formally from one another ; 
each, when split, gives the four electromagnetic differential equa- 
tions (i.). Thus, as far as the equations of the field and all their 
consequences arc concerned, wc do not need both L and E, but 
require only one of them at a time, 

l^r some other purposes, however, the simultaneous use of both 
bivcctors will prove to be very advantageous. 

Their symbols, being the initials of ' left ' and ' right,’ arc chosen 
so as to remind the reader of their transformational properties. 
In connection with those, L can admit a physical quaternion, co- 
variant with q, only on its loft as neighbour, and R only on its 
right. And vice omn, if the neighbour is oqni variant with qo. 

Now for the outstanding proof of the invariance of the funda- 
mental formula (11.) for the ponderomolive force. To obtain this 
proof wc have only to write that formula in terms of legitimate 
relativistic magnitudes. 

If wc multiply our left-handed electromagnetic bJ vector, on tho 
left side, by any physical quaternion then, as in (40), Chap. VIL, 

* This pruporty d( R i iB may also be deduced directly from that of 
1 oK '-(S. For It Is onsUy proved that If (for any pair of real vectors A> B) 

A ~iB Is a le/t-Aanded physical bivcctor, 
then A i iB is a right-bandeil physical bivcctor, 

and vice versa, (Sac Note 8.) This simple Ihoorom will be found usoful 
later on. 
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the resulting product will again be transformed like q. Now, tho 
current-quaternion C being precisely such a quaternion, consider 
the full product 

CL. 

This then will again be transformed by Q[ ]Q. Develop it, by (2) 


and (4), 

Then the result will bo 


where 

CL-=J 7 +tF„, 

(24) 


i 7 -pj^i(pE) + E+^VpMj 

(241?) 

and F„, 

the magnetic analogue* of this, 




• (24w) 


Now, the vector part of F is exactly F, tho pondoromotivc force per 
unit volume, as given by (11.), and the scalar part of F is i/c limes 
the activity of this force, Tims, 


F=i(Pp)+F. 


(25) 


Observe that tho whole product CL, though covarinnt with tho 
standard g, has not the structure of g, since it is a full biqiuitcriiion, 
in the Hamiltonian sense of tho word. But F, and its mugiu'lic 
analogue, have each the structure of q, i,e. a real vector and an 
imaginary scalar. 

Similarly, the complementary B being a rightdiandcd hiveelor, 
multiply it on tho right side by C. Then the product EC will agai 11 
be transformed by Q[ ]Q. Develop it. Then, by (2) and (22), 


EC= [2t\a) 

with precisely the same meanings of F and ns above, 'rids 
again is a full biquaternion. 

Now, since botli biquaternions, CL and EC are transformed by 
fi ( ]Q, this will also be tho relativistic transformer of their sum and 
of their difference. Leave alone tho sum, which would give the 


The readw will have roraorkod that in this and in all ollior onsos the 
i® «lo®trlo original, and viet versa, hy 

It Inimediate ph^ioal moaning. And since wo shall need P only, 
it scorned oonvoniont to leave it witiwnt tho subscript «. ^ 
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physically uninteresting and take half the difference of (24) 
and (34a)* Tiiis will give 

{u.a) 

Thus, we see that F taken by itself (as well as F„) is cquivariant 
with q. And since F has also the structure of q, it is a physical 
quaternion, and may as such be called the forao-aaatsmloa psr nnlt 
Toimna, It has a dynamic vector, the ponderomotive force per unit 
volume, and an energetic scalar, proportional to the activity of 
that force. 

At the same lime we have obtained for F the expression (ii.a), 
and we know that the vector part of tliis is equal to P as given 
by (ii.). Now, (ii.a) transforms into 

and tho vector pari of this quaternion equation is again 

P'-p'[E' + -Vp'M'l, 
c 

which proves explicitly the invariance of the formula (ii.) with 
respect to the LorenU transformation. 

Thus, the whole of the fundamental equations for tho vacuum, 
os (i.) and (11.) arc called, satisfy rigorously the principle of rela- 
tivity, and it was for this reason possible to incorporate them 
entirely in the new doctrine. 

By (35) we have, idcnlically, 

S/«Co = o, (26) 

and therefore also, by [ 2 a), 

SFY.^o. (27) 

In four-dimensional language we should say lhal the fuur-forcc, 
equivalent lo the quaternion F, is perpendicular lo the four- 
current, and consequently also lo tho world-lino of the clcmenl of 
clcclric charge acted upon. Wo met with this properly when 
treating the dynamics of a particle moving under tho aclion of a 
force of any nature whatever. See (21), Chapter Vlf. 

Notice lhat what is, in our present case of olcclromagnetic 
aclion, a physical qualernion is tho force-quaternion F per unit 
volume. That is to sny, what is Irmisformcd ns r (and ct) is P, 
the pondcromolivo force per unil volume (and times ils activity), 
and not the total force acling upon an electron or upon ils volume- 
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elemrat. The latter is not the vector part of a physical quatornion. 
But, on the other hand, we know that 

yp X volume 

is an invariant. Therefore 

yp X vol. X 

tliat is to say, yp times the force-quatemion calculated for any particle 
of electricity is again a physical quaternion. Such then is the trans- 
formational property of pondcromotive forces due to an elcclro- 
magnetic held. 

Now, if one of these forces is in equilibrium with a force of 
any other origin, from the slandpoinl of the system S* (so that 
the particle acted upon is at rest or moves uniformly with respect 
to that system), then these two forces have also to balance each 
other when estimated from the standpoint of any other legitimate 
system S. For relatively to 5, tlie particle in question will move 
uniformly, Hence the requirement, that ponderomotive forces of 
any origin should be transformed in exactly the same way as those of 
electromagnetic origin,* i,e. so that 

ypftotal force times its activity] 

Here * total force ’ means the force acting upon a particle whoso 
velocity relative to 5 is p, or upon a body of any dimensions if all 
its parts happen to have the same velocity, 

Now, what in Chap, VII. has been called the Newtonian f<)rce,‘ 
N, satisfies exactly this relativistic requirement. In fact, according 
to the formula (i8) of that chapter (where y stands for y,,), 
yp(N + tlO=^ 

is a physical quaternion, and, as wo have seen, m** i(Np). Itio 

c 

precisdy for this reason that the Newtonian force, not the Min- 
kowskian, has been considered as the force, and tlio magnitude 
«ff*(y-l), whose rate of change is equal to (Np), as the (kinetic) 
energy of the particle. 

This procedure of transferring the transformational pro])ertios 
from certain physical magnitudes to others of the same kind is an 
important feature of tlic theory of relativity, 

* ^is Axes, of courso, only tlw tmnsforniallonnl ]>i’operlloa of forces of 
any Wad, Avlthout compelling ns, howovoi*, to allributo to all sucli forces u 
common clociromagnetio origin. 
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Aflcr lliis shorl digression of a general nature, let us return to 
our electromagnetic subject. 

The formula (li.rt), obtained above for the forcc-qualcrnion 
has nothing to do with the dilTorcntial equations (i.) of the electro* 
magnetic field. It is only another' form of the original formula 
(ii.) for the ponderomotive force. Now, use those differential 
equations in their qiiaternionic condensation (i.a), that is to say, 
substitute C=J9L. Then the double of the forcc*quatcrnion 
will bo 

27 i*»i}L.Ii~B./ 3 L, (28) 

where the dot stands for a separator, stopping tiio difTcrcntialing 
action of D. This formula, when subjected to a slight, though 
somewhat peculiar change, will prove to be very convenient for 
further application. The peculiarity of the formal change alluded 
to, consists in this, that it retiuires us to give up an old habit. 
Hitherto, in conformity with the general convention, wo iiave 
always used the dilTerenlial operator 1) as a ' prefactor,' 1 . 0 , acting 
forward only, just as an ordinary scalar dilTerentinLur, such as 
d/iV, is used. Now, the position of a scalar being a matter of in* 
difTerence, it would be utterly useless and extravagiint to write 
for instance, behind the scalar or vector function to bo diflerenti* 

chr 

nted ; for such expressions would mean just the same as ^ or . 

But the case is difrerenl when the difrurenlialor has the nature of a 
vector, as the Hamiltonian V, or of a (|ualernion, as D, Since the 
multiplication of vectors, and more generally of (jualernions, is 
non-comimitalivc, wc obviously deprive ourselves of possible 
advantages if we limit the role of qua tern ionic diirerenlial (or other) 
operator to that of prcfaclors. llencerorth, Ihcrefure, we shall 
use 1) as an operator aeting bolk fonvartl and backivard* i.c. as both 
a prefactor and a poslfaclor, and wc shall, for instance, write 

(ap) 

where the dots slop fJ's dilTerciiliaLiiig power, and where the 
brackets (which could also he omitted) arc used for belter emphasis* 

* T<t cut Nhork nay JiiHlitiualiim of this deimrliiru from eimvention we 
could ru])etil liere Oliver IfetivlHldu's wonls, who, in a similar sitiiiLlloii, says 
simply : ' A cart may he pidlisl or pushed.' Then, as rcKaixts noii'dllfur* 
uiitial operators, we have leanusl long ago from J. W. Ctlbbs to employ 
liucav vticlor operators us belli post/aelors ua<l prefaelors. 
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ing the bilateral action of the enclosed operator. The only thing 
to bo still explained in this symbolism is the meaning of "RD^ 
which is unusual inasmuch as the operator D follows the operand. 
Now, if D were an ordinary quaternion, tlmt is a quatcrnionic 
magnitude, with r, v as its scalar and vector parts, wo should have, 
by elementary rules, 

RZ? « Rj + VRv - (Rv) - 5R - VvR - (vR) . 

Writing tlieroforo dfdl instead of s and V instead of v, the plain 
meaning of RD will bo 

RZ) - VVR - (VR) = ^ - curl R - div B. 

This settles the question. Notice that DR could not be used for 
relativistic purposes, since R is right>handcd. 

Now, to see the utility of RD, return to {i.b), by which Z 73 ‘°^o> 
Talce tlie conjugate of each side, and remember that Ron -R. 
Then, by tlio rule of conjugate of a product, 

-RD^C 

Consequently, by (i.a), 

Z 3 L=.-RZ?, 

and, substituting Uiis in (28), 

2F- -RZ).L-R.Z)Ln -R[Z)]L. 

In this way wo obtain tlie required short expression for the 
f0rce^quatemion^ in terms of tlie electromagnetic bivcctors, 

i?=.-iB[£>]L. (n.6) 

Thus, R[ ]L, when applied to D, or more correctly, when exposed 
to tlic bilateral diilcrcn tinting action of D, gives the forcc>quatcr- 
nion. We shall see in the next chapter that tlie same operator 
»[ ]!■. when applied to an ordinary vector, viz. the normal of a 
surface-element, will give us the corresponding stress, and, when 
applied to a scalar, the density and the flux of elctromagnctic 
encigy. 

As regards the matrix-equivalents of our blvcclurs and quaLornioiiic 
equations, it seemed preferable, for the sake of avoiding confusion, 
not to insert them in the text of this chapter. Some of these 
equivalents are given lii Hoto 0, which, together with onr proviotis 
romarlcB on matricos (Chap. V.), will pcrlmiis bo found siiflicioiit. 
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NOTES TO CHAPTER VIII. 

Note 1 (to page 206), Tako Arst tlio caso p^Q, that is to say, 
consider the equations (i.) outside tiio diarges. Measure x along v, 
the velocity of S' relative to S, Tlien 

and the equations 

I 9S, 9ikf, 9M, , , 

c Zt W 

and 

will be transformed into 

y^w ^y^s? 

and 

ZE. „ 9E, 9Ej dEs 

Take the sum of Uio first and jS times the second of these equations. 
Then the result will bo 

” 'J' ’ 

Thus the form of the c(]iiation (a) reappears. Treat similarly the 
remaining equations contained in (i.). Then the whole of these 
equations, with p^o, will reappear in clashed letters, thus : 

I etc 

f 't)/' ” 9/ “ cW’ ' 

where 

£ / ^nv). £ 1 . £v = («) . 7 {Et - Ji,' ^n«)-y (/i'. + m. 

= M/ = ^{i;).y(ilf, + /i/i.), M,' ^^{v) filC,). 

the common factor ^(v) being thus far an indclcriiiinalu function of v, 
which for v^o reduces to unity. Jiiit solving the lust si.x equations 
with rc^spcct to tlic noii-dashcd coinponcnls and claiming ciiual 
rights for the systems S and .S', wo obtain at once 

and, for reasons of synnnetry, 

yjf{~v)=if^(v)t 

so that 


= TiV 7V»yyj'» \ 


{&) 


and those are the required formulae of transformation, identical 
with (76) of this chapter. 

Next, pass to the general case of divEB>p>/iO. llring in* the 
omitted terms pPi, etc., the components of pp, and, by moans of tiio 
S.R. 1' 
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addition theorem o£ velocities, express p in terms «£ p' and Vi I lion 
the whole of tlio general cq^natioiis collected under (i.) will rcni>peai* 
in dashed letters, thus : 


whore 

or 


a?'®*’" 


p'-div'E'^'y^i 


( 0 ) 


and where the components of E^ M' are still connected with llmso of 
E, M by tho Jormtdae (6). The details, similar to llioso forp^.o, 
may bo loft as an exorcise lor tlio reader. Jly working it out fully ho 
will convince himself best of the advantages of shortness and 
simplicity offered by the quatcrnionic mothcKl employed for llio 
same purposes in the text of the chapter. 


Note a (to page 209). The dlilercncQ of the magnolic energy Um 
and the electric energy Ue, 

{M* - Ii») dS, (rt) 

has been called the tagronslaii ftinottoa, bccaitao it has been romorki'd 
that the fundainental electronic equations, (i.) and (ii.), can be con- 
densed into a single variatlon~lorimiIa having the sir iic lure of 

iV, 

Hamilton's Principle (or the principle 'of least action Hf .••*-->0, 

in whicli precisely that dificronco of the two kinds of energy apjiears, 
along with other possible terms, under the sign of iiilogniUon. 
This result is hardly more than a purely formal coiidenmilion of ll»l^ 
original equations. And since some writers have u Hr I billet I l«i it 
an exaggerated mechanical or dynamical signiflcance, it may bi* well 
to give hero a short sketch of tho bare result and of the inellHid by 
which it is usually obtained. 

Consider a region of siuico, lioiindcd liy the surface ir, lixi’d in one 
of those systems S in which the equations (t.) anti (n.) hokl. I.el 
piaQ at each of the points of the surface tr, wlitise clunt'c is tdhci’wlHti 
arbitrary. Let the space region, whoso vohnnc-eleiiients will be 
denoted by d.S', contain any system of electroiis, or more gont*mlly, 
of charges whicli may bo either free or impristmetl in pai'U(‘li‘.s t)f 
matter in the ordinary .sense of llio worth Let ttie ' vjrtiuil fljH< 
placement ' consist of a space displacement Sx of mat lor niul alcrlroii.H 
and of a local variation SB of tlio electric vector. Lot Sr anti SB 
bo such contimioiis functions of time and space, us leave the cluirgt* 
of each olemciit of mailer unchanged. With this assitmplion, aitil 
since p«divB, the distribution of the hifmilcsininl vector 

S'OsfiE+pSr (/i) 
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will be Bolonoidal, 4^. sudi tliat (liv(,S'0) =»o. Lot W bo tho infini- 
tesimal virtual work of tho ponderomotivo forces of electromagnetic 
origin only, i.e. by (ii.), 

j{■pBt)dS^ /p(8r[B+-^ VpMDdS. 

Then, by tho clilforoniial electronic equations (i.), and after a long 
but easy calculation (tho details of which, together with tlio literature 
of tho subject, will bo found in Lorontz's article In the Ent^klop, 
Aer matliematischen Wissenschajtm, Vol. V„ pp. 167 et seq. ; Lelpsic, 
1904) : 

W - S(l/w (8'Um) - J (Xn) diT, {c) 

where X is the iiifinilesimal vector 

X» VA 8M - + VB m, 

A being tlie usual vector potential, so that curl A> The symbol 
8^' denotes the variation which would correspond to a change of the 
total electric current 

0 +/)P => c . curl M 

by 8'0, tho elements of matter being kept fixed. This amounts to 
defining 8'M by c . curl S'M = 8'0, so that 

li'U^^j{llLm)dS= J(m, cnrlA)dS 
= J(A curl 8'M) dS+J (nVA S'M) d,r 
(A 8'0) dS + j (nVA 8'M) d,r. 

Such then is the value of the variation appearing in tho second tor in 
of (c). But this only by the way. 

Now, let O' expand iiidcrinitcly. Tlicn, in virtue f>f the usual 
assumption as to the behaviour of tho field ' at infinity/ tlie surface 
integral in (r) will vanish, and 

On the other hand, if T be the usual kinetic energy of matter and V 
the potonlial energy, corresponding to the forces of non-electro- 
magnetic origin (which are supposed to bo conservative), wo have, 
by d’Aloinbort’s principle applied to the ordinary, non-elcctro- 
magnotic masses fn of tho system (if there bo any such masses). 

Any relativistic amendment of d'Alembert's princixilc is hero dis- 
regarded. Combining tho last two equations, integrating from f 
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to(==^, and assuming tliatSrjuid 5E vanish attlicso limiting litno 
instants, we obtain, finally, 

8r*(i7m-t/a+r-F)dl=o, (a) 

that is to say, Hamilton's Principle, in which to the ordinary liiiicllc 
energy the magnetic energy and to tho potential energy tho 
electric energy Ue is added. In. particular, it tlie whole energy is 
electromagnetic, as in Abraham's theory, wo have simply 

S f‘Ldt«>8p(Um-Ue) {/»•) 

Jti jii 

Tlie more general equation (a) corresponds to the broader view Itold 
'by Lorentz. 

Tlius, L^Um’^Ut plays tlie r61o of tlie Lagrangittit funcUon. 
Conversely, assuming 3E/3<+pp«c . curl M, with p=divB, and 
divM=o, the remaining fundamental electronic equations, i.o. 

« -c . curl E and P ^ VpMj, 

can bo deduc^ from («). For slowly varying motion of Iho electrons, 
formula (d) gives at once tiro ponderomotive forces of dcctromagnoUc 
origin, corresponding to any set of configurational paramotors, in tho 
well-known Lagranglan form, 

RemembM that what is invariant with respect to the LoronU 
transformation is tlie Lagranglan function per unit volume, i.e, 
i(M* - £*) . But since y^dS and dtfyp, and consequently also dS . dt 
are invariant, tlie element of ' action ' 

L dt <= — Ufl^ dt 

is an invariant. And so also is the wliolo * action ' dt invariant 

with respect to the Lorentz transformation. It may bo iiolicctl 
here ihat tliis is only a particular instance of a gcneial tliooroin of 
relativistic dynamics, obtained by Planck. 


Note 8 (to page an). Differentiating hV-F,, W.) 

and F, "yiEn+fiM^ with respect to y' and z' and passing lo 
X, y, z, we obtain the formula (c) of Note l, in whicli y « . Tlius, 

/>'=r»[i-3(vp)]p. 

Now, by tho addition tlieorem of velocities (see Chnn. VI ntul 
especially formula (6), p. 167), ^ *' 

yi>“yi»yy[i+^(vpO]j 


yi»'=y»yi>[i-|r(vp)]. 


whence, by inveidon. 
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Tlitia p*lyf/ *=^plypt siiico yp'dS'=‘ypdS, 

p*dS*eapdS, 

which is Iho required verification of tho invariance of electrical charge. 


Kobe 4 (to page 215). Using tho formula obtained for g on 
p. 215, wo have, for the electromagnetic momontnm of tho whole 
field, 

jgdS^^J[E>nSi^]dS, 

where u is tho unit of v and i?i tho longitudinal component of E, 
If Et is tho transversal part of E, tho bmcketod terms may bo 
written 

and since tho field is, in ilio case under consideration, symmetrical 
around u, tho transversal terms cancel one another in tho x>roccs8 of 
integration, so that 

For a Lorents electron of hoinogonoous surfacc'chargc. 


E> 




..ir jp 

and E « o inside tho electron. Writing, thoreforo, r* - ;«r* » s*, wo have 




where tho integral is to be taken throughonl tho 5 >spacc oiUsido 
the ellipsoid f' = (y*;r* + s*)^ = if. But since this cilipaokl is, for tl\o 
5 '-standpoinl, a sphere of radius R, it is easier, of coiinto, to porforin 
the integration in tho .S'-spacc. Thus, roinombcring that s=s* anil 
dS^dS*ly (or that tho functional determinant of x, r. « Avith respect 
to x*, y, x' is jfy), 

I If,, 


so that 


and 


'SyJA f'“ fiWy’ 


G. 


e*y 


0 =Cui 

which is tho required formula. 


e*y_ 

'Oifc»ie 


V, 


Mote fl (to page 2x9). Lot A, B bo 'A pair of real vectors and 
A - a loft-handed physical bivcclor, i.a, such that 

A' - tB'«(3.[A - *B]0«C,A0 - 
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This splits into 

A" -re. Q„AQ - 1 . imag. Q„BQ \ 

(B' » » . re. QJiQ ~ imag. QcAQ,} 

where ro. and imag. stand for ' real part of ' and ' imaginary part of.* 
Now, since Q has an imaginary vector and a real scalar, and since 
•is the conjugate of Q, it is obvious that 

re.0eA0=re.OA0„ 
imag. 0,A0- - imag. 0A0., 
and similarly for B. Therefore, by (»), 

A'+iB*-re. gApa+t . ro. 0B0*+im’ag. 0A0 .+t . imag. flB0» 

“ QAg, + 10B0. - 0 [A + tB]0a, 
that is to say, A+(B is a right-handed bivector. q.s.d. 


Kots e (to page 224). Our physical bivector is eQuivalont to 
Minkowski's space-UntB vector of the second kind and to Sommerfcld’a 
six-vector, Minkowski represents this world-vector by an * after- 
nating ’ matrix 


o, hu, hu, hit 
A.1. o, k„. hu 

^3n fhit O, Am 




^41 * Am, hit, o 


subjected to the transformation rule 

h'^'AhA, 

A being the same matrix as in (36) or (40), Chap. V., and A tlie 
transposed of A. Tlio analogy bct\vcen ii*-0,li0 and the last 
transformation formula is seen at a glance. But the multiplication 
by a quaternion is actually less troublesome tlian the application of 
a matrix of 4 x 4 constituents. 

The matrix h is built up of six independent constituents (not 
counting the diagonal whidi is always tlie same). Out of these six 
constituents three, not containing the index 4, are real, and the 
remaining tliree imaginary : 

A|8i Aji, real, 

Ai4i A«, Am imaginai'y. 

Along with A, Minkowski uses the corresponding * dual ' matrix 
which ho denotes by A*, and which is again an alternating matrix, 
to wit 


A* 


Am» Am, Aia 
A 48 » O, Ajj» Aat 
Am, A4|, o, Au • 
Aast A|j, A|i, o 


Tills is transformed like A. The product of both matrices, 

A*A = AmA ]4 4- AiaA|4 + htihu, (a) 
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whicli iH also tho squaro root of dot h, and 

/ijB* + All* + An* + An* + An* + An* (A) 

aro invariant with rcspoct lo tho Lorcnts iransformation, TBoLh of 
thcso invariants aro contained in tho sqimro of onr physical bivcclor. 
T^t, in particular, 


A,#«»Afj, Abi«»M|, AnwAfg \ 

All** ^ t7?i, Ag| ^ A|4*® “ cRb* J 

Then tho matrix A will cori’cspond to tins electromagnetic bivector 
L » M (E. (In Sommorfeld's fonr-dimonsional language wo should 
say that tho magnetic components arc projections of tho six-vector 
A upon tho planes yz, zx, xy, and -i times the electric comi^ononts 
tho projections of A upon the planes xl, yl, zl.) With this particular 
meaning of A tho matrix form of the olcctronic diffci'ontial equations 
(i.) consists of the equations 


lor A =a - s 1 
lor A* = 10 , } 


(rf) 


the former embodying the first pair and the latter tho second (xiir of 
tho equations (i.). Hero s is the curront-matrix, 


£i P> ih 


cori*c8pnnding to the curront-quatermon Cc=/j(t + p/c). Hoth of tho 
equations (^1) are contained in our Dh =» C. The two invariants (n), (A) 
bccume, in virtue of (c), 

and i(EM). 


Hotli of thcso arc contained in L*. Tho pondcramolivo force F, 
(ii.), and its activity aro given by the matrix ~sh. In fact, taking 
the pnxhict of s into A, by tho rule given in tho Note lo Chap. V., we 
obtain 


i.e. 


ole., 




(0 


Since s* = vl ,asin (37), p. t<| r, and A' >=>/lA^, wohave .t'A^ showing 

that the four-dimonslonal force, per unit volume, is indeed a world- 

vector of the first kind. Its qiiatcrnionic uciuivalcnt is V = *(Pp) -| P, 

c 

the forco-qiiatornlon of this chapter. Tho expression RC-C'L in 
formula (ii.a) takes the place of tho matrix 2 zh. 

The vector form of tho fundamental cloctro- 

magnetlc equations, ns used by Sominerfeld and Laue, is more 
advantageously truatcil ns a special case of tho gonoi'al ton&ov form 
of thcso equations, and can therefore bo relegated to tho theory of 
General Relativity, See Gimp. XI. et se^, , 
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ELEOTBOMAaNETIO STRESS, ENERGY AND MOMENTUM. 
EXTENSION TO OENEBAL DYNAMICS. 

In the preceding clmptcr we have seen lhak the fundamental 
electronic equations arc invariant with respect to the Lorcnlz 
transformation, and we have obtained for the forcc-quaternion 
per unit volume, i,e, for 

7r-j(Pp) + P, (I) 

tho short formula (n.2^), p. 324, 

i?=-iR[i)]L. (2) 

Hero D is intended to operate on both R and L, and tlic only 
oilicc of the brackets is to remind us of the bilateral differentiation. 

We shall now deduce from this formula the electromagnetic 
stress f„ together with the density and the flux of energy, All 
these magnitudes have already been treated in Chap, II. But now, 
in virtue of (2), they will appear in a form which will disclose at 
once their transformational properties. 

Take first tlic scalar part of (2). This gives, by (i), and since 


SRL--.(1U:.), 

J(Pp)-l|(BL)-i(livVBL, 


or 


( 3 ) 

whore 



«=J(RI.) 1 

(4) 


lJ»i?VLR. 1 


332 
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Kcmciiibcring the meaning of L and R, the reader will see at once 

that (4) are identical with the familiar formulae 

Jt) ="cVEM, But the form (4) will better answer our purposes. 

Thus, the scalar part of the equation (2) expresses the conserva- 
tion of energy, giving the fiitx of mergy or the Poynting vector 
along witli u, the density of eUclmnagnelic mergy. Both of these 
may also bo condensed into the full product, 

iRL--tt+-U. (4«) 

c 

It is hardly necessary to say that this is not a physical quaternion,* 
But the formula recommends itself by its shortness. 

Next, consider the vector part of (2). This is, by (i), the pon- 
dcromotive force, 

P=-i|vBI.-iVE[V)I., 
or, by the second of (4), 

Writing V=iD/ 0 A;+j 3 / 9 y H-kS/cls, and remembering that both R 
and L arc to be diiTcrentiated, we have 

VB[V)I,-^VBiI.+|;V»jL+5VRM.. (a) 

On the other hand, if / is a stress-operator, i.e. if 

/n = f„ 

is the pressure, pur unit area, on a surface element whose unit 
normal is n, and if wc write in particular, as on p. 48, 

fi-tu /k = fa, 

the corresponding resultant force per unit volume will be 



Clf, ()fj 


* R la not the right sort of neighbour for L. 
and similarly, 


In fact, R'L'«Or,»0L|3, 
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which is exactly of the form of (a)» We sec, therefore, that 

p Bff M * 

3a’ 

where as on p, 51, and where, for i, j, h, and lienee also for 

any unit vector n, 

/n=f;,-JVRnL. 

This is the required formula for the stress. Multiplying out the 
right-hand side, the reader will easily obtain 

-’il.(Rn) 

=«n~E(En)-M(Mn), 


which is the Maxwellian stress, (20), p. 48. But tlio above form, 
obtained directly from (2), is more appropriate for our purposes. 
Again, since the stress is irrotational, or since / is a symmetrical 
Operator, we have / 1 = 1 /, etc., so that wo may write, in the last 
formula for F, 


dy •' * 


where / is to be considered as a dyadic. (See Note 1.) Had wo 
used this short form at the beginning, we might have obtained the 
above formula for / even more directly. 

Thus, the vector part of the equation (2) gives for the pondcro- 
motive force the expression 

( 5 ) 

where g, the electromagnetic Momentum per unit volume, and /n, 
the stress for any orientation of n, are determined by 

g-S=^VLR (6) 

C^ 2c 

and 

/n = JVEnL. (7) 

On the otlier hand, the scalar part of (2} contains the principle 
of energy, (3), and gives for the density and the flux of energy the 
expressions (4). 

In (7) wo have the vector part of a product of three vectors. 
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Now, Uio sculni: part of this ternary product is 

SBnL "SRVnL « - (RVa)L - (nVBI.), 
so that, by (4), 

JSBnL-i(Dn). 

Consequently, the full product will be 

iRnL-i(|Jn)+/n. {7(t) 

It will bo convenient to combine this with (^n) into one formula. 
Let cr bo a real, but otherwise arbitrary scalar, and let us intrO' 
duce for the moment the auxiliary quaternion 

fe = nr+n. 

Adding ur times (4n) to (yn), we have 


IMh [(tJtt) +/n - ~ { 3 . (8) 


This is valid for any k, that is, for any direction of n and for any 
value of <r. 

Since (2) transforms into itself, i.e. into for any 

legitimate system S', the same thing is true of the equation of 
energy (3) and of the formula for the ponderomotivc force (5). 
Both arc invariant with respect to the Lorentz transformation. 
Thus we have, in 


and 






-vr, 


where g* « ^7^” where |J', u',/' arc determined by the previous 
formulae, {.e. also by (8) with dashed letters. Remember that /' is 
the strcss'opcrator in S', so that if n' is a unit vector, f'n' ’=>tn‘ is 
the pressure on a unit area whose normal is n'. 

What arc the connections between f' on the one side and 
|], n, f on the other side } To answer this question, return to (8). 
Take for k a physical quaternion, so that 

k' ™ ur' + N' •» ur' + N'n' «= j2^l3i 
i.e, 

tr' ««y[<r — i(vxi)], « en — * ytrV, 

C € 


(9) 
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n' being the unit of K'. Then K/;It will also be a physlatl (jua* 
ternion, stq. Denoting, therefore, by ( 8 ) the right sitle of the 
equation thus numbered, and by ( 8 ') the same expression with 
dashes, we have 

iKW^(8')=^0(8)j3. 

Writing down j3(8)j3 and equating its scalar and vector pnrU l« 
the scalar and vector parts of ( 8 '), wo obtain the two rehilinns 

r [j m - «<] - 1 [(v/n) - J (Jlv)l -I ()D'N') - 

m which v is the velocity of S* relative to S and « our previous 
longitudinal stretcher of ratio y-=(i Now, since these 
relations hold for any value of o-, take first ir*=o, and then imi, 
and remember that, by ( 9 ), 

No'-cn, 

~ ®‘o^ “ y» Nj' - Nq' «a - 5^ Vt 

c 

Then of tlio four relations, obtained in this way, one, containing 
the n-component of — /v, will turn out to bo a consccpunice of 
the tliree otlicrs. 

These three relations, after a simple rearmngcnient of terms, anti 
without Cartesian splitting, give us the required relativistic traus- 
fomaiion of the density and the flux of electromagnelie eneri>y and 
of tile stress in the short form 


M = «' -I* ^ (JJ'v) + 1 (v/V) 

'7-A+J,[r+«'v](v .hj(<r . 


(i(») 


The first of these is a scalar equation, the second a voctoriul one 
while in the last equation the stress'opcrator/is written as a dyadic • 
hence the open parentheses. Introducing on both sides any unit 
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vector n as operand, and closing the parentheses, we obtain tlie 
corresponding pressure f»=/n, thus ; 

Ifn m + «V](vn) + , cn). 

Remember that e is a symmetrical operator, so that 

To obtain the stress in its more familiar form, take the usual 
system of normal unit vectors, 1 along and j, k at right angles to the 
direction of motion. Write in turn u»i, J, k, and remember that 
dwyi, isJ=J, Then 

gf3“=V+^tV* 

Splitting each of the stress vectors fi, etc., into its three rectangular 
components along the same set of axes, wo obtain nine stress 
foriiiulao which contract to six, since /i2^=‘/8n etc., and 
etc. Treating similarly the first two of the equations (lo), wo have 
for the transformation of stress and of flux and density of energy 
the ten Cartesian formulae, which were first given by Laue, 

/ii “ "a 

/ai^y(/a/ ) > /ia“ 7 (/i 8 ) 

t 3 i=y»l(i -I- •!*(«' 
t)s-r(»a'+«i^a/); lJ 3 “y(Ua'+wy«) 

The Imnsformation formula of g, the electromagnetic momentum 
per unit volume, which is simply the energy flux divided by c*, 
will bo ^ 

g = y«(g'-h3V)+^l(fifV) + «']v. 

Applications of the above formulae will bo given a little later, 
wlicn the domain of their validity has been extended to non- 
clcctroinagnctic actions. Meanwhile, notice tliat the stress, energy 
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and momentum, as estimated from the ^'-standpoint, aro each built 
up of tlie stress, energy and momentum or enei^ flux correspond* 
ing to the ^'•point of view. This entanglement of the various 
magnitudes, which in classical pliysics led an Independent existence, 
is characteristic of the theory of rclativlly. It is a consequence of 
the way in which time and space arc involved in the fundumentui 
Lorentz transformation. 

In deducing tlie formulae (10) of transformation of stress and 
associated magnitudes, wo have used their expressions in terms of 
the electromagnetic bivectors, as condensed in (8). Our purpose in 
doing so was to show the properties of the simple operator R[ ]li. 
But, as a matter of fact, these formulae hold quite independently 
of the particular, electromagnetic meaning of /, ft and g or 
They are valid in virtue of (3) and (5) alone (with that is 

to say, for stresses etc. of any oHgin, electromagnetic or not, pro* 
vided that the corresponding pondermnoiive force, per unit volmia, 
and its activity can be represented in the form 

P=-V/-| (A) 

(Pp)- (II) 

The proof of this statement is most simply obtained by the 
matrbe method, which in this case is superior to the quaternioniu 
one. Of course, each method has advantages for certain purposes. 
In fact, consider the symmetrical matrix 

.Ai' /]%* yia» 

Av /fl8» fra* *^a , . 

.^1* As* KPa 

“Si- ‘tya* -« 

in which /«-./*!.• Multiply it by, or operate upon it with, the 

3 3 3 3 I 

matrix lor» ^|, according to the rule given in the 

Note to Chapter V. Then the result will be 

-lor§-| P„ P„ j(Pp) |, 

• In tho case of the elDCtromagnotic field Ihoro is a olmplo connection 
Ijotwccn tlw matrix (ii) and tlie alternating matrix roprosonling ttiu 
vectors H, s. Soo Note 3 at tlio end of tho chapter, 
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tho constituents of Uio malrix on the right sido being exactly those 
given by (a) and (n). This matrix is the equivalent of tho physical 

quaternion i?»P+-(Fp). We can therefore use for it tho same 
c 

letter F, Thus, the last equation can bo written 


i7a~lor^, (la) 

To write this for the force-matrix is exactiy the same thing as to 
postulate (a) and (n) for tlic force and its activity. 

Notice that the malrix (ii)* can be written considerably shorter, 
thus : 




/. 

-u. 


(no) 


Merc one constituent is a linear operator, or, say, a dyadic, 
£=i)fi+J)fa+k)fa, two other constituents are vectors, and tho 
fourth a scalar. But this heterogeneity of tho various constituents 
of one and the same matrix need not alarm us. It scorns even to 
harmonize fully with tho original intention of the creation of 
Cayley, who wished to see his instrument of inultipic algebra treated 
as broadly as possible. The only requirement is that the array 
should be rectangular. Using the abbreviated form (i la), wo have, 
of course, to uso lor, correspondingly, as the matrix of I x 2 con- 
stituents : 7 to be applied scalarly, and 9/3/. In this way we 
obtain 


-lor^= - 


v/+^, 


at once, instead of writing first so many scalar terms and then 
gathering them together. 

But let us return to our subject. Wo know already that, what- 
ever the nature of the ponderomotivc force, F is a physical quater- 
nion, or the matrix F is transformed as I r, / 1 . And the same thing 
is true of lor. Thus, if A he the fundamental transforming malrix, 
as on p. 142, we have 

F'taFA^ lor'raloryl, 

and therefore, by (12), 

lor lor ^.<4, 

whence, remembering that AA » i, 

(13) 

* Which la called WflUtnsor by Lauo and otliera, but Ima no particular 
name In Minkowski's paper. 
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Now, substituting here (or A the matrix (40), p. 142, remembering 
that the transposed matrix A is obtained from ^ by a mere change 
of the sign of fi, and multiplying out the right side, the reader will 
easily convince himself of the identity of (13) with tho transforma- 
tion formulae (ion), in which This proves tlio above 

proposition, which may be restated as follows : 

If wo make with regard to any pondcromotivc forces the 
assumptions (a) and (d), or, which is tho same thing, the as- 
sumption 

F--lor§, 

then the corresponding pressures, etc., arc transformed according 
to (ion) or (10), with ^ 

It is, of course, an entirely different question whether those 
assumptions arc to be considered as universally valid or not. 
Assumption (n) is the expression of tho principle of conservation of 
energy together with tlic concepts of its localization and flux, 
and (a) leads to tho principle of conservation of momenttm, while 
there is a strong tendency among tho relativists to retain both 
of these principles of classical physics. M, Abraham uses the 
equation (12), involving both principles, in his paper on the electro- 
dynamics oi pondemble bodies,* and appeals to this equation even 
in his theory of gravitation, which does not satisfy tho principle of 
relativity, while Laue makes of it the basis of tlic general dynamics 
of continuous bodies. On the other hand, according to Minkow- 
ski’s electrodynamics of moving ponderable bodies, tho pondcro- 
motivo force and its activity are expressed by tliat part of the 
world-vector F= - lor whicli is normal to the four-volocity Y, 
i.e, by tho matrix 

P*^,VPY,. 

or, by the physical quaternion 

ilP+^YP.Y], 

* Rend. Cire. Matem. di Palermo, Vol. XXVIll,, igog, p. i ; ibid, 
Vol. XXX., 1910, p. I. 

t This is a non-symmctrical matrix of 4 x 4 constihionts, which 
reduces to (11) lor tlio particular case of empty space. Soo Qiap. X, 
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and not by itself. Now, it is truo that Abraham's 

and Lauo'a device recommends itself by its simplicity in the case of 
the general mechanics of ponderable continua ; but, on tlie other 
hand, Minkowski's device seemed to offer advantages for a relativistic 
theory of gravitation. In fact, a pair of such theories, both 
satisfying rigorously the principlo of relativity, have been proposed 
by Nordstrom,* in one of which the four-dimensional force is of 
the form lor while in the other it is given by the part of such 
a world-vector perpcndioular to Y. Now, the latter of these 
theories is physically simpler, inasmuch as it loads to a rest>mass 
independent of the gravitation potential, while the former requires 
the rest-mass to become an exponential function of this potential.t 

Certainly, then, the principlo of relativity docs not compel us to 
attribute to the forms (a) and (n) of ponderomotivo force and its 
activity a universal validity. But it is at any rate interesting to 
SCO the consequences of making the assumptions (a), (d) and of 
accepting, therefore, the formulae (lO) also for pressures, momentum 
and energy of non-clcctromagnctic nature in any material medium. 

Wo shall therefore proceed to give here some consequences of the 
formulae (lo). 

Let the system of reference S' be such that there is no flux of 
energy with respect to it, i.e, such that and therefore also 

g'«o. This will, under a restriction, bo the case when .S' is the 
resl‘system cither of the whole material body, if all its parts have the 
same velocity relative to S, or, more generally, of its volumc- 
clcmcnt under consideration. Wc may retain in both cases the 
symbol v, which will then gcncmily denote the velocity of an 
clement of the body with respect to S. The restriction hinted at 
consists obviously in supposing that in u' arc contained only such 
kinds of energy as do not How through the element in question, e.g. 
energy of clastic deformation, energy stored up in the atoms, heat 
for the case of uniform temperature, and — ns Lnuc adds^* possibly 
also some new kinds of energy, yet undiscovered.’ But to these 

* G. Nordstrthn, ' Itclativltfltsprinzip nnd Gravitation,' Phya. ZoUaehrlfi 
XII f., igi'i, p. 1 1 26. iico also M. Ucliaclcor, 'Dcr (rcto Foil tind die 
Pkinotoiibowcgung in NordstrOms Oravitaltonsthcorlo,' ibidem, XIV., 1913, 
p. 089. 

t It is scarcely necessary to say that these theories have lost niitck of their 
interest sinco the advent of l^nstoin's gmvltalluii theory developed in 
connootlon with his General KolaUvlty Theory and established definitely 
about 1916. Cf, infra* 
s.R. 


Q 
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the electromagnetic energy cannot generally be added, since it 
may flow oven in the rcst-syatero. If, however, we have in ^ , 
say, an electrostatic or a magnetostatic flcld, we can include in u* 
the density of the corresponding energy, combining at the same 
time the oicctric or the magnetic stress with tlie meclianical ono. 

Keeping this in mind, and writing for JJ, we obtain, for the 
density of energy and of momentum and for the stress, as estimated 
from the 5*point of view, the formulae (lo), considerably simplified, 

(M) 

c 

In Cartesians, witli axes taken along tlie velocity v of a particle and 
at right angles to it, these formuiae arc, as (ion) without the dashed 
fluxes of energy, 

III “ f fn ’"hi t /as “/as* 

/aa ”/b 8* i hi “ yfsi i fn “ 7/u* 

We may notice in passing that the sum of tho diagonal constituents 
of the matrix i.e» 

fn +/«» +/» " 5) 

is always an invariant witli respect to Lorentz transformations. 
With this choice of axes, wo have also separately, by (l4n) or 
by (ion), 

and /M-/a»', /sa-Zaa. 

Tho invariant (15) vanishes in the case of purely electromagnetic 
Maxwellian stress, but for mechanical stresses its value will in 
general diifcr from zero. 

In order to understand tho physical applications of the forinulao 
(14), we require still a certain explanation. The stress denoted in 
these formuiae by /, and called the ' absolute ' stress, must be 
carefully distinguished from the elastic stress as usually employed, 
which, in tho writings of Abraham, Lane and others, is given 
l;he name of rolatlve streis. According to Lauc, we have to put, for 
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every dynamically complete system, P^Of and to write, therefore, 
at the head of dynamics of continuous bodies, the equation* 

lor§«o. (i6) 

This amounts to putting F^o in (a) and (n), so that 

^+t>div*-o, (Ida) 

At the same time it is assumed that the resultant force acting upon 
any individual portion of tlie body in question Is given by 

(17) 

whore llio integral being taken throughout tlie volume ef 

that portion. If, therefore, dS is an individual volumc>elemcnt 
of tho body, the relative stress wliicli wo sliall denote by p, the 
symbol of an operator,'!* will, according to the familiar definition, 
be determined by 




where Pi etc., and where ^ is the individtial rate of change. 

On tho other hand, the meaning of tiio absolute stress / is given by 
the second of (i6a) or, in expanded form, by 

?g _ _ Ofj _ {)fj, ... 

\)i~ dx -Oy Os' 

where is tlie local rate of variation, corresponding to constant 

values of x, y, e. How, we have, for any orientation of the system 
of rectangular axes, 

(fir dS ) « (g div V ^ H- (vV)g ] dS 




* Ijiiio's symbol tiiiulvalviit to lor in this cniincction is Am, a iiiiir- 
diinonidntinl ' scalar dlvorgoncc,' idonlicat witii Sommorfold's Div. 


t Bo that ^a^Pn will bo Iho prcssiiro, per unit area, upon a anrfnco 
olomont wliuso normal Is n, and />„i, p„i, put tlio rectangular components of 
this pressure. As will bo soon presently, p Is, iinlilco/, a nou-symmoti-ical 
operator. 
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and therefore, comparing (a) with (D), 

Pa = f9-B«^a» P3“^a-fi»3» ON 

i.t, for any direction of n, 


Omitting the operand n, we may write this result, in terms of Iho 
stress-operators themselves, 

/>-/-g(T . (i8) 

This is the required connection between the retaiivo stress p and the 
absolute stress /, Notice that, / being symmclricai or self- 
conjugate, p is in general non-symmetrical, since g may differ in 
direction from v. TIius, for instance, wlillo 

Only when g||v does tho relative stress bccoino 

self-conjugate. 

Let us now return to (14). Remember that, for tho rest-system, 
P* “/^i write down g{v by the second of those formulao, and sub- 
tract it from the third one. Then the lorms containing u* will 
cancel one another, and tlio result will be 


p = ep'«-^e/»V(v , 

or, if i be the unit of v, 

pmtp'€^piy,ep*i{i . (ly) 


Such then is the transformation formula of the relative slrcHS. TIhj 
reader will find no difficulty in splitting (19) into nine Cartesian 
equations for pjj, p^^ etc., especially as this procedure has Iwon 
illustrated a moment ago by the passage from (14) to (14a). It is 
interesting to remark that p depends only upon />' and the motion 
of the element in question, but not upon u\ the density of energy. 
And, whenever p'«o, we have also p^o. This, besides the 
original definition (n), is tho reason why the rolativo stress p (and 
not the absolute one) is considered as tite stress. 

Tho simplest case occurs when tho body, viewed from the rest- 
system, is subjected to what is cailcd a hydrostatic or isotropie 
pressure (».<. to a pressure which is purely normal and ciiiinl for 
^ directions of n), either uniform or varying from point to jioint. 
Then the stress-operator />' degoneratos into an ordinary scalar, 
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the pressure in tho more familiar sense of the word.* In this ease 
p* can be placed before the stretching operator, so that (19) gives 
at once 

NoWy €*«‘y*i(l+J(J +k(k , and i, so tliat the right side 

of Uie lost formula is, In Gibbs' nomenclature, an idemfactor, 
i(i+j(j+k(k , leaving unchanged any operand n whatever. The 
result, therefore, is that 

P^P', 

or that isotropic pressure is a relativistic invariant. This result was 
first obtained by Flanckt from thermodynamical considerations 
aided by tho principle of relativity, then by Sommcrfeld:{; from 
what he believed to be a purely geometric enunciation of tlic 
behaviour of four«dimcnsional vcctora and their projection, and, 
finally, by Laue, whoso method has been here adopted. Tho 
reader will find it worth his while to compare the latter with the 
two former methods, and is for that purpose referred to the papers 
of Planck and Sommerfeid just quoted. 

So much as regards the stress and its transformation. Next, 
consider u and g, the densities of energy and of momentum for 
which tho first pair of (14) hold. In these formulae we have only 
to substitute the identity /' =p'. Thus, taking 1 along the direction 
of motion of the given clement of the body, we have in general, 
that is to say, for any clastic stress p\ 

(20) 

and 

g«|,-[«'v+r-w/v], (21) 

where p*v is, of course, the same thing as up/. 

Let dS* be the rest-volume of an clement of the body, and con- 
sequently its .^-volume. Then we shall have for llic 

energy of that individual clement, ns estimated from the 5^-point 
of view, 

To obtain the whole energy U, this is to be integrated throughout 


* Kcckonotl iwsiUvo it proaauro prapor, and nogatlvo if tension proper, 
as beforo. 

t M. Planck, ' Ziir Dynamik bowoglor Systomo,* Aim, icr Physih, 
Vol. XXVI., i<jo8, pp. r-34. 

X Aim. der Physik, Vol. XXXII., igto, p. 775. 
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the body. Generally speaking, there will be no simple relation 
between U and U'. For, even if u' and the stress were constant 
throughout the body, the value of and also the direction of v 
may change from point to point. And if but one particle of tlic 
body moves with varying velocity, then the velocity \<^ill also, as a 
rule, vary from particle to particle. Let us suppose, however, that 
this heterogeneity of the inner slate {u\ p*) and of the motion of 
the body can bo neglected. Then, if V and V' bo the volumes 
of the whole body from the two standpoints, its total energy, as 
estimated by the ^'Observers, will be 

U=y{U'+^p'nV'). {20a) 

We shall return to this formula presently, in order to compare the 
dilTcrencc U — t/' with the value of the kinetic energy given, for 
the simplest particular case, in Chapter VII, 

Treating similarly tho equation (21), and making the same 
assumption of homogeneity, or considering the whole body as a 
particle, wo have, for its total momentum. 


a=-^[E;'+r.r*«p'Iv- (3i») 

C 


We have seen in Chap. VII., formula (24), Uiat, according to 
Minkowski's dynamics of a parlielo, the momentum of the particle 
would be simply yin times its velocity, where the rest^mass of 
Ihc particle, is an ordinary scalar magnitude. Thus, according to 
that manner of treatment, iho momentum would always coincide 
in dircclion with the velocity.* This isotropic behaviour of the 
rest-mass appears now as the simplest' particular case of formula 
(21a), which holds for a particle conceived as Ihc limit of an 
extended body. Wo can still wrilc 

OeyWV, 


but now in, instead of being a simple scalar, will bo a linear vector 
oporator, 


so that the momentum will generally dilTcr in direction from the 
velocity. 

Tho 6rst part of m Is an ordinary scalar, 

I/'/r* 

This is the expression of tho famous inertia of energy which, ns a 
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Conscquenco of tiic principle of relativity, has been enunciated by 
Einstein,'" If a body gains or loses n ergs of energy, say, in the 
form of heat, then we have to look for an increase or diminution 


of its rest'mass by ~ I0“*® grams. 


The second part of m is due to 


the stress, Since p' is, in general, an operator, this part of m will 
also be an operator. It will be remembered that being identical 
with the original /', is seif 'conjugate. The stress, therefore, will 
have three mutually perpendicular principal axes. Let these be 
represented by the unit vectors a, h, 0, each of which can be taken, 
of course, in both its positive and negative sense, and let us denote 
the corresponding principal pressures, which are ordinary scalars, 
by Pat pb*t Pc- Then, if ▼ is along a, for instance, we shall have 


-e/) a = - ea . pa •=* a . /)o , 

since <a«ya. Similarly, if the body happens to move along b or c. 
Thus, the principal axes of the mass-operator m coincide with the 
principal axes of the stress.'^ The corresponding principal values 
of the rest-mass are 

wta **• pr ( ^ 


m-^(U'+rpb') ■ 
c 

in,=j[{V' + rp.'). 


(22a) 


• Cf. Einstein’s papers in /!««, der Physih, Vol. XVIII., 1905, p. 639. 
Vol. XX., iyn6, p, 627, anti especially ' Ueber die vom Rclntivitlitsprinaip 
gcfoi'dcrlo Tmgboit dor Encigie,* ihid., Vol. XXIII., 1907, p. 371. Inde- 
pondcntly of the principle of relativity, the inertia of energy, la tho case of 
radiation, appears in a valuable paper of K. v. Mosongcil, Ann. der Physih, 
Vol. XXH., 1907, p. 867. The history of this concept can, of conrso, bo 
traced a long way farther lack. Its origin can bo looked for in Maxwell's 
pressure of light, and in connection wth this many English physicists 
spoke about ' momontum carried by light waves ’ a long time before the 
theory of relativity arose. 

f This agrees with Iloi^lots’a result obtained by a different method : 
• IJolxsr die Mcchanik dos dcformlerbaren KOpers vom Standpunkte dor 
Kelatlvitiltsthcorie,' i 4 ««. der Physik, Vol. XXXVI., 1911, p. 493. Tlio 
reader will And in lids beautiful paper a systematic development of relati- 
vistic mechanics of deformable bodies. A lull treatment of Hydrodynamics 
is given In K. Lamia’s Berlin doctor dissertation, ' Ueber die Hydrodyimmik 
dcs Eclatlvliatsprlnslps,' 191a. pp. 83, reprinted In Ann. der Physik. VoL 
XXXVII., 191a. p. 77a. 
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The momentum is parallel to the velocity of the body when and 
only when the body happens to move along one of its principal 
stress-axes. 

Notice that, by what has been said, this anisotropy would be a 
property of the rest-mass itself. When, therefore, we pass to 
consider tlie acceleration of such a body, or particle, in relation to 
the moving force; according to Uie equation of motion 

' (23) 

we can no longer express tlie incrlial behaviour of tlio body in 
terms of a ' longitudinal ' and a ' transversal ' mass, as in Chapter 
VII. The axial symmetry produced around v in that contparativcly 
simple case was due to the assumption of a scalar rest-mass. The 
case now before us is much more complicated. Even if the inner 
state of the body is supposed to remain invariable, a full descrip- 
tion of acceleration in connection with force requires a linear 
vector operator involving six scalar inertial coefficients, Tlio 
dynamics of translational motion of such a body is cntanglc<l 
with the dynamics of its rotations. Unlike classical mechanics, 
these two kinds of motion cannot, rigorously speaking^ be treated 
separately. It can be shown, by considering the moment of 
momentum, that to maintain such a body in uniform rectilinear 
motion, a certain couple is required. Only when the constant 
vector-velocity v of the body coincides in direction with one of its 
principal stress-axes, would the moment of this couple vanish. 
Again, suppose that there is no impressed resultant force, i.tf. 
that N = o, Then the momentum will be constant in both sixe 
and direction relative to S, say, equal to 0, and 

yv«««r'0. 

If, therefore, the body rotates, together with its stresa-nxes, the 
motion of translation will not bo uniform and even not rcctilincur. 
Notwithstanding tlio absence of a resultant 6^-forco the body may 
move with varying velocity relative to the framework 5. And it 
will do so if, for instance, its Initial velocity does not coincide in 
direction witli one of the principal stress-axes and if the couple 
mentioned above is not applied. But wo cannot dwell any longer 
upon this curious subject. 

All that has just been said with regard to the anisotropy of 
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rcsl-mass luis, at least for tiio time being, merely a theoretical 
interest, In fact, nobody has ever observed in translational 
inertia any departure from isotropy, On the other hand, it must 
be admitted that no phenomena of this kind have been sought for 
expressly and that direct comparisons of inert masses («.«. apart 
from gravity) could not easily bo made more accurate tlian to one 
in ten or a hundred thousand parts. Ono thing, at any rate, seems 
certain ; If the above formulae are accepted, we cannot reasonably 
hope to produce observable anisotropy of mass by artificial pressures 
or tensions in any lump of matter. For, according to (22a), 
hundreds of atmospheres appropriately applied would produce a 
departure from isotropy of mass amounting only to lO^. 
of a gram per cubic centimetre. But for all we know, tlicre 
might be anisotropy of inertia in natural crystals, corresponding 
to some enormous * latent stresses.' And to embody sucli stresses 
into p' seems no less, and no more, legitimate than to condense in 
V* so much ' latent energy ' us is necessary to account for the 
observable mass of a body. Apart from any theory, experi' 
ments on crystals seem worth trying, whether to reveal some 
traces of anisotropic inertia or to push it below a numerically 
definite limit* 

Of course, if it is assumed that the stresses represented by p' 
arc, under all circumstances, only of the order of manifest tensions 
and pressures known i\s such from experience, then the influence 
of the dilTcrenccs pa -pb, etc. upon inertia will be far loo small to 
be ever detected. But if so, then there will be also no observable 
contribution of stress to inertia at all. Such, in fact, is the prc' 
vailing opinion, 

* In cuttnvcUon with this .subject. Pml. A. W. l\>rtcr of UnivorBily 
College, London, draws iny attention to oxpurimonls made by Pnynting 
and Gray, who lostcd for anisotnipy of gravitation between two (pmrtx 
spheres (fVitf. Traas., 192, 1899, a. p. 2.{s ; cf. also Poynliiig and Thomson's 
Text-Book of Physics, Proporlios of M attar, London, 1909, p, .|8}. Their 
results showed that lliis anisotropy could not amount in one case to more 
Uian one pait in 28 (hi, and hi another case to more than ono fuirt in i6uoo. 
On the Ollier hand, proportionality between mass and gravitation, first 
tested by Newton in his pendiihtin experiments and carried to further 
rorinoiiiciil by iicsHcl, has been more rocontly sliown by EOlvUs [Math, 
und fiafwmfss. Berichte aas Ungarn, Vol, VIII., 1890) to bo true to ono 
liart In ton iiiiilions, in the case of isotropic bodies at least. See also 
Cliap. XI., infra. As far ns wo know, experiments of this kind have not 
yet been mode with crystalline bodies. 
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According to this opinion the stress-term in (22), (31) and, for 
slow motion, & fortiori in (20), where it appears with the coeflicient 
can be omitted for all ordinary material bodies. But the ease is 
different, of course, when tlie energy and the stress are purely 
electromagnetic, when the 'body' becomes simply a region of 
space containing an electromagnetic field. Under those circum* 
stances the part played by p* is no longer negligible, unless wo wish 
to neglect the whole mass m, and therefore also the whole momcn* 
turn. In fact, not only are then the pressures or tensions 
etc. of tlio same order as tlie density u* of electromagnetic energy, 
but some of them can even wholly annul the contribution of energy 
to mass. Let, for instance, the field in .S' be a homogeneous clectro- 
slatic field E'ooonat., such as is contained between tho metal 
plates of a plane vacuum-condenser, far enough from tho edges of 
the plates. Then w' and if a be taken along tlie axis of tho 
condenser or along the Faraday tubes, pa, being a tension proper, 
is equal to while ft*, pf, being pressures proper, are each 

equal to Therefore, by {22a), 


while 


2U' 




I 




Thus the condenser, apart from tho plates, has equal rcst*masses in 
all transversal directions, while its longitudinal principal rest-mass 
vanishes altogether. If it is moved along the tubes it has no 
momentum. Tills property, which holds separately for each 
length-element of a Faraday tube, harmonizes witli Sir J. J. Thom- 
son’s well-known representation. The lubes may be straight, as in 
the above case, or curved and of varying section, Tho only con- 
dition being that there should be no flux of energy in S', wo can 
certainly apply the same reasoning to any electrostatic field. 
Summing up the contributions due to the elements of infinitesimal 
filaments (with appropriate consideration of their directions), 
the mass-operator of the whole field can be found. If the field is 
radial and symmetrical around a point O', as in tlie case of the 
Lorentz electron, the mass-operator m degenerates into an ordinary 
scalar, the rest-mass of the electron, or rather of its whole fields 
The reader is recommended to prove this in detail, and to compare 



SCAIAR REST-MASS 251 


the rcsuil Lo be lima obtained with the formula of Ihc electro- 
magnetic rest-mass given previously.* 

Let us now once more return to stresses and energies of any 
origin. In tlio simplest case of hydrostalic or isotropic pressure^ 
whatever its order of magnitude, the operator p* degenerates into 
an ordinary scalar, so that, in (2ifl), 
whilo, in (20n), p^ -;p', and Uicroforo 

Cf=y(U'+/3«pT') ' 


These arc Planck's formulae {he. cU.). Since isotropic pressure is 
an invariant and V » V*fy, wo have also 

X^U+pV^y{U'+pr^^yx', (25) 

where x'» the rest-value of x, i# Gibbs’ * heat function for constant 
pressure ’ or ontbolpy.t Tlio momentum is now in Ihc direction of 
motion. The moss-operator (22) degenerates into 

U*+p^ x' 


fit- 


(26) 


the scalar rest-mass. 

Thus, in the case of isotropic stress, the inertial behaviour of the 
body or particle is characterized by a simple scalar, as in Chap, 
VII. But still the rest-mass will in general vary in time, inasmuch 
as the inner state of the particle {U*, />', V) may undergo changes 
during its motion. If this is the case, i.e. if the enthalpy of the 
particle varies, then SXPo docs not vanish, or, in other words, 
the Minkowskian four-force X is no longer perpendicular to the 
particle’s world-line. In fact, instead of equation (20), p. 194, 
we now have 


dY , .,dm 
m -T-- + P j' ' 
dr dr 




* The nliovo dynamical conHltlontUoiis have also an Important bearing 
upon tho theory of Ibo celebrated condonsor-cxpcrlinont of Troiilon and 
Noble {Proceedings Roy. Soo., Vol. LXXII., IQ03), in which a Hccond-ordor 
moment of ratation on a suspended condenser duo to the earth's orbital 
motion was sought (or. But a thorough cx|iosllion of this subject 
would bo beyond tho limits and purposes of the present volume, and 
tho intorc.Hlod reader must tlioroforc bo referred to § 18, Vol. I., of 
Lane's book already quoted. Hero it will bo enough to say that tlio 
roiallvistic theory accounts fully lor the negative result of tho Trottton* 
Noble experiment. 

f Tho latter name Is used by tlio Biitdi school of physical chemists, while 
the name nearly always used in England is total heat. 
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and conscquontly, since ^ can bo written for the proper time r, 


or, by (2(5), 




dm 




w 


SXY,^ 



This proves the statement. Developing tlio left-hand side, by (i8), 
P« Ip3» in terms of tiie Newtonian force N and the 

velocity v of the particle, 

or also, by (25) and (26), 




di' W* 


( 27 «) 


This is now, instead of (22), p. 194, the equation of energy. 

To see its meaning, consider the particular case of constant 
pressure, or what may be called isopieUie motion. Then, if h' bo 
the heat communicated to the particle per unit of 

dx' dv\.,dr 

w 




(28') 


the heat supply being estimated from the point of view of the 
system y in which the particle is instantaneously at rest. Con- 
sequently, 

(28) 

The first term on the right is the rate of incrcaso of the total energy 
of the particle, the second term gives the work done per unit time 
by the particle in expanding, while (Nv) Is Uio activity of tho 
impressed force, everything being estimated from the 5-point of 
view. If, therefore, (28) is to express the conservation of energy 
in 5, just as (28') docs with respect to y, wo have to write for h, 
the rate of beat supply as estimated from tho 5-point of viow,t 

(*P) 

* 'rhis result can be verified at once by mtilUplylng cq. ( 33 ) of tho present 
chapter scalarly by v. 

f It Is scarcely nccc&mry to warn tlio reader that h is not equal to dyjdt. 
It becomes so (for constant pressure) only in the rost-aystoin. FntUng in 
( 38 ) V 030 , 7 33 1 , wo obtain (sS'). 
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And, sinco dt’^ydtf, wo havo to rcquiro that Iho relativistic con* 
nection between corresponding infinitesimal amounts o£ heat 
supplied or witlidrawn shall be 

8H-I8H'. (30) 

This transformation formula agrees entirely with what follows 
from Planck's thermodynamical investigation. In fact/ one of 
Planck's most fundamental results is that miropy is invariant 
with respect to tho Lorentz transformation, 

and another of his results states that IsmparaHtra is transformed like 
vottmtCf 

7 

Now, tho lemperaturd being here defined in tho wcll*known thermo- 
dynamical way, we have, for reversible heat supply, = 
and on tho other hand (granting that a process reversible in 
S* is also reversible from the 6!‘Standpoint), whence 

But, instead of having recourse to temperature and the second 
law of thermodynamics, the transformation formulae (29) and (30) 
can equally well be considered as consequences of the principle of 
conservation of energy combined with (28), which in its turn is a 
consequence of the equation of motion (23) and of the relativistic 
behaviour of momentum. Whatever tho logical order of exposition, 
the important thing to notice is that the several properties are 
consistent with one another. 

Before leaving the discussion of variable rest- mass, only one 
more remark. It has been shown in Chap. VIII. that the clcctro- 
magnetic pondcromotivo force per unit volume plus tje times its 
activity is a physical quaternion. In agreement with this tho total 
force N of Chap. VII. had the property that y(qNv)/tf+N] was a 
physical quaternion. Both of theso were particular instances of a 
more general property which is now before us. When tho moving 
body receives or gives up heat, or more generally, when its enthalpy 

* Cf. rianclc's paper quoted on p. 2.15. Unfortuunloly, tlioro is in this 
lN)ok no piaco for an adequate discussion ol tho foundations of rolativlslic 
Ihormodyiiainics. 
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is varying, the above e.Kpression is no longer a physical quaternion. 
What now continues to bo such a quaternion is 

or 

In amp, vn. wo had simply while now wc Imvo, 

instead of Uiis, the equation (27), Thus, in general, for any 
motion of tlic body, 

jr=r{j[(»T)+^^]+w} 

is a physical qualornion, and more especially, for isopiestic motion, 

^■=r{j[(NT)+/>]+if}=!/- (31) 

In all such cases, therefore, we have to add to tho activity of the 
impressed force the amount of heat supplied to tho body per unit 
lime. This property will reappear, in the next chapter, in con* 
ncction with Joule’s heat in electrical conductor. 

If the enthalpy ood therefore also the rcst’iiiass of the 
body, is kept constant, we fall back to the simple case treated in 
Chapter VIl. The activity then becomes, by (27), 

(Nv)-|(wc«y), (32) 

identical with (22), p. 194. Using the form (27^), wo may also 
write, equivalently, 



which reads : Work done upon the body increase of its energy phis 
work done by tlio body in expanding. The corresponding condition 

X' ^ V* +/>' V* *» const. 

can still bo fulfilled In a variety of ways. Thus the inotion may bo 
adiabatic as well as isopiestic. Or, wc may give up both of tiicse 
conditions and suppose instead tliat V*dp*liU' is just balanced by 
tile (positive or negative) heat supply h\ Or finally, the inner state 
of tho moving body may be invariable, i.e, V*, p* as weil as V' may 
bo kept constant. But even then the work done by expansion docs 
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not disappear from (320^) unless the motion is uniform. For, with 
constant V\ we have 

dt ^ di* 

which expresses iho varying FiteGcrald-Lorentz contraction. But 
whatever the way in which x* constant, we have tlie same 
equation of motion as in Chap. VIl., 

and consequently tlie longitudinal and the transversal masses 
return to their rights, being again given by 

where m has now the explicit meaning 


x' 


Finally, if the pressure p', and therefore alsop, is assumed to vanish, 
the equation of energy becomes 



and the constancy of the rest-mass 



means constancy of the parlicle’s store of energy. In this case the 
difTcrcnco between the energies U and U* can be looked upon as 
entirely due to the motion of the particle and called its kinetic 
energy relative to S, The value of the kinetic energy thus defined 
is identical with that given on p. 195. In fact, the first of (24) 
now becomes U*»yU*, so that 

Speaking rigurousiy, ' kinotic energy * is now deprived of Iho 
distinct part it played In classical mechanics. And its entangle- 
ment with other kinds of energy becomes oven more intricate when 
we pass from this simplest cose to any of the preceding ones. 

It may bo useful to illustrate hero the mass formula (33) by a few 
numerical examples. Thus, taking 2-1 gmm calorics for wliat is 
called tho solar constant (energy received from the sun per minuto 
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per cm^ at the earth's mean distance), we have for the sun's total 
radiation per minute 

4ir(i*5 , ioi8)* . 2*1 . 4*2 , lo’ ergs, 

so that the diminution of the sun's mass due to radiation would be, 
per minute, 2'8 . grams, and per year 

8w«=I' 5 . 10*® grams. 


This seems at first a prodigious loss ; but the sun's mass being 
2 . 10®* gr., the proportionate loss per year, 




I0-” 


is quite insignificant. Next, take tlic example adduced by Plnnck. 
A mixture of 2 gr, of hydrogen and i6 gr. of oxygen develops in 
the act of producing water, at ordinary pressure and temperature, 
2’9 , 10^* ergs of heat j the corresponding diminution of mass 
amounts to 3-2 . 10“® gr., and the proportionate loss duo to this 
intense reaction, 


would again be far too small to be observed. Numbers of simitar 
order would result for other instances of chemical reaction. In 
short, the * latent energy ’ which (if wo neglect the contribution 
due to stress) is to account for mass docs not manifest itself in 
any one of tlmse processes in which the atom is implied as a whole. 
We are thus driven back to the interior of the old chemist's atom, 
and have to look for that energy in the disintegration of atoms 
known in connection with radioactive phenomena. In fact, if wo 
are to judge from their observed heat-effect only, the amounts of 
energy developed in sucli processes exceed immensely all those 
liberated in ordinary chemical reactions, and Planck seems to sco 
in radioactivity a kind of verification of the energetic theory of 
inertia. Now, it is true tliat Uiese processes liave disclosed to the 
physicist atomic stores of enci^y of a copiousness not even suspected 
a short time ago. But, notwithstanding their unparalleled vigour, 
radioactive phenomena reveal but a very mimito fraction of tho 
assumed latent energy. Thus, to quote Planck’s own example, 
one gram-atom of radium would lose through its heat production 
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(30240 gram calorics per hour) >012 mitligr. of its mass per year ; 
the proportionate loss, therefore, amounting to 

87»/w«' 5 . 10“’ per annum, 

is again too small to bo observed. 

We may odd that the latter 8»t is small oven when compared 
with the mass disintegrated during the same interval of time. For 
this amounts, per 226 gr. of radium present, and per year, to 
f^uh^P • 10“^ so tliat, in round figures, 

hn/inAh^icr*. 

The mass of the disintegrated parent substance reappears sensibly 
undiminished in the masses of the descendants. 

Thus, oven radioactive phenomena reveal to us practically 
nothing of the assumed latent energy c’m. Its bulk remains as 
latent as anything ever was. It must, therefore, be confessed that 
the energetic theory of rcslnnass, attractive and promising os it may 
seem, has for the time being the character of a purely formal reduc- 
tion of one concept to another. Nobody doubts, of course, that the 
chemical atoms are themselves exceedingly complicated systems, 
and that there are Ihoroforc many ways left of throwing the chief 
stores of latent energy upon a host of ultra-atomic entities, electrons 
or nuclei, or even the constituents of nuclei. If so, then some 
spontaneous disintegration, affecting the atomic structure even 
more profoundly than that which in our days is ussocialcd with the 
name of radioactivity, may induce the gates of those copious stores 
to open to the human eye. But ns yet wo have but little know- 
ledge of such phenomena. It is for this reason we have said that 
it is equally legitimate to assume latent stresses along with the 
manifest ones in the mass formulae ns to assume latent energies. 
Both arc originally defined only by their variations, in time and in 
space respectively. And, for tlie present, both would have a purely 
formal character, although some most recent discoveries promise 
to convert them into actualities. 

These mechanical, and partly tlicrmodynamical subjects have 
been treated at some length because of their affinity with the 
fundamental electromagnetic equations for the vacuum. Returning 
once more to Electroniagnctisin, we shall dedicate the next chapter 
to Minkowski's equations for ponderable media. 
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NOTES TO CHAPTER IX. 

Vote 1 (to page 234). Lot, I, J, k bo tlio aniecedmls, and fj, fg, fg Uio 
couseguents* of tlio stress-dyadic /, Tluis, iff, tis in equation (s)# is i-O 
bo applied as a post-factor, 

This means that etc., and in general, 

n/=(al)f,-KnJ)li+(iJk)f, 

« » 

whicli Is equal to t„, as it should bo. Similarly, writing instead of n 
the Hamiltonian V, 

V/=i (Vl) f, + (Vj) fi+ (Vk) fa 

Using the notation of Gibbs, Scientific Papers, Vol. II. p. 76, wo slioiilcl 
write /= ifj -f Jfg H-kf, , and 




whore the dot means scalar application of V. But since, in our case, 
the pi’escription of applying V scolarly is already given by the open 
paronthoscs in the dyadic (a), we do not require the dot or any 
other symbol of scalar multiplication. 

Note a (to page 238), Let h, as in Note « to Chapter VIII., bo 
Minkowski’s alternating matrix equivalent to the electromagnetic 
bivoctor, i.e, let, accoiding to (c), p. 231, 


0 

iW, 

-M, 

-till 

-Afg 

0 

M, 

-tE, 

JVfg 

-M, 

0 


iZTi 

iEa 

t2?. 

0 


Multiply it into itself. Then the first constituent of the first row of 
the resulting matrix hh will bo 

(M)„= -/ii+A, 

where /n is the corresponding component of the Maxwcllion stress 
and -£*) the electromagnetic Lagrangiaii function per 

unit volume. Similarly, 

(AA)i«“ “/ill (^*^)i4"* ” p '"♦cgii 

(AA)ai" -/m oiC'i =■« - A, 

* This is Gibbs' nonionclaturo. 
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whore u is tlie density of electromagnetic energy and g that of 
momenlum, as tliroughout the chapter. Thus 


/11+A,, 

/ill 

/lit 

»>gl 

/ll» 

/l 9 +^l 

/«Bi 

^g% 

/sit 

/sit 

/m+A-i 


‘Cft. 

^egt, 

tcg$. 

-«+A 




where is the inati-lx defined by (11), p. 238, and k is written for 
k times the unit matrix of 4x4 constituents. The required con- 
nection is, therefore, 

( 6 ) 

It will be remembered that k is one of tlie invariants of A. And, 
since tlie last equation gives at once 

S'=^SA, 


in agreement with (1 3) , p. 239, On the qu aternionic scheme wc have, 
instead of (&), the operator R[ ]L of an analogous and somewhat 
simpler structure. 
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MINKOWBEIAN ELEOTBOMAaNETiO EQUATIORS FOB 
FONDEBABLE MEDIA. 

In Minkowski’s notes, which after his premature death were worked 
out by Dr. M. Born,* the electromagnetic equations for moving 
bodies, satisfying rigorously tlic principle of relativity, are deduced 
in a very ingenious way from the fundamental equations of the 
electron theory. And since the electronic equations were previously 
known to be invariant with respect to the Lorentz transformation, 
and gave to the relativist his first standard magnitudes, such a 
deduction was certainly very desirable and interesting. In fact, 
it occupied Minkowski's thought vividly during his last days. 
But in his own paper of 1907, repeatedly quoted, Minkowski adopts 
a purely phenomenological method, and deduces the equations for 
moving bodies, now generally associated witli his name, from 
Maxwell's equations for stationary media by subjecting them to a 
Lorentz transformation. 

In the present chapter wo shall avail ourselves of the latter 
method only, which, apart from other considerations, recommends 
itself by its mathematical simplicity. Readers, and especially 
those who desire to sec the electron theory made the foundation of 
all electromagnetic science, arc referred to Dr. Born’s paper just 
quoted, whoi'c the resulting equations f are identical with 
Minkowski's original equations to be given presently. 

* Fortschnlte dor tnafh, in MonograpMou, oditod by O. lUuinontital, 
Hod I, Tenbnor, 1910, p. 58. 

fTo wit, the dilTorontial oqiialions of the Acid and the 'connccUons 
bolwocn tho various vectors involving Iho spcclAc 'ainslants* of the 
n'cdhim, blit not Uio formulae concerning pmidoroinolivo action. Tiicsc, 
as far as 1 know, have not yot boon worked out electronically, for moving 
bodies. Einstein and Laub give an oloctronio deduction of tho ijondoro- 

a6o 
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Wo shall use the notation adopted in Chapter 11 ., whore 
Maxwell’s equations for a perfect insulator are collected under (3), 
p. 26. Ill the more general case of a conducting body, wo have to 
Bupplomcnt the displacement current by the conduction current. 
The latter, reckoned per unit area, we shall denote by I', and the 
electrical conductivity by (t. Thus, Maxwell's equations, written 
for the system 5 ', in which the ponderable body is at m/, will 
consist of Llio two groups 

.^ + r = r.curl’M'; div'«'«p^ 

^^--r.curl’E'; div’ia' = o, 

independent of tho properties of the particular body, and 

r = A'E’, r = irB’, (2') 

containing its specific ' constants.' These, the permittivity, the 
inductivity (or permeability) and the conductivity, whicli here* 
after will play the part of invariants,* may be cither simple scalars 
(more generally, linear vector operators) if dispersion is disregarded, 
or otherwise compound dilTcrcnlial operators. In the latter case, 
in which practically K alone is concerned, the operator K is to be 
expressly constructed so as to bo invariant. Thus it may consist 
of dilTcrcntiators of any order with respect to the proper time of 
the body. 

In what follows wc shall limit ourselves to isotropic media, so that 
K, fi, ir will have at any rale a scalar character^ being either scalar 
magnitudes or scalar operators involving diiTcrentiations. 

Let now ii* be another system of reference, relatively to which 
our ponderable medium, together with its rest-system inevcs 
with a uniform velocity v. Assuming the rigorous validity of 
Maxwell's equations (l') and (2') in 5 ^, and subjecting them to the 
appropriate Lorentz transformation, wc shall obtain two groups of 
equations for the 5 -staiidpoint. Call them (i) and (2). What 
properties arc wo to require from (i) and (2) in the name of tho 

motive forces upon slaHomry media In Ann. dor Physik, Vol, XXVI. 
igo8, p. 541. Thdr formulae coinoklo. in tho case of non-mngiicUc bodies, 
with those given hy Lorents in liis article in Eticykl. der math, Wtssen- 
sehoften, Vol. V,. 1904, pp. 345-250, 

* This means that If tho body is at rest in any other legitimate system 
S*, tho connections (K* ^KB^, etc., hold again with tho same K, ft, tr. 
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principlo of relativity ? In the previous caso of a vacuum, when 
there nothing to be carried along with the observers, all 
legitimate systems, S, S', S", were wholly equivalent to one 
another, and the relativistie requirement was simply Invariance 
or preservation of form of the equations. The ease before us is 
different. The ponderable dielectric, with its specific properties, 
is at rest in one system at a lime, and moves relatively to all other 
systems. Tlie rest-systom, in our concrete ease S', is a uniquely 
privileged framework. If, in other concrete cases, the body wore 
fixed in S or in S", and so on, we should have to require the non> 
dashed or the double-dashed equations to bo of tlie same form as 
tlio above (i') and (2'). .. But, S being a system, with respect to 
which the body docs move (uniformly), wo have to require only 
that tlie groups of equations (i) and (2), which might both contain 
the velocity v,* should be invariant with respect to the Lorentz 
transformation by means of whicli we pass from 5 to any other 
legitimate system. If this requirement were not fulfilled, Max- 
welPs equations could not be used for relativistic purposes at all. 
But, as a matter of fact, tliey stand tltis test completely. 

It seemed advisable to dwell a little upon thc&e explanations ; 
firstly, to avoid possible misunderstanding, and secondly, because 
tlie procedure and the test here excmpliiicd are of general im- 
portance. They are tlio same in every other case in which the 
relativistic equations to bo constructed concern any .phenomena in 
ponderable bodies. 

In order to obtain the two groups of equations, numbered in anti- 
cipation (i) and (2), and to see at the same time their invariance, 
put 

and 

and similarly for the non-dashed lettcm. Further, introduce the 
quaternion ^ ^ 

C't=tp' + -, 

i 

and write, as throughout the book, D' +V', using this 
operator os both a prefactor and a postfactor, as explained on 
P. 223. 

* Though, 08 a inattor n( fact, only one of them wilt do so«\ 



PONDERABLE MEDIA 


26$ 


Then tlic four equnlions (l^) will assume the qualcrnlonic form 

i/L' + R'/y^o. J 


These are identical with the first and the second pairs of (i') 
respectively. 

Now, let Q[ ]6 be our usual transformer from S to .S', and thero> 
fore Qa[ ]Qc the inverse transformer. Apply the latter to each of 
the equations (I'n) and insert QtQ^i between D' and (or L'), 
and QtQ = i Ijetwecn (or R') and D\ in very much tlio same way 
os on p. 208, Then Iho result will be 

i>QWQi>-QcWQ^^=‘^QfC*Q, 

and similarly for the second equation, i.e. 


D^-1\D«2C \ 

Dh + RD w 0, / 


(M) 


where %"*Q'^'Qe, HI uud similarly for the other pair of 
bi vectors, md C^QoCQo. Conversely, 


W^Qem etc., a^QCQ. 


In short, C^ip + l(c is a physical quaternion, % and L are left’ 
handed physical biveclovs, and and R right-handed ones,* C may 
be called the (macroscopic) currcnt-qualcrnion, while the electro* 
magnetic bivcclors need no special names. 

Now, the 5 -cqualions (in) arc precisely of the same form as those, 
(I'fl), for the rcsL'syslcm. And so they will be also for every other 
legitimate system of reference. The velocity of the body docs not, 
in fact, enter into Ihenc differential e<iuations at all. We can now 
pass from their qiiaternionic form (in) to the vectorial one, and shall 
thus obtain the reejuired first group of equations : 


V)© 

iV 


-l-l«/-.curl M. 


etc., 


(0 


exactly us in (1') without the dashes. At the same lime wc have 
proved their invariance with respect to the Loren Lz transformation. 


* It will bo I'cniuinborud that llto latlor pniporly is n necessary conau- 
(|uonco of the Innnor. In fact, ns was proved in Moto B to Vllf. 
p. zaij, if A- iB is a left'! landed, then A I iD is always a liglitdiandcd 
bivccUir, 
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This property finds its immediate expression in llic qtinternionic 
form (ifl).* 

Moreover, the stated transformational properties of the electro* 
magnetic bivectors and of the current-quaternion load at once to tho 
second group of equations for tlie moving body, to be deduced from 
the Maxwellian connections (2'), In fact, since both 
and arc left-handed blvcctors,t we have in exactly the 

same way as on p. 210, writing again € for tho longitudinal stretcher 
of ratio y—{i 

iH;“r[7#' + ;VTB']: Vvffi'l 

whence, by the first and second of tho connections (2'), and after 
an easy rearrangement of ^terms, 

® + ivvM«ii:{E+iVv^J 


Both of these relations, involving the substantial properties of the 
medium, contain its velocity. Again, since C = xp + Ifc is a physical 
quaternion, we have, by (i'&) of Chap. V., p, 123, 


I"€l'+yp'v 

and 

(!▼)]» 

whence, by the last of (2'), 

c 


•Or in MinkowBld'a matrix form. This consistH ot Iho two viiitiilionH 
lor A =3 lor 11 * = 0 , 

In which s is the matrlx-oqiiivalont of C; A ami 11 tho altopiialInK nuUrJeow 
corresponding to tho blvoctors % and I, rosjxjcUveljr. and //• Uui dual t>r //. 

invaSante’ this being U,o case, and l« aro conipl,« 

invanants. Those sidlt into the four real invorlanls, 
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But -E' 
y 

terms, 


ill+ivv|H. 


Mcnco, alter a alight rearrangement of 


I-’f>V»$«cry ^ (E+iVv^H]. 


Thus I appears as the sum of the convection current pv and the 
conduction current, for which we have written iE, the latter being 
proportional to the conductivity.* 

Using the convenient abbreviations 


c c 

c c 


(A) 


and gathering together tho above rcsulls, we obtain the required 
second group of equations, valid from the standjioint of the 
system iS, 

I-pv^JE-o-y 



These three connections involve the velocity of the ponderable 
medium relative to that system. It remains only to prove that 
they arc invariant with respect to the Loren Is transformation. 
Now, introducing the velocity-quaternion 


F = y[ii:-ivj, 

wo have, identically, 


siy»-WV'i-.r|‘(rv)H.(!t' 






• Adding the dlsplacoraont ciu-n!nt, wo Mhould luivo 
\Mldt \ /nr ) I, 

tho ' total * cuiToat, This Is, by Uiu first of (i). edways Kolonokliil. 


(«) 
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and each of these expressions * is a physical gualernioH, aq. 
Moreover, starting from the currenl-quatcrnion C and its conjugate 
Co^ we easily obtain the identical equation 

of which tlie left-hand side is, obviously, again a physical quater- 
nion. So also is its right-hand side, which, by the third of (2), is 
equal to (d/. Using, therefore, tho above identities we can write 
tile whole of (2), in terms of physical quaternions alone, 

yiJ~3lY=Ji:[FL-iiy] ’ 
yL+Ry=/x[ySJ+3iy] ^ 

c+^yCfly»~jyi,-By]. 

V C 

j 

This proves the invariance of the relations (2) with respect to the 
Lorentz transformation.t Thus the whole of equations (i) and 
(2) satisfy the principle of relativity, q.e.d. 

It is worth noticing hero tliat the world-vector corresponding to 
the quaternion 

iic+l,yc.Y] 

is the part of the four-current C noniuU to the four-velocity Y. 
Generally, for any pair of physical quaternions a, b, the expression 

1 boeb 

*"" 2 (Tf>)« 

represents that part of tlic four-vector corresponding to a, which 
is normal to the four- vector b (Koto 1). Tho above statement 
is deduced from this, remembering that Ty « le. 

* Of which tho Arat and the Insl*, denoted for siibsoqiiont roforcnco by 
11 and j*. aro tho quntornionic cqnivalonts of Minlcowflkl's world-vccLors 
of Uio Arst kind <I> and >!>, called by him cloktrisehe Uuh-Krtufi and magmtisphe 
Ruh-Kra/t rospectivoly. Cf. his GrundglcMtungon, pp. 33-3<|. 
t Minkowski's nintrlx-form of tho above relations is 

Ykt^^KYHi YII*t=ftYh*t s-]-YsY^ ^vYII, 

whoro Y is tho matrix corrosiiondlng to the quaternion Y, and tho romalnlitg 
symbols aro os in iho footnote on p. 2Ci|, In those fornuilao wo havo put, 
after Minkowski, 0 » i. 
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In the course of tlicsc calculations we came across the formula 
p'/y «/) ^ Its inveraion will bo 

p«y[p' + ^(rv)]. 

Substituting hero (Pv) = y(Iv) -y/w* and remembering that 
we obtain the interesting relation 

(3) 

about whieli a few words will bo said later on. To resume our 
results ; 

The equations for a moving isotropic* conducting dielectric, 
obtained from Maxwell's equations for stationary media, are 
invariant with respect to the Lorentz transformation. They con- 
sist of a set of diHerontial equations not containing the velocity 
of motion at all, and 2 ° of a set of relations concerning the sub- 
stantial properties of the medium and involving its velocity v 
relative to the observing system. The quaternionic form of 
these two sets of equations is given in (la) and (2a), where 
L are left-handed and right-handed physical bivcctors, 
and C a physical quaternion, The vector form of the first 
set is 

+1 = c . curl M ; div Qt = p 

“ f . curl E ; div = o 
and that of the second set 

I - pV « 3E " iry , J 

where E'^ stands for E -I* * Vv4(tt, etc., us in (a), and K, /*, ir denote 
c 

the permittivity, inductivity and conductivity of the body, us 
originally defined from the standpoint of llio rest-system. 

* II /f, etc., wore vector opumtprH, tlio ^KiHuigo from (a) Ici {2a), via (ji), 
would not 1)0 logiliinnlu. In fact, ((!E'‘v) would tlion bo equal to (/fB* .v), 
which has nothing to do with (B^v), tho formor expression bolng a scalar 
and Uio latter an oporator. It Is for this roason only tliat wo have linillod 
oursolvus to isolropie bodies. II10 caso of anisotropy has not, to my know- 
Icdgo, yot been treated, and may bo loft for tho roador'a own Invostlgalion, 
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These arc equations. They wore firsl given in his 

fundamental paper of 1907, in both Ihclr vectorial and matricular 
forms already quoted. We may notice here that Minkowski 
himself assumed that Maxwell's equations (i') and (2') are valid 
(in the corresponding instantaneous rest'system 5 ^) at each point 
of the material body, whatever the state of motion around tliat 
point, just as if the whole body wero iixed in S\ It is this Uiat he 
calls his ' first axiom ' [loc. cil., § 8). Such being Minkowski's 
starting-point, ho asserts, consistently, the validity of tlie resulting 
equations (i) and (2) for each clement of a material medium moving 
in an arbitrary manner with respect to the framework 5 , in short, 
for V varying in botli spaco and time. His only restriction is that 
v<c. Now, it is not unlikely tliat the first set of Minkowski's 
equations can claim such a general validity. (Notice that tlieso 
are, properly speaking, two equations for five vectors, otherwise 
yet unconnected.) But tho case is difTcrent when the first set is 
supplemented by the second. For, apart from other reasons, if 
we pass to and o-«o, tho whole of equations (i), (2) 

reduce, as will be seen presently, to tho vacuum -equations, and tho 
acceptance of tho latter for frameworks whose relative motion is 
variable, would require a thorough reconstruction of llic principle 
of special relativity underlying the whole theory. Retaining, 
thcr^ore, this principle, we can consider Minkowski's equations ns 
rigorously valid only for vnifonn motion. Accordingly our v has 
been treated from the outset as a constant vector and Y as a 
constant velocity- quaternion belonging to tho body as a whole. 
Of course, as an approximation of more than sufliclcnt accuracy, 
the equations (i) and (2) can well be used for velocities experiencing 
all such time- and space-variations as are practically obtainable. 
Thus, for instance, they can safely be applied to bodies kept rotating, 
as in tlic case of Wilson's experiment ; tho unequal FitzGerald- 
Lorentz contraction and the ensuing stress with its influence upon 
Kf etc., being of the order of 

Tho comparison of tho equations (i), (2) with those of Hertz- 
Hcavisido, Lorentz and Cohn, none of wliich satisfy rigorously 
tho principle of relativity, must bo loft to tho reader. It is given at 
sufficient length in Minkowski's paper, As to Hertz-Heavisido's 
equations for moving bodies, wo have already seen that they are 
not oven a first-order approximation to tho observed state of things, 
giving a full, instead of the Frcsiiolian, drag. In fact. Hertz- 
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Heavisicio’s equations are, by tlieir very construction, invariant 
with respect to tho Newtonian, and not to the Lorentz trans- 
formation. 

Let us now atop a while at Minkowski’s equations in order to learn 
some of their properties. 

In tho first place, if and (r=3 0, Minkowski’s equa- 

tions reduce at once to the fundamental or ihe vacutm’equalions. 
In fact, in this special case we have, by tho tliird of (2), I«-/»v, 
and if also p-o, by (3). Again, by the first and second of 
(2), -B* and in’* =M»<, le. 

c 

whence, by elimination. 


and since ®*-E, and similarly, ,p=M, q.e.d. 'flic same 
result may be obtained from the quatcrnionic form (2 a). In the 
present case becomes identical with the electromagnetic 

bivcctor of the preceding chapters. And since at the same time 
the sum of the equations {la) gives at once 
Properly speaking, to obtain crB=o, we have (on the 

clcctro-atomisUc doctrine) to consider a region outside the electrons, 
or at least outside electronic assemblages crowded within atomic 
regions. Then p^o, Dlino, and here the macroscopic bivector 
coincides with our previous microscopic L. Thus the announced 
reduction becomes complete. 

As regards the meaning of the vector I, wc have already remarked 
that it is Ihe sum of the convection' and the conduction-current. In 
virtue of tho properties of the stretcher c, the longitudinal com- 
ponent of the latter current will be 


and the transversal ones 





This is in explanation of tho short form of the third of (2), which 
may be looked upon as tho expression of Ohm*slaw, If, for instance, 
(T^E’* is considered as the resultant e.m.p, per unit length, then 
t/vy will bo tho specific resistance for tho .S-standpoint. This is 
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one simple way of splitting tho conduction current ini 
But since, thus far, the only requiromont is that * r 
should reduce to i/cr for v « o, wo may equally woll give Ll: 
* electromotive force ' to the linc^integral of the vector 
then wo shall have tho specific rcsistancc'OpcnUor 
an ordinary scalar. If socond'ordor terms are ncgic 
distinction disappears. The conduction current .may 
written, with more than sufficient approximation, 

We will not stop here to discuss tho nomenclature pr( 
various authors for and its magnetic companion, 
advisable to leave them for tho time being without any n 
Tho integral properties of and in relation to 
may at once be put into a form with which tho n 
become familiar in Chapter II. In fact, by (a) and (i), a 

- e . curl S’* ■= - c , curl E - curl 

-^i+vdiviH+curlVJtftv, 

and this is precisely what in Note b lo Chap. II. has been 

current (4(fi). 

That is lo say, if dcr bo a surface clement composed nlwt 
same particles of the body, and u tlic normal of dtr, we In 

Similarly, 

c (n . curl M**) «= ^ ((gn d^r) + ($n). 

Applying, therefore, Stokes’ theorem, wo have for any 
which together with its bounding circuit s is canted ahn 
body, 

These arc tho required formulae. Returning to p. i 
Maxwell’s law i. is to be supplemented by tho conductloi 
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and to p. 30, tlio reader will find this integral form of equations 
most suitable for a direct comparison of Hertz's tlieory with that 
of Minkowski. Instead of Hertz's E, M we have here E'^, and 
instead of his (g >»/OEi, etc., tlioMinkowskian relations (2), involving 
the velocity of the medium relative to the observing system. 

Applying (4) to a pair of surfaces bounded by one and the same 
circuit s, as on p. 25, we obtain the familiar equation, 

( 6 ) 

where 0 is the total charge of any portion of the medium enclosed 
completely by the surface tr, whose outward normal is n. If tlie 
bounding surface is entirely composed of lines of conduction- 
current, then the charge remains constant. The same result 
follows, of course, from the first pair of the differential equations 
(1), with I^=>/)V 4 ' 3 E. And since these are independent of the 
Minkowskian connections, involving the substantial properties of 
the medium, there is no wonder that the equation of continuity 
ruai>pcnrs in its familiar form. 

The above equations (4) and (5) lead at once to a pair of what are 
usually called the boundary conditions. The other pair follows 
directly from div QE = /> and div^t = o. In fact, let E be, in Hada- 
mard's phraseology, a sialioiiary surface of discontinuity,* 
permanently affecting the same material particles, such as the 
surface of contact of two different media. And let us require 
3 E uutl the individual time-rate of change of (tt and to be 
finite, 'riiis condition, to be fulfilled at any point of 2 and elsewhere, 
is necessary to prevent JiH from mounting up to infinite values 
at any point of the medium.*!* Under these assumptions apply 
(4) and {5), ill the usual way, to an infinitesimal rectangle, with its 
shorter sides normal to X Then the result will be that the 
tangential components of E^ and M’' must be continuous. Tlie two 
remaining conditions arc as in the older theory. They follow at 
once from the divergence-formulae, and require Uie normal com- 
ponent of to be continuous, and llio jump of the normal 

♦ To bo cuTofttUy distinguiuliccl from a wauo of discontinuity, which is 
propagated lii the material medium. Tlio reader uiifaniiliar with this 
subject is roforred to the author's Veclorial Mechanics, pp. 128 et seq. 

I Wlillo it is not iiecossary at all for a wave, whoso singularities do not 
ruinnin lit the snnio particles, but pass by and arc transferred to others and 
others. 
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component of (S to bo equal to tlio surface-density of charge. 
Thus, if there is no such charge, we have the following houndary 
conditions : 

((|Hn) and ((£n) co1dinuo^^s^ 

VnYE**!! and VnVM*‘n continuous^ 

where n is normal to tlie boundary. The latter pair of expressions 
gives the tangential parts of the vectors S’*, in both size and 
direction. 

Next, as regards the formula (3) p. 267, for the density of charge, 
which is a consequence of tlio nature of C as a physical quaternion. 
Suppose, first, that there is no conductivity. Then 

just as for the microscopic density of charge, whence, for any 
portion of the body, 

which means relativistic invariance of macroscopic charge. This 
property then continues to hold for a moving body, provided that 
it is a perfect insulator. 

On the other hand, suppose that tho body is conduetivCt but 
that there is no rest-charge (/>'»o). Tlien there will bo for the 
.S-observers an apparent charge of density 

(It)- (8) 

The history of this conduction charge, or compensation charge, ns 
il previously has been called, can be traced back as far ns 1880, in 
which year it was deduced by Buddc {Wied. Ann., Vol. X. ji. 553) 
from Clausius' fundamental law of olcctrodynaniics. Uudde, 
whoso formula differed from tho last one by containing unity 
instead of 7* was able to defend Clausius' law from a serious attack 
by showing that this charge accounted for tho noii-oxistencc of an 
action between a current circuit and a charged body sharing in 
the earth's motion. Henco tho name of ' compensation charge.' 
Tn 189s Ltorentz, by averaging his electronic equations, obtained 
for the density of* this charge a formula which was identical 
with (8). See §25 of his Essay, A careful comparison of the 
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two ways leading to one and tlic same result will be found useful, 
and the electronic interpretation of a formula which hero appears 
as a relativistic consequence of Maxwell’s equations will not bo 
lacking in interest. But even apart from electro-atomistic con- 
cepts the reader will not fail to see that if the densities of positive 
electricity, flowing one way, and negative flowing the other way, 
cancel each other for an observer attached to the conducting body, 
then the corresponding values and p^, as estimated from any 
other ( 5 ^-) point of view, will in general not annul themselves. 
They will do so only when the current has no longitudinal com- 
ponent, There is no difficulty in working out the quantitative 
details of such a reasoning, and thus re-obtaining the above formula. 

Next, as regards the dragging of waves. We know already from 
Chapter VI. that, whatever the value U’ of the velocity of propa- 
gation in the rest-system, its 5 -value h will follow by the addition 
theorem of velocities, and will give, therefore, the Frcsnclian 
coefficient. And that Einstein’s theorem is in fact applicable to 
the present ease, can be concluded from the manner in which the 
equations (l), (2) have been obtained from those, (1'), (2'), holding 
in S*. Thus we know beforehand that Minkowski's equations will 
lead to the correct Frcsnclian value of the dragging coefficient. 
And this expectation is readily conflrincd on performing the calcula- 
tion. Cf. Note 2. 

Finally, let us remark that Minkowski’s electromagnetic c(|ua- 
tions account fully for the well-known results of Kowland's, 
Wilson’s, RWntgen's and Eichenwald’s expcrinifiils. We cannot 
enter here upon the corresponding details, and must confliie our- 
selves to short indications concerning each of these famous experi- 
ments. The magnetic elTcct of the conmclion ament, fii’st proved 
experimentally by Rowland, and confirmed by other physicists,* 
is directly cxprc.Hsed by the term /iv, which together with the con- 
duction current makes up I, and tlius equally with that current 
contributes to the magnetic field. It is scarcely necessary to say 
that the Rowland elTcct was ctiually well expressed by the Hertz- 
Heaviside equations. The result of Wilson* s experiments on the 

• 11 . A. Kuwlaiid, A mar. Joitru. nf Science, Vol. XV. 1878, p. 30. II. A. 
Ufiwlaml and C. T. Iliituhlnsoii, PMl. Mag., Vtil. XXVII. 18&). p- 
II. render, Phil. Mag., Vol. II. igoi, p, 170. It. P. .Adams, iltidom, p. a8,s. 
11 . 1 'ondor and V. Crdmiou, Comptes rendus, VoJ. CXXXVI. lyoj, pp, 5,18, 
953 > A. KlchomvaUI, Ann. dor Phyeih, Vol. XI. 1903, p. i, 

8.R. 8 
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electric effect of a dielectric rotating between the connccicd plaU's 
of a condenser in a magnetic field M consisted in each of tlio philcs 
being found charged to a surface-denBity 

{K-i)^M {Wilson) 

of opposite signs.* In the theoretical treatment of the probloin 
uniform translation (of each element) caii| with sufiiciunt LUJoniucyi 
be substituted for the actual spin, and the state being auppnseil 
stationary (and jr^o, />“o), Minkowski’s dilTorontial oiiualions 
reduce to curlB='o, etc. Using these, with the a))pr<iprlatc 
boundary conditions, and the first pair of ( 2 ), Einstein ainl T»aub ‘|' 
deduce, for the surface-density in question, the value 

(Milk) 

with the correct sign for each plate. The au thorn observe that 
Lorents’s theory would give, instead of this, 

(K-i)^ftM, (T. 01 ) 

Since in Wilson’s case fi was » i, both of these theoretical fdrinulao 
coincide with his experimental result, If a dielectric of consiflcr- 
able inductivity were available, experiment would readily <U!ci<lo 
in favour of the former or the latter theory. As to I lerlK* Heavi- 
side's theory, it would give for the Wilson-cffuct 

KiifiM, ( 1111 ) 

i,e. practically K^M, which is equally contradicted by Wilson’s and 
by Blondlot’s results. This disagreement, even in the rsiMu of a 
first-order effect, might have been expected, in view of the fiiol lhal 
Hertz-Heaviside’s equations give a full instead of a Fresnel ism drag. 
Lastly, as regards the experiments on the magnetic effeet of inuviiig 
polarized dielectrics, which were fimt carried out by Rbn(|>fn and 
more recently with increased accuracy by Eichenwtdd,| it will be 
enough to write down the expression of what is generally called 

* H. A. Wilson, Phil. Trans,, Vol. CCIV. A, itjo/f, p, lai. Wiliion'it 
positivo result agrees the absence of any such ellect slated prnvloiinly 
by R. Blondlot, CompUs rsudns. Vol. CXXXIII. njoi, i>. 77H, in lh« vuuu 
of air as dielectric, for which K dlders but lllllo from unity, 

t A. Einstein and J. Laub, Ann. dar Physih, XXVI. njo8, p. 

tW. C. RUnlgon, Berl, Silsnngsberichto, 1883, p. 193 j WioU. Ann., 
Vol. XXXV. 1888, p. 264, and Vol. XL. iSgo, p. 93. A. Klcliuawabl. 
der Physih, Vol. XI. 1903, p. 431. 
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the RdiUgen'CttnetU, M wo limit ourselves to homogeneous media, 
the experimental results may be concisely stated by saying that 
the observed value of the ROntgon-current is 

(iC-i)curlVBv. (Exper.) 

Now, according to the Hertz-Heavisidc equations (p. 31), tliis 
current would bo 

/^.curlVEv, (HH) 

so that tho disagreement is exactly of the same kind ns for the 
Wilson-effect. On the other hand, Minkowski’s equations, with 
ft —I, give for tho ROntgcn-currcnt tho rigorous value 

curiy((g-E)v, [Mnk] 

whore, by the lirst of (2) and by (a), 

c 

Thus the first-order term of tho Minkowskian expression represents 
correctly tho observed facts. The second-order terms are, of 
course, for tho time being far too small to be detected. The 
Minkowskian value of tho Rdntgcn-currcnt follows also from a 
later form of Lorentz’s equations deduced (1902) from the electron 
theory,* In what consists the violation of the relativity principle 
by these last equations may be seen from Minkowski’s paper. 
There tho reader will find also the appropriate coordination of the 
field -vectors involved in tho various theories. 

So much os regards the electromagnetic equations for moving 
bodies, contained in (i) and (2). Now for the dynamical part of 
the subject. Before proceeding to a relativistic construction of tlic 
formulae for tho pondcromotivc force and the associated physical 
magnitudes, some preliminary remarks seem indispensable. These 
will concern the requirements to be postulated in addition to those 
dictated by the principle of relativity itself. The choice of such 
supplementary requirements or postulates is free, within fairly wide 
limits. Wc shall select tliosc which seem to ofTer the advantage 
of possible simplicity and wliidi will lead to results but slightly 
dilTcrent from the pondcromotivc forinulao originally proposed by 
Minkowski. 

* Amsierdam l^oceadiiigs, 1902-1903, p. 23.]. Hoo Lorontx’s arllclo lu 
JincyM. der maih. Vol. Vg. pp, soB-aii, and in particular foniuilii 

(xxvu.), ill which HE corresponds to tho above 
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Lot P bo the ponderomoHve force duo to tho clccU'oiuaKiuJlie field, 
per unit volume of tho medium, and, therefore, (Pv) its activity. 
Further, let ybc /oule's heat, or the Joulean waste, |>er unit tinuj 
and unit volume, and F the force- quaternion, i.c., according to 
what has been said in tlic last cliaplcr, 

if—'KPv) +/]+!’• (9) 

c 

Let u bo tho density of cleclromagnollc energy, s tliat of electro- 
magnetic momentum, and finally / and Jl tho (' aljsolute,' not 
relative) stress-operator and flux of energy, as (lefined in the usual 
way with respect to the observing system .9. With tliis meaning 
of the symbols, let our rcquiremcnls be as follows : 

I®. F, a physical quaterfiion, 

Pb ~ [(Pv) +/] +Tz(l‘ 

V 

a®. Principle of niomenitmt, to call it l)y its usual short name, 
that is to say, 

where V/ stands for + 

3 ®. Principle of conservation of energy, i.c, 

(PT)+/=-?^‘-<livfl, (y) 

where ^ has, Ihns far, nothing to do with the momentum. 

It is needless to add that, besides fulfilling these explicil require- 
ments, the resulting formulae have to agree with experii'uee, as 
far as it goes, and to reduce, for (r>-->o, to llut previnns 

vacuum-formulae, as, in fact, they will. 

Wo have seen in tho preceding chapter lhal: tluTo is a hlroni; 
tendency to univcrsaliso the simple relation of equ.tlily holding 
between g and in the ideal limiting case of a vut'iiuni.* 

* This tomloIlcy^vn 8 iniUntocl by Planck's paper {Phys. XeUsehift, Vul. IX. 
lOoS, p, 8 a 8 ) on tho principlo of action and rcnclton. M. Abrahiun 
tho equality |j) Uuoughout his impors ((|iuilu<l un p. u.|o), pulling it 
atthobaso of hla electrodynamics of moving b(Kllu.H, which isahuMidiipiiHl 
in Latte’s RelalivUatspYUizip. That equality Is culled by T.uue ' the tlnnireiii 
of inertia of energy,' and plays in his boelc Ihti iwirt td a iiiilviiiMaily 
valid relation. 13ut hts own way of iitluKlucing this ' Ihenreni ' (p. iH';, 
vol. I. of tho 3 rd od.) will sltow best how vague are the masons for accept- 
ing it wlUtont limitation. 
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But, as far as 1 can sec, there is iiolhing to compel us to such a 
generalization. If it is assumed that the matrix embodying the 
stress, moraontuin, etc., should be symmetrical, tlien, of course, 
the equality under consideration follows from (/ 3 ) and (y). But 
nothing prevents us from abandoning, at least in the case of 
ponderable media, that assumption of symmetry,* We shall see 
that In doing so we need not even give up the formulae (14) or 
(14^) of Chap. IX., which have led to so many far-reaching con- 
sequences. Tliese formulae will continue to hold within wide 
limits, although the more gbneral formula (10) of that chapter will 
have to bo modified. Thus, there will still be ‘ inertia of energy,’ 
with its corollaries. 

So mucli to justify the abandoning of the assumption of universal 
proportionality of momentum and energy-flux. 

Returning to our requirements, let us, first of all, observe that, 
with the given moaning of F, assumptions {fi) and (y) may be 
condensed into 


where 


or, written out fully. 


F=-lor^. (10) 



f. 


3- 







/lit 

Aai 

Ast 


Alt 

Afli 

/sat 


All 

As) 

Am 




teg^, 

-M 


Here, in general, /»« -/>/«», so that the matrix lacks symmetry 
ullugcthcr, 

♦The qiiosUon of syiumotry of Uio stress-onorgy matrix or of the so- 
cftllod ‘tensor of matter ’ will assuiiio a dillcrcnt aspect in relation to 
Itinstein's generally covnriant gravitational ' lleld-eqiiaUons.' Cf. injra. 
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Next, to satisfy (a), wo have to write, for any pair of Jegilimate 
frameworks of reference S and iS , os on pi 239i 




( 12 ) 


where A, A are as before. This fixes the tran.sformalional pro- 
perties of the stress, momentum, etc., quite independently of the 
electromagnetic expressions they will hcreafler receive, develop- 
ing (i^)f following table of Cartesian formulae, 

which take tlie place of (lOfl), p. 237, and which, though not 
needed for our electrodynamical investigation, arc Jiero given 
because of their bearing upon the subjects treated in the preceding 
chapter : 


+ /aa^/aa'i /aa“/a./ \ 


/sa=Vi /is«r(/ia'+*^5'a') 

/sa-Zaa'i /la-yCAa'+^'gZ) 1 /Bi“y(/ai'l'f W) 
*>i“yW+»"^i+»(/n +«')]; lPa“y(tJa'+«/at'); tJ3“y(tla'’M!/'Di') 

g 1 " y*\gi (w* +/11O] ! Si ” yiSi ( fli ) 5 Sa “ yiSi 'h gfia) 


(l2H 


u = y 


»K+Wu'+?(«.'+'V.')l. 


/ 


Here tlic a;-axis is taken along v, the velocity of 6'' relative to S. 
(The reader may condense these formulae into a more convenient 
shape by using vectors and Uio stretcher e.) If there is, from the 
.S'-point of view, no flux of energy and no momentum, iJiun n and 
tlie Blress-compononts become as in (140) of Chap. IX. ; we have 
also the same 5-momcntum as before, f.d. 

Bi “ ^ +/iiOi Si “ |a■/la^ ^a *•’ Ju Aai't 

whereas 

»i=^(«'+/iA D.-ro/.i*. So-rf/..'. 


Thus, and )) may still dilTcr from each other. Hut if the 

stress in S' is self-conjugato, the two vectom become equal, and 
the formulae of Chap. IX. reappear. In tho case of elcctro- 
dynamics, for instance, the latter condition, will bo seen 
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to hold for any electromagnetic field, if 5' is attached to the 
ponderable medium ; and the condition of vanishing g' and 
will bo salislicd in the case of a purely clcclrostatic, or a purely 
magnetostatic held. 

With fiK^fn alone, wo have, from (i2«), the interesting 
relation 

( 13 ) 

which will hold for any electromagnetic field, provided that S' is 
the rest-ayatem of the ponderable medium. 

But let us return to our chief subject. After what has been 
said wo could either employ the form (lO) of the forcc>quatcrnion, 
and would then have to prove that ^ is transformed according to 
(l2), or wo can proceed by satisfying our three requirements in 
their original forms (/8), (y), and (rx). The two ways are wholly 
equivalent to one another, Minkowski chooses the former ; he 
constructs ^ in a manner that ensures by itself the validity of 
( 12 ), subjects it to the operation lor, and develops the resulting 
four-vector.* We shall take the latter way, which the reader may 
And easier to follow. Thus, we shall first construct F so that it 
should be a physical quaternion, and then And the corresponding 
expressions for the energy, stress, etc., according to {ft), (y), aided, 
of course, by the electromagnetic equations (i), (2). 

The first step to be taken is suggested by analogy with the con- 
struction of the fundamental electronic force-expression (cf. p. 230 ). 
We know that 

C^ip + ^^q, 

and that -lE is a left-handed bivecLor. Therefore, 

fjinularly, being a right-handetl bivecLor, we have 

The difference of both products has also the structure of 
q, and thus is again a physical quaternion, and can be used as 
fur as (fx) i.s concerned. Try, therefore, to satisfy the remaining 
reipiiremeiits of the problem by putting 

(Mrt) 

This will turn out to represent the whole forcc-qiialurnion in the 
case of a homogeneous medium, and will, for heterogeneous media, 


* Bee Koto 8 at Iho and of the diaptur. 
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easily supplemented by another physical quaternion involving 
variations of ft. Develop the right-hand side of (140). 
2n the vector part -will give the potideromoiive Jorce^ 

P^pB + ivi#:, (I 5 «) 

c 

1 the scalar part will lead to 

(Pv)+/«(EI). (i(w) 

minato (El) from these two equations and rcmcnibcr that 
pv+S. Tlien the result will be 

/=i(PaE)-(iE)+i(5Vvift), 

ing for /otU^s heat the expression 

. /»(3EB’‘). ^ (17) 

riuis far {/ 3 } and (y) have not yet been used. Now take 
ount of these conditions, beginning with the latter. This gives, 
(1 6a), 

-(ED-~+div». 

t, by the electromagnetic dilTcrcntial equations (i), 

(BI) I (B® +MiH) -l-c . div VEM. 

us (y), the principle of conservation of energy, is satisfied if (he 
isity of eUclrom^netic energy is taken to be 

(18) 

1 thoy 7 f^ of energy ^ from the standpoint of tho observing system,* 
^-cVEM. (19) 

c addition of an arbitrary sourcoloss (solonoidal) flux, as well us 
an invariable w-term, would bo irrelevant, 
vastly, to represent tho pondcromotivo force in the form required 
(^), introduce in (15a) the first pair of equations (i). Thun 

P-Bdivtt-V^curlM-iV-^#. 


' It will bo roincmborod that 3/3^ Is ilio symbol of -local tiino-varlallon 
Qio observing system f. 
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Using the second pair of equations (i), and writing, for tlio moment, 
A “ B div (® - V® curl E + M div - VJR curl M, 

we have 

This gives, first of all, for the elecirotnagnetic mommtim per unit 
volume, 

(20) 


and what remains to be shown is that the vector sum A, familiar 
from the Maxwellian theory, is of the form -V/. Now, this is 
exactly the case, provided that K and n, involved in (2), are 
constant throughout the medium. In fact, lake for the electro- 
magnetic Stress tlio familiar expression 

f„=ttn-E(®n)-M{^n), {21) 

wlicrc 11 is as in (18). Then, remembering tliat Vf is used as 
short hand for dti/dx +'dtjdy +dtjdiit 

-V/= -V«+|[((Ei)E+(iHt)M]+|,...+|... 

= E div ® + M div - Vm + (® . 7 ) B + . V) M. 


On llic Ollier liand, we have 

V® curl E = V® . VVE » V{E . ®) - (® . V) E 

(where the dot slops Vs dilTcrcnlialing action), and a similar ex- 
pression for I he lust lerm of A. Thus, 

-V/-A+N, 

where 

N=V(E.®+M.# 1 )-V«, 

N-iV(E . ® +M . -® . E- 4 H . M). 


To prevent a possible misunderstanding, we may add that this is 
a vector whose components arc 






etc. 


Now, returning to the relations ®’‘ = AE**, “/iM**, and effecting 

a transformation, the details of which will be found in Minkowski's 
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paper,* the reader will verify that 

where the quaternions ■>) and f are as in (d), p. 265. In the ease 
of homogeneity, therefore, K vanishes, and wo have A“ -V/, so 
that the condition (j8) is satisfied, with the above stress and 
inonicntiim, by taking (iSrt) for Uie ponderomotivo force, or {l4rt) 
for the force^quaternion. 

In the more general case of a heterogeneous medium wo have only 
to supplement our original T by the vector N, and consequently 
to add to our original F the quaternion 

(0) 

which, like that quaternion, is ~ since T^ and T^, being the 
tensors of physical quaternions, are invariant with respect to the 
Lorentz transformation. 

Thus we shall have, as a generalization of (14/1), 

F»\[C:h-B.C] -i(T,/)« . • ^/*. (*4) 

which splits into 

P-^ + ?VI^-i(T.;)*.VJC-i(TO«.V,. (15) 

c 

and 

(pt)+/=(b:)+1(t,)'^+KT0‘|^- (16) 


All requirements being now satisfied, with the above values of 
density and fiux of energy, and of stress and momentum, the only 
thing to be still revised on account of the heterogeneity of the 
medium is the Joulcan waste. How, proceeding as before, we 
obtain at once, from (15) and (16), 


where 


/=(«-) + 


dK 




and similarly, (f/ji/ffj a D/i/y'd/'. Thus, if there is, from the stand* 
point of the rest-system, no time-variation of if, /«, we ro-obtain 


* Gritndgleichitugm, iorinula (93), in wliich the lost term, due to tho 
dmngoB of tho velocity of moUon, is to bo omitted. 
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tlio previous value, (17)1 of Joule's heat. Under these circum- 
stances wo have also 

V/A-eVV, 

which values can bo substituted in the last two terms of (15), To 
resume • 

Tlio forco-quatoriiion 

F^\\CL-’B,C] . Dll, ( 14 ) 

being a physical quaternion, satisfies the fundamental relativistic 
i^cquircmonts and, at the same time, the so-called principle of 
niomenlum, 

P=,-V/-()g/c)i, () 9 ) 

and tlie principle of conservation of energy, 

(P»)+/+|*+<livJ)-o. (V) 

It gives for the ponderomotive force, per unit volume of an isotropic 
medium, 


and for thc/o»/^a» waste (with dKfdl’ ^"duldt' *=0 ) : 

/“(m (17) 

where 3 £oI-/)V is the conduction current. The corresponding 
auxiliary magnitudes are as follows: 

The density of electrowagnetic energy 

u«J(B(!E+MJH). (18) 

(ly) 

the density of electromagnetic moinentnni 


the Jinx of energy 


g-=«-V(g^, (20) 

and, finally, the elceironu^netic stress 

f„«im-B{(!eii)-M(,^ttn). (21) 

Tlio physical (|uatcriiions and ( arc, us on p. 265, 

^«y| ‘(B'<v) l-E«J, 


(22) 
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Our F is tlic qimtcrnionic equivalent of Minkowski’s four- vector 
K {}oc, dU, § 14, for constant of course), and so also aro our 
stress-components, etc,, Identical with the sixteen constituents of 
Minkowski's matrix '-S, Tlic diiTerence between the theory hero 
proposed and tliat given by Minkowski, is this : — What Minkowski 
considers as the ponderomotivc force is the vector, not of F itself 
but, of 

i.e. of that part of the four- vector F, which is nonnal to the four- 
velocity y. Thus Minkowski's pondcromotive force is not of the 
form (jS), though it becomes so in the- rest-system. The reason 
why Minko^vski proposed for tlio four-force the said part of F^ 
instead of the whole F, is to be sought for in his dynamics, accord- 
ing to which the ' moving ' four-force had always to bo normal to 
the particle's world-line, Tliis corresponded to tlic assumption of 
a constant rest-mass. But in general, as has been explained in 
Cliaptcr IX., the four-force docs not necessarily bear that relation 
to the world-line, and it will not do so whenever there is heat 
supply or heat generation. Now, this being exactly the case with 
an electric conductor, wc had to abandon the Minkowskian con- 
dition of orthogonality. And, in connection with this, Joule's heat 
has, from the beginning, been embodied into our force- quaternion 
along with the activity of the force, such a procedure being dirccUy 
Slices ted by tlie dynamical considerations of Chapter IX, If there 
is no conductivity, and therefore also no Joulean waste, then the 
four-force represented by (14) is, in fact, normal to tlic world-line 
of the body, i,e. 

SVaF’^Of for o-eao, 

as is proved in Note e at the end of the chapter. But in a con- 
ducting body this property docs not hold. 

We will content ourselves here with this modification of 
Minkowskian electrodynamics, which, besides fulfilling the stated 
requirements, is also in complete agreement with what is Icnown 
from experience. It is true that Einstein and Laub * missed in 
the ponderomotivc force of tlio above kind a term duo to dis- 
placement-current (uniform with those duo to conduction* and 

* Ann, der Physik, Vol. XXVI., igo8, p. 541. 


PONDEROMOTIVE FORCE, ETC, 285 


convection-current, contained in But, since nobody has 

ever observed such an action o£ the magnetic held, this can hardly 
be considered as a serious objection. In order to obtain the 
desired term, Einstein and Laub recurred to tlie electron theory, 
and since in doing so they Uiought necessary to limit themselves 
to tho case of stationary bodies, their electrodynamics is of no 
particular interest from the relativistic point of view, Abraham’s 
pondcromotive force contains, in addition to (15), several other 
terms, and among these tlio displacement-current term. His 
electrodynamics of moving bodies,* as has already been mentioned, 
is based upon tho assumption of the particular relation 
borrowed from tho vacuum-equations. The desire lo retain this 
relation throughout tlie theory makes Abraham's formulae much 
more complicated than those given above. liis expression for 
tho Joulean waste, subject to the same conditions for K, ft, is 
the same as above, but those for the density and flux of cnet^y, 
and consequently also for tho momentum, are less simple. 

The set of electrodynamical formulae given above is best char- 
actcri2cd by saying that, while satisfying the principle of relativity 
and the principle of conservation of energy, it gives for the rcst- 
system the pondoromotive force 

(23) 


In fact, /, as given by (21), reduces in S' to the Maxwellian stress- 
operator. 


It will be remembered that Maxwell’s stress, taken by itself, would 
give, in absence of electric charge and of ponderable matter, the 
pondcromotive force 


I 3 

rS? 


VE'M', 


and this ’ force on the free aether ’ is just balanced by the second 
term in (23). Sec p. 48. With the exception of this obviously 
dcsirul>le Hupplcmcntaiy term every tiling is as in Maxwell’s electro- 
dynamics of stationary bodies. Thus, (15), the developed form of 
tho pondcromotive force, becomes in the rest-system, by (a), 

P' p'B' H- - . YK - .V'/*, 

c 


* Cf. footnoto on p. 340. 
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where 5' “I' is tlie conduction current, and each of the four toritis 
has its old familiar form and meaning. Again, by {17) *^wd (a), 
the Joulean waste takes its usual form, 

while (18) and (19) give at once the Maxwellian density of electro- 
magnetic energy, and the familiar Poynting vector for the flux of 
energy, . , 

The transformation formula for Joule’s heal is easily obtained. 
In fact, since F, defined by (9), is a physical quaternion, and since 

we have at once, writing Pi for the longitudinal component of the 
force, 

and 

Pi“y(A'+«/7^“)» 

whence, by subtraction, 

Consequently, if dS' be any volumo-elcincnt of the body, and dS 
its correspondent, 

/dS^^dS, 

in complete agreement with (29), Chap. IX. 

The electromagnetic momentum bears, in the rest-system, a 
simple relation to the energy fiux. In fact, by (20), 

where, dispersion being disregarded, h' is the velocity of propaga- 
tion of disturbances, as estimated by the .S’-observers, Ilcncc, 
instead of Planck’s relation, we have 




(24) 


so that, in a stationary ponderable medium, takes the place of e. 
And since b' plays in such a medium just the samo part as the 
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critical velocity in empty space, it seems quite natural that (24) 
should replace tiio relation which holds good in the absence of 
matter. The stress in 5 ' being sclf«conjugate, our previous equa* 
tion (13) can bo applied, so that, in general, 

where n' is tlic refractive index of the medium. If, therefore, n' 
dilTers at all from unity, we have unless there is in the 

rest-system no Poynting flux. 

Finally, notice that if and o-'-o, the ponderomotivo 

force (15) coincides with that' of the electron theory. And the 
same thing is true of the above expressions for stress, density and 
flux of energy, and momentum. So also were the vacuum-equations 
contained, as a special ease, in Minkowski’s electromagnetic difler- 
ential equations for moving bodies. 


NOTES TO ClIAPTUR X. 


Note 1 (to page 266). I.ot the quaternions a and h mpresent a 
pair of four- vectors. Then the component of the four- vector a taken 
along tlio four-vector b (ci. p. 146) will bo represented by 

(Tb)-i. 


and, consequently, the part of a normal to b, in both si/.c and di roe- 
lion, by 

bSaJi 


>«- 


{Thy 


Now, == -h ajb], and ('Pb)*. ITcnco 



which is the reepurod expression. 

Koto 2 (to page 273). It will bo enough to considor here Iho case 
of plane waves, propagivlcd along v. In a non-condiicling medium 
carrying no charge, so that I=o. 

As in a previous Note (p. 59), take E, ®, ole., propurlional to an 
exponential function of the argument 

g(;r-W), 

where ^ is an imaginary constant, and s the velocity of prui^wgalion, 
as estimated from the S-polnt of view (or else consider n wave of 
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diacontimiity). Then the equations (i) ami (2) will give, by (a), 
p. 265, and since v=cj 81 , 

(fl) 

G Q 

(K+/8ViM:«7!:[E+i8Vl^], (6) 

4JI“/?VlE«»/trM-)3Vl«1, (c) 

the solcnoidal conditions (Qfl) » (^) >=0 being already satisfied by (a), 
Next, introduce (a) into (6), (c) ; then 

showing tliat B and M are again transversal. Use the latter rclnlioiiB 
in (a), eliminate either E or SI, and remember that 

Then the result will bo 

_h/ 

I -vb/c> ’ 

whence 

h _5!±!L. 

. i+puyc** 

Thus b is obtained from b' and v by Einsloiii’s addition llicorciii of 
velocities, and this, ns we saw on p. 172, gives the Frcsnclian value 
ior the dragging coefficient. 

Koto a (to page 279). Let A and H, as on p, 264, be the nltcrnutiiig 
matrices equivalent to the olecti-omagnelicbivcctors ^ and L ifspcc- 
tively, i.e. 


A|3«=Mi, 

//(!<= ilfg, 

A]g— ii/g 

llu=> — 

Aj 4= ~t®j, 

Agia 






f/u* “tAV 


BoUi of these matrices reduce, for if =m«i. to the nmlrlx h of Note 2 
to Chap. IX. 

Minkowski begins by constnicting the pradncl of h into ;/. Since 
each of the factors is transformed by ) A, the same will bo I nie 
of their product, which will be a matrix of 4 x 4 conHllliionls. Now, 
simiiarly as on p. 259, the reader will find 

+ (fl) 

where ^ Is the matrix of the present chapter, whoso constlliieiils aro 
exactly those given by (18) to (21), and 

A »= J — ECi), (A^ 
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or wliat in the roHt-system bccomea the Lograngiau fiiiictiou, (It 
may bo mentionotl, for the sake of comparison with Minkowski's 
impor, that our A, H, F are hia /, F, L, -S, K respectively.) 
Similarly, h* aiwl H* being tho dual matrices, 

- H*h* “ - (S + X. (c) 

By (rt) and (c), A is an invariant, and is transformed by /T ( ) A, 
so that 

F^ -lor^ 

is a genuine fnur>voctor (or pliysical quaternion). Tho latter bo- 
comes, by (0), (c) and (6), 

• J?=lorA .;/-lor//*.A*+N, (rf) 

wlioro tho dots act as aoimrators and N is the tour-vector written in 
quaternionic form under (c), p. 282. 

Next, using in (tf) the dificrential c([uations of the Held, lor A = - 5, 
lor H* eao, Minkowski obtains 

j7-.?r/+N, (c) 

where s is tho current-matrix, represented in tl)is chapter by tliu 
quaternion C. Minkowski's pondoroinolive four-force is the fiari of 
(0) normal to the four-vciocity. Our foroo-quaternion (i<|) is the 
quaternionic (Mpiivalont of the whole four-vector (0), 

Notice that (6) can be written, in terms of the electromagnetic 
bivectors, 

whence the invariance of \ is seen immediately. 

Note 4 (to jMigc 284). h'or a non-conducting medium, the current- 
quaternion becomes 



and therefore, tho force-* pmlcrnioii (i,|), 

whore 2C?j= VL + RV, as on p. 203. Hence, 

Again, as regards tlie second term of F, 

since 'dKfdt'^o, by assumption. Similarly for llte lust term of tho 
force-quaternion. Thus syi,/‘''=‘0, which was to 1 k» pi*ovcd. 


S.K. 


T 



CHAPTER XI. 


FUKDAMENTAXiS OF THE THEORY OF OBZ7BBAL 
RELATIVITY AND OBAVITATION. 

The theory of Special Relativity, which occupied our attention in 
the preceding chapters, is characterized by the feature that, out 
of all possible frameworks of reference, it deals deliberately with 
only a certain special, privileged class of frameworks, the inertial 
systems of reference. To this class of systems belongs the fixed* 
star system, say S, and oo® systems moving uniformly with respect 
to S, but no others. Although the special relativity theory, ns wo 
saw, e.g. in Chapter VII., docs by no means abstain from investi* 
gating any non-uniform, accelerated motions of a particle, a system 
of particles, or a continuous body within one of this triple infinity 
of systems, yet it docs not concern itself with any frames other 
than the inertial ones as reference systems, and is unable to deal 
with them. Thus, for instance, it cannot rigorously transform the 
laws of any phenomena from the i^-system to our spinning planet 
or to an accelerated train as reference frameworks. 

However, having thus narrowed down its competence, the special 
relativity theory places all these inertial systems on a perfectly 
equal footing, that is to say : it requires, through its first main 
assumption, the Special Relativity Principle, for all the inertial 
systems equal physical laws not only fonnally but substantially, 
phenomenally, and in this it differs profoundly from Einstein's 
newer concept, the general relativity principle, as will be seen 
presently. Thus, for example, if a free particle placed at rest in 
S, remains fixed for ever, it does so also, when similarly treated, 
in any other inertial system S ' ; and if a Michelson interferometer 
placed in S and on being handled in a certain way, say turned 
around through ninety degrees, docs not or is not expected to show 
any shift of the fringe pattern, no such shift is to bo expected 
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when the apparatus, including tlio observer, is placed in a terres* 
ti'ial laboratory {S'), the spin and the curvature of the orbit of the 
planet being left out of account. As the fixed’Star system, so also 
every other inertial system has the property of homogeneity as well 
as of isotropy. 

In sliort, the special relativity principle takes caro only of a 
narrow class of possible reference sykems, the inertial ones, but 
for these it claims not merely formal egtialily, biU a thorot^hly equal 
phenomenal behaviour. Thus also, if any experiments be performed 
entirely in one such system, it is impossible to distinguish by means 
of them which of the «>" inertial systems it is. 

This point cannot bo ovcr-cmphasizcd. For it is of the greatest 
importance for a thorough grasping of the meaning of the special 
or the 1 905 ‘Relativity and of its comparison with the General 
Relativity, definitely established by Einstein in 1916,* after some 
groping attempts reaching back to 1911. 

As to the formal side, the dictionary of special relativity, which 
teaches us how to pass from one inertial system 5 to any other 
such system S', is determined by a linear transformation of the 
Cartesian t coordinates and the time, viz. the Loren tz transforma- 
tion. It is this, and only this, from the mathematician's point of 
view very simple and special transformation which leaves the form 
of the physical laws intact, which reproduces them completely in 
the dashed variables. 

It will be remembered that the particular form of this trans- 
formation followed mainly from the Special Relativity Piinciplu 
in conjunction with the second chief assumption of the theory, the 
Principle of Constant Light-Velocity, as explained in Ch.ipler IV. 
The latter assumption or principle sets an example of a physical 
law which is required to satisfy rigorously the former one. The 
two principles jointly, together with the requirement of formal 
equivalence of any two inertial systems S and .S*', yielded the 
invariance of the quadratic form i.e. its trans- 

* A. I^nstoin, " Dio Gnuullagoit dor allgonioinoii UolalivUiLlsthoorlu.'' 
Amalon dor Physik, Vol. XLIX. njiti, pp. 76tj'82z. This inoro or Ickh 
flnal papor was preceded by seveml other iniblicutioiis which, liowovcr, 
need not bo enumerated horo. lllnstoln's tutor publications will bo mon- 
tioned in tho soquol. In the meantime It will bo the above juipor wlilch 
will bo shortly referred to as loe. eit, 

t Cf. Note 1 at tho ond of tho chapter. 
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formation into This is tho fundamental in- 

variant of the whole theory. Even at tliis stage it may bo 
profitably replaced by a differential quadratic form. If dx, etc,, 
bo tlie infinitesimal differences of the coordinates of two world- 
points, this invariant difFercntial form can be written 

(i) 

where, to avoid all hypostasy of human brain products, is to 
be considered only as a short symbol for the expression on the right 
hand. 

If dx, etc., belong all to a xmrticlo, then ds is, apart from a con> 
stant factor, what has been previously called the jtroper time (</r) of 
the 'particle. Tn what follows wo will, with r.aro exceptions, not 
avail ourselves any longer of tho imaginary tinll to make in this 
quadi-atic form all tlio four signs ])osltlvo. l^or such arlKico ccascH 
to offer any particular advantages in I ho domain of general rulaf ivity. 

When subjected to a Lorentz transformation, this quadratic 
differential form reappears in the new variables' y&iVA the same 
coefficients^ i,e. as It will be well to keep 

this special relativistic feature in mind. 

Using the language of general differential geometry, wc may call 
d^ as given by (i) Uie (squared) element of distance or line-element 
of the world considered as a four-dimensional metrical manifold. 
Or, in the terminology of Chapter V., we can speak of as the 
norm or the squared size of the infinitesimal four-vector having 
the world-point P{x^ y, z, cl) as its origin and etc., as its 

end-point. Such a vector will be cither time-like, singular or 
space-liko according as ds^ is positive, nil or negntivo. From the 
same point P diverges a triple infinity of infinitesimal non-singtilar 
four-vectors having ail tho same size, tho locus of their cnd-puinls 
being a tliree-dimensional surface const. This plays the rdle 
of the metrical surface of the world. If any two distinct four- 
vectors, PQ and PP, have tlio same size in one system, their sizes 
will also bo equal in any other inertial system. In other words, 
tho equality in size is an invariant property of a pair of four- 
vectors. But such also, and only such, is the distinctive feature of 
‘ size ‘ or * distance ' familiar to us, or supposed to bo familiar, 
from ordinary geometry of three or of two dimensions, dealing, 
that is, with proper spaces or surfaces. Thus it comes that, as tho 
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geometry of a thrce<space or a surface is completely determined * 
by the expression of llio iino-clemcnt, so also are all the nicUical 
properties of tho world of special relativity determined by the 
particular dilforential quadratic form (i) representing its line- 
clement. 

Now, of especial importance among the world-lines arc, as in 
ordinary surface geometry, tlie so-called lolninua linos (or null» 
lines), dofinod by 

dj«o, 

and tho Boodoslos, whose longtli taken between any two fixed 
world-points has a stationary value, i.e. 

Bo til of these types of world-lines have a fundamental physical 
meaning ; 

The minimal lines represent propagation of light in vaaio, and 
the geodesics give the motion of a free particle, in any inertial 
system. 

In fact, the former of these properties, corresponding to 
rf,v*-hrfy*-l-rfs®=cW, is but a restatement of the principle of con- 
stant light-velocity, and the latter follows at once by developing 

the diTinition, of the geodesics, which gives 

dh dH 


and llicreforc, const., etc., and since also const., 

dx dy da 
Tt' ii' rf/ 


or uniform rectilinear motion, which is precisely the motion of a 
free particle in an inertial system. 

These two properties, of the minimal lines and the geodesics of 
the Lorenta world ns rep rc.scn tali ves of light propagation and of 
free particle motion, aro of particular importance inasmuch as 
they will be carried over to tho theory of general relativity and 
gravitation and will presently bo seen to play in that broader 

* Apart from some proportlos o£ tho luanlfokl as a wholo, e.e. whoUior 
it Ik closed (ro-ontraut) or not. 
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doctrine n very conspicuous part indeed. That these forms of 
laws of light and of motion are invariant, at least with respect to 
the Lorentz transformation, is obvious. For such is (fj, and there* 

fore also ^ds extended between any two fixed points of the four* 

fold. As to the developed form of the second law, its invariance 
means simply that if a particle moves uniformly in one inertial 
system {d^xj^^=Ot etc.), it does so also in any other inertial system 
[d^x'fdl'^’^Of etc.), while the first law, that of light propagation, is 
merely a restatement of an original assumption of the special 
theory. 

Let us now turn to Einstein's General Relativity Theory, inti* 
matcly connected with that of universal Gravitation. There is a 
deep reason for this very union or connection, which will soon 
appear to be most characteristic of the new theory. 

Unlike the older theory, the general relativity theory proposes to 
deal with any reference frameworks and to write down laws valid 
in any system of four coordinates, the time included. In accord* 
ancc 'witli this its chief basis, formally at least, is 
TIib Oenoral Relativity PrUiQipio, which, in Einstein's own wording,* 
requires 

The general laws of Nature to he expressed by equations valid in 
all coordinate systems, i,e, covarianl mth respect to any substitutions 
whatever, or generally covariant. 

This then is henceforth to replace the special relativity principle 
as enunciated on page pS.f At the same time, the second prin* 
ciplc of the older theory, that of constant lighl*vclocily (II., p. 98}, 
is givci\ up in the new theory, as will appear hereafter. 

The general principle just quoted is more easily enunciated, and 
even memorized, than grasped in its proper meaning and in its 
true office. And since its rfile in the new theory has of late been 
often misunderstood, mostly overestimated, we may profitably 
dwell upon it a while before proceeding any further. 

Equal laws for all coordinate systems, and therefore also for all 
reference frameworks. Such is Einstein's new proclamation. Hut 
have not wo seen at the very beginning of this book that certain 

* Loe, cU., 776. 

t The former, however, need not necessarily contain the latter in Its lull 
physical moaning— n remark which will Iw bettor imdorslootl In the sequel. 
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^ ramcworks, Ihc inertial ones, offer the advantage of extromo 
simplicity, ospocialiy for the representation of equilibrium and of 
motion of bodies, "while other framcworlcs give of the same 
phenomena a most complicated, intricate and confused picture " ? 
Arc wo now to understand with Einstein that that " old-fashioned 
coach " invoked as an illustration on page 2 , and treated almost 
with derision, is after ail as good a reference frame ns any of the 
inertial systems adopted by Newtonian mechanics? Formally, 
mathematically, yes. Physically or phenomenally, no. 

, Instead of the coach driven along an ill-kept road, let us 
better fix our attention upon a turn-table or a rapidly spinning 
disc, and to simplify matters, lot there bo no gravity and lot 
our experimental bodies be material particles which can move 
about only on the disc and without friction. In what does such a 
disc, ns a reference frame S*, differ from an inertial system S ? 

1 do not mean, of course, for an outsider (for whom S* is spinning 
relatively to S, and S is as well whirling around y), but for a 
strict inmate of one of these frames having no outlook into the 
other. Why, the differences arc so striking and familiar as to 
make their bare enumeration almost trivial. Yet, it is well to 
recall them. We will leave alone the giddiness of an observer 
resting on S* and the fact that no amount of similarity of ' the 
cciuatioiis for all systems ' will explain away this repugnant feeling 
as compared with the comfort of somebody resting in S and gazing 
at his fixed stars. Hut let a particle be launched by the former, 
on y, and left to its own fate, and similarly another particle l)y 
the latter in 5. The second particle will describe, uniformly, 
a straight line, the first a complicated spiral. A modern critic 
might object that ' straight lines ’ have nothing profoundly real 
or universal about them, that they arc only artificial auxiliaries 
fur the description of jihenomena, and that the spirals of the 
csdasher may be as good for his purposes, especially as his light 
rays may also be curves of the same kind. Such an objection 
would have its good reasons, since, as has been insistently pointed 
out by Einstein * and still more by some of his recent exponents, 
what can really be observed arc only spatio-temporal coincidences t 
or non-rdincidences, and In fact, there are cases in which this 

* Cf. for example, {Migo 776, he. eil, 

t III other wonis, iuterseelhu points of world-lines., and not those linos 
IhomselvcH. 
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objection would settle the matter. The ease in hand, iiowever, is 
not of that kind. For, while the frcc-particle motion is reversible 
in S, it is irreversible in S", TIius if be a fixed pair of points 
in S, and A', B' one on 5^, the free orbits AB and BA are con* 
gruent, while A'B* and B'A' enclose a lens'shaped area between 
them. Projectiles shot off from A* to B' and at the same time 
from B‘ to A' will reach their destination without ever cncoiintoring 
each other en route^ while no such thing is feasible between A and 
B, Again, a free particle in S', initially at rest, will remain so 
for ever, i,e, will coincide with a chalk mark on the disc, say, 
whereas one initially at rest on S' will, unless it is nailed down, 
fly off,* and thus cease at once to coincide with the clmlk mark. 

These arc all real, actual differences of the reference frames, the 
behaviour of eltlicr frame being intrinsically ascertainable and con* 
trasted from the otlier in terms of coincidence and non-coincidence, 
without the aid of measurement or analogous auxiliaries. t Simi- 
larly for the comparison of an inertial with any other reference 
frame S', 

Docs Einstein expect us to deny these differences or to close our 
eyes to' their reality ? Certainly not.| Yet he proposes to write 
the equations of free motion, say, in exactly the same form for 
the inertial frame as for the spinning disc, and succeeds in doing 
so. But how? Simply by writing the equations in terms so 
broad and general as to mask away all differences, no matter how 
intrinsic from the ph>fsicist‘s point of view (which does include the 
observer and his station). This is, undoubtedly, a great gain. 
Nay, the ultimate tendency of all our abstract science is to strip 
off all individual details and to write down laws and equations ns 
broad, and at the same time as colourless, ns possible. The 

* At a (straight) tiuigcnt for S, but along a spiral for S\ 

t Tills doos not moan, though, that wo aro lioro advocating * absoUilo 
rotation/ which Is nonsonso ns tad as * absoluto translation.' Tlio otaCrvor 
ontlroly conflnod to tho spinning disc will bo ablo to dlscovor nil llio said 
and a numbor of otlier facts as pccullarltlos of bis \vorld, and doclaro Ibo 
latter lo bo anisotropic and to liavo an axis (or point) of symmetry. If 
ho gets Bomotimes a glimpse of die Btarrotl boavons, lio may soon discover 
tho rotation of bis reference frame and oven Identify ivitli its axis the 
previous axis of symmetry, Ills very discovery, however, will not bo 
’ absolute rotation,' but rotation of bis disc relatlvoly to Uio stars, or viM 
vma, Indllleroutly. Tlioro Is thus in all this no logical diillculty wlmlovor. 

t At least as far as tho first part of tho question goes, though not iinlke 
ilio second. 
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pliysicisti iiowcvor," must descend Irom llicso heights and, every 
time ho is about to investigate a subject of phenomenal content, 
put his multicoloured paints, as it wore, on tlie blank canvas of 
formalism, filling in tlie details and, among otlier things, not for- 
getting the observer or his standpoint. 

Are these remarks intended to minimize the value of Einstein's 
bold concept ? By no moans. Their purpose is only to prepare 
the reader to see the General Relativity Principle, essentially 
distinct from tlie Special one, in its proper light and with duo 
sobriety. ^ In close connection with what has just been said, the 
reader will see in the sequel tliat Einstein’s principle is in itself 
powerless to either predict or exclude any course of natural events, 
that is to say, any law not purely formal but having an ascertain- 
able phenomenal content. But even so it is valuable, namely as 
n heuristic principle, guiding and limiting our guesses as to the 
ways of Nature. 

Leaving those generalities, however, let us turn to another con- 
sideration by which Einstein was pre-eminently influenced in 
building up his general theory. I am alluding to gravitation. The 
ranliiuil feature of this universal agent Is generally known as the 
pmpurliuiv.ility of weight to mass, t,e, of gravitating or heavy to 
inert iiiiiss. Ihis property was already mentioned in Chapter IX. 
(|). 2.|(>, footnote), where it was said that even as early as 1890 
KOlvds was able to establish its validity to one part in ten millions. 
Quile recently two former pupils and assistants of the much 
regretted Hungarian physicist published the somewhat condensed 
M.S. of the Gollingcn prize-essay of I pop,* from which it appears 
that the previously stated degree of precision of the law of 

* K. V. IvOtvOs, D. IHskdr; and E. Feketo, " Boltrago zuin Gosetzo der 
1 ‘roiHirlioiwlililt von Trftghoit und Gravltftt/' dtr Physih, Vol. LXVIII. 
(lyja). pp. 1 1 - 06 . It nviy Iio well to quote lioro somo of tho final vosults 
nnivi'd ul in IIiIh Impoitant uasay. 

If Hut Nrwlonlan formula bowdtlon 

T> r /y L \ 

i’=/o(i+K) -ya-' 

whom /, is idontlflul with / for plallnum, U. then obsorva- 

tloiiH liy MOlvtiH's method give for copper k- ( fin = (4+2)10-*, for water 
K - k'rt « ( - 6 I 3) lo-*, and for asbeslum it “*,■,= (i i 3)10-*, etc. In five 
out of eight ciisos Lho mean values of it— im thus found are within, and in 
Ihreu n litllo beyond, tho limits of error, so iliat there is scarcely any pro- 
bability for nn ofloct oven as small as 5>io-*, Very much Uto same result 
hohlfl for the altracUon by tho sun. Another intoresUng result (especially 
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proportionality is essentially corroborated, nay, the possible devia* 
tion is pushed down to about J . I 0 “*. 

Under these circumstances it is safe to assume, with Einstein, 
that tile law of proportionality of weight and mass holds rigorously. 
In the present connection it is particularly convenient to express 
this fundamental property more directly by saying that all bodies 
fall equally, in vacuo, i.e. that all particles, placed in a given 
gravitational held, acquire equal accelerations, independently of 
their masses, temperature, chemical constitution, and so on, and 
no matter how hiuch of tlieir mass or inertia is duo, say, to electro- 
magnetic enei^y stored within them and how much of other origin. 
This property is most characteristic and distinguishes the gravi* 
tational held from all others, notably such as an electric or a 
magnetic held. In tills respect, as well as through the at)8cncc of 
screening off or absorption, gravitation excels over all other agents 
in its majestic simplicity. 

Now, it is precisely this property of gravitation which led 
Einstein to contemplate his now so familiar imaginary experiment 
with the falling or ascending elevator, and with observers entirely 
conhned to it. Let the elevator or ' lift,' say a rectangular box, 
bo small enough compared with the earth, so ns to make the 
gravitational held within it almost homogeneous, and let it be 
allowed to descend freely with the local terrestrial acceleration g, 
the slight dilfcrenccs between a relativistically rigid elevator (Uorn) 
and a classically rigid one being here disregarded. Then all 
particles or bodies put anywhere within the elevator and left to 
their own fate will boat in mid-air, as it were, and free particles 
projected in any direction will describe uniformly rectilinear orbits 
relatively to the elevator. Moreover, all objects, including the 
observers, will cease to press against the floor, the tables or the 
chairs, as the ease may be. In hnc, all traces of gravitation will 
be gone, and the inmates of the elevator, having no Intercourse 
with the outer world, will declare their prison to bo a genuine 
inertial reference system, inasmuch,' at least, as mechanical 
phenomena arc held in view. For it would not be easy to tell 

in view of Sgr. Majorana's uaUmoly ciolms) is that the absorption of terras- 
trial gravitation by a sheet of lead of 5 cm. tiiickncss, If any, is aniallcr 
than a>io->^ of tho total force. Finally, with regard to mdionclivo sub- 
stances, oxporiinenta-wlth a o>20 gr, piece of Ranr^ gave 0*25 , lo-^ 

well witliln tho error limits +0‘5o.io-*. 
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boCorehand whether il will be also inertial for optical purposes. 
Einstoiti thinks it will, or rather seems to assume it implicitly. 
This being granted, the freely falling elevator will be an inertial 
reference frame in every respect. 

Vice versa, if the terrestrial gravitational field were abolished, 
tho earth having somehow been deprived of its mess, an elevator 
pulled by a rope attaclicd to its roof, and thus kept in uniformly 
accelerated ascending motion, would give its inmates a faithful 
imitation of such a gravitational field. Material particles left to 
themselves will fall down in it with accelerated motion, tilings 
lying nbout or standing will press against its floor, nay, even a 
balance, fastened by a string to the ceiling and thus pulled upward, 
will behave in the familiar terrestrial way.* 

Notice that the possibility of thus imitating or undoing a gravi- 
tational field is most essentially based upon the aforesaid law of 
proportionality or the equal behaviour of all bodies placed in it. 
For otherwise the artificial motion impressed on the elevator could 
not be ndjusLcd to suit all bodies at the same time, each of them 
requiring its peculiar amount of acceleration. 

Thus far uniform gravitational fields. In the next place, con- 
sider a non-homogcncous gravitational field, such as actually sur- 
rounds our planet, say, or the sun, and which in general may also 
l)c variable in time. Such a field certainly cannot be imitated or 
undone as a whole by a singlo rigid, or quasi-rigid, elevator as a 
reference frame. But wc can meet the exigencies of the case by 
imagining an cvcr-iiicrcasing number of smaller and smaller ele- 
vators, each properly accelerated, fitted into smaller and smaller 
regions of the field, and each, perhaps, to perform its duty during 
a very short-time interval, and to be next replaced by another. 
These minute elevators would act as local inertial systems, at least 
in the mechanical, but as Einstein assumes, also in the optical sense 
of the word. 

• Otto objecUoti, however, Uioiigh of a ratlicr fantastic kind, suggests 
itself. Suppose Uioio were such things as massless particles, phantoms, 
that Is, <loprlved of Inertia and therefore of weight, but yet liable to be 
iocatlrciJ, recognized and watched in space. Suppose, furtlicr, that, being 
loft to IhemKclvos, they porsovoro In rest or in uniform motion in any 
iitorllal syshnn. Those particles woukl not acquire an accelerated do\vn- 
wanl motion in tho terrestrial licld, but they would fall as every stone in 
llio olovalor of our second oxamplo. Fortunately such massless beings arc, 
lo my knowledge, purely jnylhical. 



300 


THE THEORY OF RELATIVIl'Y 


This process of partitioning a gravilaliuii ficlil ami iimloing il, 
bit by bit, by means of appropriate elevators or reference f ramus 
can be carried on indefinitely. Passing to the limit, Einstein makes 
the e^ulvalenas iiypoUiosls, i,e. assumes explicitly,* that 

With an appropriately chosen local reference frame and the 
corresponding coordinate system special relalivUy holds for eitery 
infinitesimal fonr^dimensional domain of the world, 

that is to say, that at every world-point a system of local coonllnatos 
Ui, W9, U3, Uj can be chosen in wliich the line-clement assumes, ns 
in (l), the form 

ds* - du^ - - duj^ - d«8®i ( 2 ) 

whicli will be often referred to os tho GalUeian form, and which 
has all the properties known to us from Special Relativity. With 
respect to such a local system there is then no gravitation field at 
tlie contemplated world-point, d5 » 0 continues to express the law 
of propagation of light in vacuo, f and tho passage from one such 
local system to another moving relatively to it unifonuly is oiTected 
by a Lorentz transformation, leaving the GalUeian form of the 
line-element intact. The latter property can be expressed figura- 
tively by saying that, a pair of world-points being assigned, the 
corresponding value of is independent of the orientation of the 
four local axes, and so also is each of tho four coclliciunls of that 
quadratic form. 

Einstein's assumption can bo made more familiar by comparing 
it, geometrically, to the assumption of the existence of a tangential 
plane at any point of an ordinary curved surface, or to nsKUming 
the surface to be clcmontally flat. Such is the sphere, the ellipsoid, 
and in fact any regular surface, apart from its sharp points, as e.g. 
tho vertex of a cone. Einstein’s assimiption can thus bo expressed 
shortly by saying that it requires the four-dimensional world, willi 
or without gmvitation, to be elementally flat. It will* be kiipt in 
mind, however, that this is but a figure of speech for elementally 
GaHleian. 


* Lao. dt., p. 777. 

t Tlio same cannot, witiiont n fnrUror n-ssamptlon, bo said of the gcoduHics, 
OS expressing tho laws of motion. Tliis will bo oxplaincd In tho 

sequel. 
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Tho local coordinates 2, $, 4) iiavo been sot up to par* 

form their function only at Uio spot, at a world*point P, that is. 
Passing to other points, other local systems will bo required to 
give the line*ctomcnt tho Galileian form. Let us now introduce 
any four independent general or Gaussian coordinates * si\ to servo 
for a finite region or for the whole world, that is to say, for all 
times and throughout the gravitational field. To distinguish them 
from tho local ones wo shall, in tho absence of a better name, call 
them ByBtom«<ioorAluatoB. Then, if X, bo the four aystom-coordi* 
nates of P and Xt+dx those of a neighbour*point whoso local 
coordinates (with P as origin) are dff,, the latter will in general be 
linear homogeneous functions of all tho four tkitp say, 

4 

(till dXitf (3^) 

whore a,M may bo functions of all Xk, Adopting the convention, 
by which a term is to bo summed over all values of that index 
which occurs twice (in the present case k), these relations will bo 
written shortly 

dtit = dmdXit . ( 3 ) 

It is important to keep in mind that Ihcso will, in general, bo 
not-inlegrablc or, in the familiar language of mechanics, non->holO' 
nomono relations, the right-hand members of (3) not being neces- 
sarily total dilTcrentials of functions of the x^. In other words, 
there will, guiKM'ally speaking, be no finite relations between the 
local and the system-coordinates. 

1*0 illiisliato by a iw<t-ilimonsioiial example, consider the siirhme 
nf 11 i<! earlli taken to bo a sphoro of unit radius. At any pinto /* 
liiy a taiigi'iitial, i.e. luiii/oiilal plane, and nnsiiiiiro tr^ 1101 th. from 
/' .IS origin, am I «g easl.^ These two ('artesian coortlinales will lio 
httiil eooi'i] inales, giving to any liiie-elomenl tirawn on (he sphere 
from /' the ICiiilideun rtu’iii 

'I’liey pet form their fiinelion al /*. livery other place on carlli can 
be tre.Ueil .similaily, Inil will rtspiiro nnoLher u^, plane, namely, 
its ttwn lioii/oiilul i»lnne. Now inlrodiice the geographic co-lntiliule 
0 V| iind longilmh* «/» .ij as systtsii-coovdi nates to servo for the 
whole earth. 1*lien I lie relalitins in f[ueslion will be 
</»!'- </.r I , r/n, ■ ' 

* A nanio niul cuncopl lainiHar from tho tlioory of Btirfacos. 
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The first oi these is integrable at once, and If wo wrap tho piano 
ffj,, % around the sphere converting It into a cylinder touching tho 
sphere all along a meridian, we can actually identify % witli Xi, Tho 
second relation, however, is nondiolonomoits, the right-hand member 
not being tho total difierential of a function of longitude and latitude. 
In these system-coordinates or pan-torrcstriol coonlinatcs tho line- 
element will Imve the form 

ds* "» + sln*#i<f jfj®, 

in which not all coefficients are constant. Nor can it be converlcd 
into n. quadratic form witli constant coefficients by any other choice 
wlmtever of pan-terrestrial coordinates f(i, This properly is 
intimately connected with tlio non-dovedopability of a sphere upon 
a plane or with the fact that the former has a non-vanishing 
ture. The general Importance of this criterion will become apparent 
hereafter. 

Returning now to the local form (2) of the world linc-clomcnt, 
substituting in it the expressions (3), gathering tho terms in dXt, 
dxK, and denoting by the ultimate coefficient of dXxdsCtt we shall 
have, (or the line-element in general system-coordinates, 

(4) 

to be summed, of course, over all values of 1, k, so that the quadratic 
terras will be such as the rectangular ones such ns 

Manifestly, 

and each of these 4 . 5/2 » 10 coefficients will, in general, bo a 
function of all the four jr,. However, of these alone. For, since 
as originally defined by formula (2), was independent of tho 
orientation of the local coordinate axes, the coeMcionts will 
not depend on that orientation. In fine, they will be some (unctions 
of tho four general coordinates of tho world-point only. 

Thus, in the presence of any gravitational field, and with any 
reference coordinates x„ the line-element will bo represented by 
tho most general quadratic differential form (4) with variable 
coefficients These coefficients, as well as the in (3), con- 
sidered as functions of the four general coordinates, will be sub- 
jected (apart from regularity) to no restrictions whatever, unless 
wo desire to leave to some semblance of a * time ' variable 
and to Xi, arj, that of ‘ space ’-coordinates. This amounts to 
requiring that rfs® should always be positive whenever dx^ alone 
differs from zero, and negative when dXi^o^ which is equivalent 


o 
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ving the use of such and only such coordinate systems 
ch is positive, g^, gg^ all negative, the third^ordcr 
nant olg^i, ... jSfss negative, and its three minors typihed 
M-gu^ all positive. Manifestly, however, such a require- 
of a purely formal nature ; nor can a choice of Xi, x^, Xg, x^ 
ng against it become in any sense fatal to the ultimate 
.1 interpretation of a mathematical result, provided wo do 
get that these are but four numbers labelling arbitrarily a 
>oint or an event. \ 

it is time to proceed with the subject relating to the quad- 
>rm (4) whicli, similarly ns in Gauss' surface theory, will 
I the fundamental form of the four-dimensional world or a 
I chosen within it. No matter how the preceding x^ were 
i, suppose we introduce now system-coordinates x,', related 
old ones holonomously, say through 


», «/,(»/, xf, xf, xf), 


( 5 ) 


/t are four arbitrary functions. Let these, however, be 
lous and have continuous finsl derivatives and a non- 
ng Jacobian determinant, to be written briefly 


/= 


dXt 

'Oxf 


^o. 


( 6 ) 


nplics that the Xt also are mutually independent, 
•road conditions, 


‘'■'.“Is 


Under 


( 7 ) 


uninied over and, conversely. 


iLx: 


p.v.' 


dx,. 


.ule (7) into (<t), gather the terms aiul write g^ for the 
ent of dx^dxf^ that is to say, put fur brevity 




(8) 


.11 mined, of course, over . and over p. 
n the result will be 


ds^^gjdxjdxf, 


W) 


is, for the eye, merely a dashed copy of the fundamental 
4). Doth, of course, are cciuully fundamental, whatever that 


l» 
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may turn out to mean. This reappearance of the old quadratic 
form in dashed letters is usually expressed by saying that the 
ltae*clement is ' invariant ' with respect to any transformaiiofis 
whatever of the four coordinates. Not that the new coefliciciits 
gj arc the same functions of the now as were the gut of tlic ol<l 
coordinates, but merely tliat tlie quadratic differential form remains 
quadratic. There is certainly nothing remarkable in this bC" 
baviour, (It is important to remember that the case was different 
in Special Relativity, where the quadratic form was required to 
reappear in dashed coordinates with all its original coefficients, one 
+ 1 and throe ~ I.) R the general relativist sees in ' the invari* 
ancQ of ds ' anytliing more than this automatical preservation of 
tlie degree of the differential form, it is what ho puts into it at a 
later stage, when ho considers ds as a kind of higher reality inherent 
in the pair of world-points Xt and independent of the 

choice of coordinates, and ascribes to it some cardinal physical 
properties, The best example of such a property is that tho 
duration of a process, say, within an atom, measured by ds, the 
proper time of the atom, remains tho same whether that atom 
placed here or in the sun's photosphere or in another powerful 
gravitation field. This relates notably to the periods of spectrum 
lines emitted by an atom.* But such attributes of tho linc- 
clomcnt, with regard to which, moreover, the relativists are by 
no means unanimous, will be more profitably discussed at a hitor 
stage. 

In tlic meantime wo have eitlier to content ourselves with this 
automatic nature of the equality 

gut dxt dxtt ^gjdxt’dxj, 

or else wo may view tho matter in a somewhat different way, which 
will bo better understood in connection witli the subject of the 
next chapter. Without remounting to tho expression of tho lino- 
element in local coordinates, in fact, without yet introducing any 
sucli concept at all, wc may consider, in any general coordinates, 
the infinitesimal vector dXt, a tetrad of infinitesimals to bo trans- 
formed by the rule ( 7 ), which later on will appear as a particular 
kind of a ' tensor.' To begin with, this four-vector has no invariant 

* Tilts makes tlio periods, thus moEisarod, not only 'invariant' but 
hwaHabh, which is an altogether different thing. 
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of its own, no size or Icnglili. It is a vector in a non*mctrical 
manifold,’ and stands simply fora pair of world -poin Is, the origin (.r,) 
and the end*poinl We may introduce pUiei* vectors, i.e, 

tetrads of magnitudes transformable by tlio same rule (7), Dm 
none of tlicm will have a * s«o ' or any invariant of its own. Now, 
to give all these beings sizes, invariant with respect to any trans- 
formation of the coordinates, introduce in a certain way a sym- 
metrical array of 4 ^ 4 magnitudes g,* to bo transformed according 
to the rule (8), and thus forming what will later on bo called a 
tensor of tank two. How the 10 different comi)ononts of this 
tensor are to be constructeil, to bo of any use for the description 
of phenomena taking place in a gravitational field, is a furtlier 
qucslioii which does not concern us at j>resent. Dut once such a 
tensor is introduced for a domain of the world, it confers certain 
invariant properties upon all vectors (and other tensors) in that 
domain. It gives them sizes, it introduces metrics into the hitherto 
nun-metrical manifold, and will therefore be callo<l tlio motrlool or 
the ftmaaniontal tousor. In fact, multiply each of its compbnents, 
g,M, by ^.Vt and dx\, and .sum up over all values of both indices. 
Then tlie re.siilt, will he found, in virtue of the trans- 

formation rules (7) and (8) themselves, to bo an invariant, l*'or, 
using the convurso of (7), wc shall have 


dx,' dXx 


('^^9 



Now, since the fuur.v, arc mutually indepcndeiu, tfic first braokcled 
cxprc.Hsion, to l)e summed over i, is zero for nil oV'K, and equal 
to unity fur uh^k, which is deiiolcil brielly by the symbol 
Himilarly, the second bracketed expression, to be siimmeil over k, 
is 11, /I. Consei|uenlly, 

dx^ dxg dx^ dXfi 8,, dx^ //.r*! 

which is simply 

/iiu dx^ dXtt rf.v*i 

Thus, the introduction of a metrical tensor has enabled us to 
l)iiil(l up from the four coordinato diileroiitials a single magnitude, 
thu quadratic form s<Kdx^dxK^ which is invanaiU with respect: to 
any iransrormations whatever. 

S.U, 


u 



3ofi THE THEORY OF RELATIVnY 

We sliall 8ce later on that such is, ns a matter of fact, the working 
procedure in Einstein's new theory. Certain dilTcronlial oqualioiw, 
' the field-equations,’ containing the and their firat and second 
derivatives, are solved, the tensor coniponcnls gu thus found are 
inserted as the coefficients of dXidX2t otc., and the line-eleinent 
ds^^gtKdx^dx^ thus obtained is then used to answer queslions 
about the propagation of light and tho motion of free pai titles. 

Tiiesc remarks will suffice to prevent any inisundcr-slanding as 
to the meaning of tlio invariance of the line-element ds and warn 
tlio reader against any undue hypostasy of Um same. • 

Suppose now the lino-element were actually given, with some 
completely determined functions of x^, a?j, sTj, as tho ton eoeni- 
cients g,*. By using other and otlicr coordinates wo shall oiilain 
otlier and other forms of functions for thc.se cocfficienls, and tho 
question naturally suggests itself, whether in this infinite variety 
of coordinate systems there is none which would just convert the 
given lino-element for tho wholo world into a Galilei an one, t.o. 
tlio given array of into too qslUolon tonoor. The latter name, 
and tlio symbol g« will bo used for the special array of cocnicieiits 


-10 0 0 

O-i 0 0 

0 0-10 
0 0 0 1 




of tho Galileian lino-element (2), The answer to that quesUna 
is, in general, in tJio negative. In fact, if .v/, say, are those co- 
ordinates in which the given tensor becomes g,Ki then, by (8) with 
dashes transposed, our tensor must bo, in any other coordinates ,v., 

?)Xt! dXft . 


that is to say, with i reserved for the indices 1/ 2, 3 only, 

'dXi 


(9) 


Thus such and only such g,M are tquiwUgnl to, i.e, l)oJonoi]ion.4iy 
convertible into tho Galileian tensor, wliich iiave tho form (9), 
with any functions of the x^. Now, this is a very Sjiecial 

form for a tensor, its ten different components being all determined 
by tho choice of only four functions 0,. In accordance with iliis. 
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as was known to the general gconictci's these fifty or sixty years, 
a given quadratic clilTerenlial form dXidx^ (in a manifold 

of any number 71 of dimensions) is equivalent, i.o, /loh/iomotisly 
reducible * to a form with constant coeincicnts and thence also to 
the Gulilcian form, when and only when certain expressions, 
built up of the given and their derivatives of the first two ordera, 
all vanish. Of these expressions, known to the geometer as 
Uiemann symbols, a good deal more will be said in the next chapter. 
Here it will bo enough to mention that the number of essentially 
dilTurcnt, t.e. linearly independent Riemann symbols belonging to 
any metrical manifold of » 3 dimensions is as large ns 

1). 

Thus a surface (n-^2) has but a single Kieinaiiii symbol, and this is, 
apart from the factor fifugia-ffia®! li« Gaus-sian curvature, well- 
known from ordinary surface theory. If that vanishes, the surface 
can be unrolled on a plane ami, even before it is unrolled, its line- 
oleincut can be writlen And if it docs not vanish 

all over the surface, the line-element cannot be given tliis simple 
form. Similarly, every three-space has six, and our spacc-tijne 
and, in fact, any metrical four-fold has as many as iToe/iiy esseiiLially 
dilTerent Kiemann Kyinbols. Thus, although our world is, by 
asHuinplion, infinitesimally Galileian, a finite world-domain or the 
whole world will be equivalent (0 a Galileian one when and only 
when these twenty symbols vanish throughout iL.'|' In oilier words, 
such and only such tensors are eipii valent (u the Galileian 
whose ten difi'erent coniponeiils satisfy a cerlain sysli'in of 
twenty dilTerenlial equations of the secoml oriler. Wherever there 
is no proper gravitation field, they are all satisfied, but in 00 other 
case. Thus it comes that llu'su symbols of the great geometer 
were of prime importance for iOinstein's gravitation theory, nay, 
funiished him ready building material for his liuld-equalions. 

ihil it is lieLLer not to unlicipale. Wu will leave therefore, for 
the present, the Kiemann symbols in order to attend somiswliat 
more to tlie physical aspect of the theory as llnis far developed. 

* lly aoii'linluiioiuoiiH IriinsrenimUoiui, us (j), of coin-, >111 every i|iiuitiiilli: 
(HlferuiUiid form euii Uius he red need. 

t A nim-(ialileiun or ' cmved ' \voiId uiin lie llioualit of us eiahmliled in, 
111- forndag u suli Hpaeo of, njlal (Oulileiun) inanlfold, geiiertilly of nob hms 
ttiuii to dlmemiions, however. Cf. Koto 8 . 
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Having assumed that iho world is elementally Gulileian, wo 
wrote for its line-element the simple quadratic dilTcrential form (2) 
in local coordinates. Then, introducing for the whole world any 
coordinates x, through the non-holonomous relations ( 3 ), we ob- 
tained for that line-element the general quadnvtic form (4) with 
ten different coefficients in general, functions of all the co- 
ordinates Xi. Suppose, for the moment, all these functions were 
given. Then, as Uio mathematician would say, all the metrical 
properties of * tho world,* i,«. of an abstract four-fold, will be 
determined. Its minimal lines, its geodesies and geodesic surfaces, 
its curvature properties, and so on, would all be known. lint 
what is tlie physical meaning of this goiioral quadratic form rfs®, 
with all its coefficients g,Ki and of the properties of certain surfaces 
or lines mathematically derivable from tliem ? What are they to 
teach us with regard to physical phenomena f All that cun be 
deduced mathematically, or logically, from such a given form 
of the line-element would bo what in modern language is called 
an abstract mathematical science, an abstract ' geometry ' of a 
manifold of four dimensions. But what is its concrolo (physical} 
representation to be ^ 

Part of the answer is contained in the very assn m|) lion made 
at the outset, to the effect that special rclativily holds in 
infinitesimal world-domains, in presen eo ns well as in absence of 
gravitation. We can express this assumption l>y saying lliat at 
cvoiy point of tho actual world W there is a Gallteiau world U 
tangeniial to it. Now, the physical meaning of the line-element 
of the 17-world was fixed in tho special relativity theory by declaring, 
first, its minimal lines ds=«o to express tho hiw of propagation of 

light and, second, its geodesies to represent the motion 

of froo particles. The first property can, without any further 
assumptions, be transferred to tho actual world W. Eor the minimal 
lines of tlic tangential Galilciau world U, defined l)y a dilTcrential 
equation of the first order, aro also, at tho point of contat:l 7*(.v,), 
minimal lines of W, so that the starting elements of these lines in 
tho two worlds coincide with each other. At neighbouring points 
[x,'\-djc) tho r61o of V is taken over by other and other (ialileiun 
worlds ; but the reasoning can bo repeated at every step, so that 
wo can say that every olcmont of a minimal line of the world I'K 
reprosonts propagation of light, and that therefuro a minimal lino 
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of W possesses (ilso ns n whole llie same pliysical, i>e, optical 
significance, But the position is difierent with tho second pro- 
perty, that of tlic geodesies. For these lines arc defined by sjdf ** o 

or, ultimately, by diHorcntial equations of the second order* so 
that tho mere fit's t-order contact of tho worlds U and W docs not 
at all entitle us to transfer any property or physical significance of 
the geodesies of U upon those of tho actual world W, not oven at 
the starting point For tho auxiliary and fictitious Galilcian 
world U is only tangential to tlic actual world W at the point of 
contact, and parts company with it beyond that point. 

But, while the discussed physical significance of the PF-gcodcsics 
docs not follow logically from the previous assumptions, it can 
well be introduced ns a further explicit assumption. In fact, 
while thus goncr.alising the physical significance of tho geodesies 
of the special relativity theory, Einstein is fully aware that this is 
a now assumption (of, he, eil.t p. 802), though one that naturally 
suggests itself. In thus transferring the physical, kinetical meaning' 
from the Gtalileian to the more general geodesies Einstein docs not 
commit any inconsistency ; in other words, he is still at liberty 
to do so. For, as will be seen in the sequel, tho developed equa- 
tions of tho geodesies contain only the coefficients and 

their first derivatives with respect to the coordinates x^, whereas 
the conditions characterizing any world-domain as intrinsically 
Galilcian, to wit the- vanishing of all the Riemann symbols, are 
eciuations between the tensor components gi^, their first and their 
second derivatives, while there are no relations between the 
and their first-order derivatives alone. Finally, as to the advisa- 
bility of making .such an assumption, we may say in advance that 
h^instein's theory owes to it a good deal of its power. 

Tho physical significance of the world-geodesies being thus 
assumed and that of the minimal lines being a consequence of what 
preceded, tho most fundamental purl of Einstein's general theory 
can now be staled definitely and concisely as follows ! 

The Uite^clemeiU of the world, in any coordinates and 
whether gravitation he absent or present, is detennined by 
ds^ dXt(i 

* Notice that, in disllncition from the tnlnhnnl lines, a geodesic issues 
from n world -point P in every direction whatever In Uie worlds U and W. 
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where g,* arc, in general, some fund ions of all the four x„ but of 
Uiese alone. These ten different functions being given, all metrical 
properties of the world (apart from some of its properties as a 
whole *) are determined, and among them its minimal lines 

ds=o, (i) 

which represent propagation of light in vacuo, and its geodesics 

' (ii) 

which express the law of motion of a free particle. 

These two fundamental laws are manifestly invariant with 
respect to any transformations of the coordinates whatever. For 
so is tlic line-clement ds, automatically, and the minimal lines, 
while the geodesies are defined by (ii), with fixed end-points, 
without any aid of a reference system, The developed form of 
the optical law is simply = and this becomes, in any 

other coordinates x*, g,f dx/ dxf ^o. The developed form of the 
mechanical law (ii), a system of differential equations of motion of a 
free particle, will be given later on ; but whatever the ultimate form 
of these equations in x„ it will manifestly bo reproduced formally 
in tlic dashed letters. ' Formally,* for in general the phenomenal 
content of tliesc equations, as that of the light equation (i), will be 
different for the inmates of different frameworks and referred, each 
time, to a particular framework, as was already mentioned. 

In the second law, ns enunciated above, we have to understand 
by a free particle one which, having received an initial impulse, 
is left to itself and docs not collide with other particles, regardless, 
however, of the presence or proximity of other material bodies. 
Tn other words, the second ns well as the fimt law are assumed to 
hold in presence as well as in absence of gravitation ; the world- 
geodesics will represent the motion of a planet around the sun as 
well as the (uniform) motion of a celestial vagabond in interstellar 
space. 

This optical and mechanical significance attributed to the 
minimal lines and the geodesics, together with the Einstein meaning 
of ds itself as the naturally t measured distance of two space-time 
points, gives a concrete representation of what otherwise would 
merely be an abstract matliematical science, a geometry of a four- 
* Of which more will bo said at tlio end of tho book, 

I I,e. by locally 1*08(102 nieosiiriiig rods and clocks. 
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dimciisional manifold determined by a given quadratie differential 
form. This is the main, If not the only, bridge between the tlicory 
of such forms and physies, and it is precisely tliis physical in< 
terpretation of the said two kinds of lines which invests Einstein’s 
theory with the power of enunciating propositions of a pheno- 
menal content, of predicting observable phenomena. The 
General Relativity Principle, as formulated above, would by 
itself, without some such interpretation, be utterly powerless to 
either predict or exclude any features of natural phenomena.* 

Such then is the r6]c of the equations (i) and (ii) in the general 
relativity theory. In tills connection it may be well to note still, 
as a characteristic feature of Einstein's theory in contrast with 
Newtonian physics, tliat the same line-element ds^ no matter what 
its form, represents in a given framework (such e.g. as our spinning 
filanet) tlic propagation of light and the free particle motion.* 
The laws of both classes of phenomena arc here intimately tied 
to each other, the former being even a limiting case of the latter,*}* 
while in classical physics the laws of motion of material bodies 
did not prejudice in any way the law of propagation of light or of 
electromagnetic disturbances. This feature of Einstein's theory, 
never mentioned explicitly, is important as, apart from its general 
conceptual aspect, it enables us to derive from the approximate 
knowledge of the empirically verified laws of motion in a given 
reference frame equally approximate rules for the propagation 
of light in that framework. A good example illuslraling such a 
procedure will offer itself in the sequel. 

To give the element ds^ which fixes the laws of both classes of 
phenomena, is tantamount to prescribing the ten coefficients 
or tensor components g,*. Since these coefficients are thus to 
determine, through the geodesies (ri), the trajectories of projectiles 
*aH well as the motion of celestial bodies around each other, they 
will, of course, bo closely connected with gravitation, replacing the 
\mique potential of Newton's (and even of Nordstrom's) theory. 
The same tensor components will determine also, through the 
minimal lines (i), the propagation of light in an interplanetary or 
interstellar vacuum, at first regardless of the electromagnetic 
nature of light. Later on they will be seen to modify the equations 

* Tlioiigh It inlRht sUll bo of heuristic value, in gnidlug and limiting the 
choice of giicsBos ns to possiblo laws of Nature, 

t Tf tl»Q particle's velocity tends to the local light volodiy. 
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of the electromagnetic field. Finally, by their very appearnneo 
in the element ds, the ga will fix the metrics of a world domain i 
geometry, that is, as well as chronometry. The metrics of space- 
time will therefore be essentially entangled with gravitation. 

How these all-powerful tensor components g,, arc, in their turn, 
to be constructed in terms of the density and of other attributes 
of matter, such as stress, will be explained in one of the following 
chapters. This being the office of the so-called ' field-equations,^ 
a set of generally covariant equations completing the fundamental 
part of Einstein’s tlicory, it is first of all indispensable to familiariiso 
ourselves with the elements of the tensor calculus, the appropriate 
language for writing down and discussing such equations. 


NOTES TO CHAPTER XT. 

Note 1 (to page 291). The fnndamontal transformation of SpocUil 
Relativity or the Lorentz transformation is linear only when Car- 
tesian coonlinatcs are used. These are geodeslo oeordluatoB i.e. 
coordinates measured, as lengths, along a system of geodesics of Iho 
Minkowskian space-time which, in the language adopted in Ihiu 
chapter, is a Galileian or, geometrically, a homaloidal or flat manifold . 
It is in sitdi, and only in such, coordinates that the line-clcinciiL 
becomes a quadratic form witli comiani coeflicionts, 

In other coordinates tliis is no more the case ; nor arc then llu! 
irausformations linear. Thus, for instance, use polar coonliiiali^H 
r, 0, 0, in which ds* will assume the forni 

rfs* = - dr* - r*[dQ* + sin* 0 d0*], 

with variable cociTtclonta of dd* and d0*. The corrcspondliiK 
5'-coordinatos will, of course, bo no more linear functions of them? 
coordinates. The transformation fomuilao caii be obtained at onixt 
by using the condensed formulae (i&), p. 122. In view of axial 
symmetry it is enough to consider a meridian piano, which can bo 
talcon as 0«o (and also tj}*^o). Thus, If our previous inv/vis thu 
axis, from which the pole distance 6 is measured, wo have 

r“<'(Icoa(l+jslnfl), 

and similarly for S'. Thus, c being the familiar stretcher, 

«r (ly cos 0 +J sin $), 

Using this in the first of (16), and noticing that, in the second of (ih), 
rv is simply rveoaOt the reader will find for himself the reqniixsd 
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volatioiis botwcon tho two Bei:^ of variables. It will bo noUccd, how- 
over, that Iho three-vector r' or tho four-vector r', cV is a linear 
vector function of r, ct, independently of tlio system of coordinates. 

In General Relativity, that is to say, in a non-homaloidal world, 
whoso line-element is not reducible to a quadratic form with constant 
coeflicionts, such Anito ' position-vectors ' as c/ do not exist at all 
as a species of tensors. We then have only infinitesimal posltion- 
voctoie' or ordered pairs of indefinitely close Avorld-points. Sucli a 
vector, dx, dy, dz, cdt, will be tho prototype of all (contravoriant) four- 
vectors to be used in tho general relativity theory. Cf. Chapter XII. 

Note 9 (to page 307). Consider a manifold Mh of any number n 
of dimensions. Let its line-olomont ds'^gtg dXi dxg not bo reducible 
to one with constant coofiicionts by any holonomous transformations 
of tho Xg into any other sot of n coordinates. In short, let Mn bo a 
non-homaloidal manifold. Then it can always bo embedded into a 
homaloidal or Euclidean manifold, of aomo higher dimonslonality 
h. Tho smallest possiblo value of h will, in general, bo 

* = (tt+i). 

In fact, the raquiroment is equivalent to transforming the given 
flundratiu form into 

ds* = Cg dyg\ 4 « I, 2, ... A, 


where the Cg are constants. Now, since 

each of the given coenicicnts gu will bccomo 

- , 


to be summed over These being Jm(m-i-i) cnndillons, such also 
will, in general, l)0 the least number of lndci)cndeiit variables y 
reciuircil for tho purpose in liand. This proves the theorem. 

Thus, an ordinary surface can be embedded in a fiat three- 
8i)acc, a curved thrao-sjiaco >vould requiro a fiat manifolil of six, and 
a non-gallloian space-lime could not be cmlicddcd in a fiat hyper- 
space of less than fen dlmciisions, — in general, that is. A sjwcial Ma 
may, of course, t>c fitted into an with + Thus, for 

instance, an Mg or an of constant curvature can bo cmlicddcil in 
Eg and Eg respectively. 
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UANIFOLDS AKB TENSOEB. 

Tiie domain of colours is a manifold, a heap of sloncs or the totality 
of electrons and protons in the universe is another manifold, So, 
also, is a chain of one’s reminiscences, some pale, some vivid, some 
distinct, some merging into each other. Anollier manifold is a 
primitive apace, visual or tactual or motoric (muscular), or Iho 
'world of the musician, the manifold of tonoa. Yet another mani- 
fold is our, or rather Minkowski’s and Einstein’s, world or space- 
time. An endless variety of others might be quoted. 

Some of these, as a heap of sloncs or a crowd of people, are 
decidedly dlsoroto inonifoidB. A rigidly formal definition of such 
is scarcely necessary or desirable ; suffice It to say that the elements 
of a discreto manifold (a stone, a person) can all bo labelled by 
iiitcgoi’ numcmls, say. Of some others, consisting of entities 
merging into cacli other, it would bo hard to lull whether they are 
discrete or not. Under this licad let my readers pass in review 
their own psychical experiences. Yet others are, or arc thought of 
as, decidedly aontimious nuuiiroidB, such as space, or the domain 
of colours, or time, The cloiiioiits (points) of these can all bo 
covoi’cd or labelled by the values of a real variable (or, if we so 
prefer, by two or mom such variables), the mathematician’s * con- 
tinuum,' a construct purely conceptual, though suggested by those 
manifolds known from direct acquaintance, whose elements are 
typically moiling into each other. The question ‘whether any 
one of UioBo latter ' is ' continuous or discrete is an idle one. But 
whether It is, with our actual. Inherited mathematical tools, more 
convenient to treat them as continuous rather than discrete, is a 
perfectly reasonable question, answemblc (for the present, at least) 
in the affirmative, — although tho recent successes of the quantum 

3M 



DIMENSIONALIIT ’aND order 


315 


concepl and of tJio Pythagoremi dement (the magic o£ integers) in 
spectroscopy and elsewhere may in the near future give a chance 
to the discrete*manifold concept to penetrate into our Physics 
altogotlier^ even as far as to supply enough time and space labds. 

At any rate, continuous or discrete, a manifold in itsdf has 
neither metrical proposties* nor even dimensionality. To give it 
tlio latter, its elements must firat be ordered in some way, and 
sinOo tliia can be done in different wajrs, the dimensionality (number 
of dimensions) of a manifold may be different according to the 
ordering principle adopted. This is obviously true of a discrete 
manifold, infinite (but denumerable) or finite. Thus the books in 
a library may be labelled by a unique set of ordinal integers l, 3 ' 
4 , etc,, or, for some reasons of convenience and expediency, by a 
double set, iff, 2 ff, etc., i&, 3&, etc. In the former case the libraiy 
will bo a onc'dimcnsional, and in the latter, a two-dimensional 
manifold or class of elements, and so on. But the same thing is 
equally true of any continuous manifold of elements (points), such 
as space or a surface. In fact, as was first pointed out by G. Cantor, 
the cardinal number of the class of points in a space or in a plane, 
say, is (in spite of familiar notions) precisely the same as the cardinal 
number of points on a line. The same can be said of the world or 
space- time, and so on. The cardinal number of each of these 
manifolds is tlic same, viz. what is technically called the cardinal 
number of the continuum. So much so, in fact, that Peano and 
Hilbert were able to set up a reciprocal one-to-one correspondence 
between the points of a line segment and those of a square, f In 
mucli the same way the points within a cube can be represented by 
those on a line segment, and therefore also by those of a square. 
To give the cube and tlio square their familiar number of three 

• Til hpilu Ilf Rieiniuin's remark to Llic contrary, in tlie case of a diHcrcte 
inanifold. Cf. Hoto 1 at Uio oiul of the eliaptcr. 

tSee, for insliinen, Leclttres on Fundamental Concepts of Algebra and 
Geometry, by J. W. Young, New York, 191 1 . p- tOy et seq.. wTicre a popular 
uxtMisition of tliis and of alliod subjects is given. Tlioro arc few books 
which cirnlil compote wlUi Uioso ' Lectures ’ In beauty, lucidity and selection 
of iinnurtaul topics. Consult also 2 'h 2 'heory of Sets of W. H. 

Young and Giaco Chisholm Young, Cambridge, 1906, especially Chapters 
llf., VI., IX., and 12 . 11 . Moore’s interesting paper, *On Certain ^mkly 
Ciirvc.s; Trans, Amer. Math. Sod., vol. i. 1900, p. 7*. especially i.. 

whore I’oano and Illlhort’a continuous surfacc-fdHng curves are InvoaUgatixl 

aimlytically and graphically. 
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and of two dimensions respectively, wo musk order llieir points in 
tlic usual way, by introducing, that is, iirat the concept of linear 
order (J. W. Young, loc. cit,, p. 68), giving lines ns onc«dimensionnl 
classes of poinls, and then constructing a linearly ordered class 
of such lines, which will bo two'dimonsional, and so on. In 
familiar language this amounts to generating a line by the ' motion ' 
of a point, a surface by the motion of a lino not in itself, a solid by 
tho motion of a surface, and a Minkowslcian world' tube by watching 
that solid tliroughout its history. 

That such an ordering procedure, endowing our space with three 
and tho world with four dimensions, olTors conspicuous advanUigos 
in science as in evory^day lifo, nobody will deny. Yet it has seemed 
well to impress upon the reader's mind that the number of dinieii' 
sions is not an inherent property of oitlicr space or the world or 
any manifold whatever. To endow it with dimensionality some 
ordering principle or other must bo impressed upon it. If at least 
the elements of the manifold aro signilicnntly dilTereiit from enwh 
other (as books in a library may dilTcr in subject, in language, and 
in the date of their publication), these principles can naturally be 
based upon some inherent peculiarities of the elements ihemsclves. 
But in tho case of a homogeneous manifold whose elemenls, lhal. is, 
arc equal, such principles, responsible for the number of <limcn- 
sions, must be of an extraneous, conventional, and more loss 
artificial character. Such, for instance, is the case of space or of 
space-time. But, no matter how extraneous and artificial Ihc 
usual ordering principles of these manifolds, the reasons of 
expediency in adopting them were fell, since times immemorial, to 
be so imperative as to leave one no choice but to treat the former 
as a threefold, and the latter as a fourfold. Tlio chief reason can 
be best illustrated on the oxampio of the S’lpiaru mentioned above. 
Ihus, there is nothing to prevent us from covering with Hilbert's 
chain of points or 'crinkly curve,’ and thus labelling Ihc points of, 
the square by tho values of a single real variable x and making tho 
square onc-dimcnsionnl. But, owing to tlio ovcr*incrciisiiig crink* 
liness of that chain, pairs of contiguous sub-squares will receive 
values of x more and moro dilToring from each other, whereas we 
prefer to have tlie labelling numbom (coordinate values) of neigh- 
bouring surface poinls gradually merging into each other ; in fine, 
to bo continuous functions of tho position of a point. This pro- 
supposes, no doubt, an intuitional knowledge of remoteness oml 
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contiguity of points of the square whicli, however, we cannot help 
having, and which is very deeply rooted in our mental habits. The 
same reason applies, with greater strengtli, to space and still more 
to spaco-time. 

But enough has now been said to elucidate these fundamental 
concepts. 

Wo will henceforth treat apacc>timc, in the usual way, as an 
ordered continuous manifold of four dimensions, i.e. label its points^ 
by four independent real variables, Xi, x^, % x^. As a matter of 
fact we shall thus bo talking, at least in this clmpter, of the mani* 
fold or class of tetrads of values of theso variables, independently 
of any of our intuitional notions of space^timo. 

Although most of these definitions and propositions to bo now 
given would equally well apply to a continuous manifold of any 
number n of dimensions, it will be more convenient to speak of 
or to have in mind four dimensions and four coordinates x^^ unless 
otherwiso expressly stated. 

These sysleitt'coordinates, to servo for the whole world, have to 
bo looked upon as general or Gaussian coordinates, as was already 
explained in the preceding chapter. All such notions, therefore, 
as distances or lengths, measured along an axis, or angles will have 
to be carefully dissociated from these variables, at least until such 
concepts are expressly defined. Thus, for instance, const, will 
simply mean that one and the same numerical label is given to all 
points of n surface, for all limes, i.e. to a threefold of world-points ; 
and similarly for the remaining coordinates. A world-point, 
hearing four such labels, will thus be the intersection of the four 
hypcrsurfaces (threcfolds) const, up to const. 

Wc will now proceed to give the elements of the algebra and 
analysis of Tensors, certain mathematical beings to be defined 
within or in connection with the manifold, indispensable for the 
construction of generally covariant laws or equations. The con- 
cept of such tensors and their properties can be traced back to 
Kiemaiin and Christoffcl, although their algebra and analysis have 
been shaped into a systematic and easily accessible method only 
recently (iQfX)) by G. Ricci and T. Levi-Civita,* who coined for this 
powerful branch of mathematics the name of Absolute Differential 
Calculus. Even then it lay half-hidtlcn for the mathematicians, 

* MStlioths dc etdciil dtfferenUef absolu ct hurs appHeations. MaHioni. 
Aimnleii, vol. Uv., pp. 125-201, 
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and entirely ignored by tlie physicists,* until Einstein, with the 
help of Marcel Grossmann, mado a capital use of it about 1913* 
Due to Einstein is also the most lucid presentation of this ' calculus ' 
for relativistic purposes, given in the second part of his paper of 
1916, quoted above. Still more recently Lcvi’Civita made ini* 
portant contributions. But it is beyond the scope of this book to 
trace the bibliography and history of tliis new or nowly*revivcd 
branch of mathematics. 

Though our continuous manifold, the world, is now endowed 
with a definite dimensionality, yet it has thus far, as any other 
»'fold, no metrical properties of its own. These will bo impressed 
upon it at a later stage. 

It will, tlierefore, be well to develop first the non-motrlonl pro* 
perties of tensors, and then only pass to sucli as depend on some 
superimposed metrical principle. 

Within the fourfold consider an ordered pair of points, and 
Q{Xi-¥dx). Such a pair of points or the corresponding tetrad of 
differentials dx^ is called a vector, the posUion-vector of Q ns end* 
point with respect to P as origin, and tlio several dx^ are called the 
components of the vector. These are transformed, in passing 
holonomously to any other coordinates into 




as wo already know. Now, this infinitesimal position*vuclor is 
made the standard of all (contravariant) vectors. That is to sayi 
every tetrad of magnitudes A\ functions of position within (he 
world, which are transformed by the same rule as the conipononls 
dxt of the prototype. 



(0 


is called a oontravarlant veator or tonBor of rank ouo, and A^, etc. 
its 4^04 oomponents. The specification ‘contravariant' and the 
upper indices refer to the position of the now (dashed) coordinates 
in the transformation formulae (i), an exception in placing the 
indices being here made for the components dx, of the prototype of 
all such vectors merely for the sake of typographical convenience. 

* With, perhaps, tlic only cxcopilon of IMcdrich Kolllcr, whoso iinpur 
will bo mentioned later on, in connection with gonorally covariiint Kloctm* 
magnetism. 
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These vcclors arc thus deftned for any coordinate transforma- 
tions whatever, subject only to the very bro'ad conditions explained 
in the preceding chapter,* Herein do they differ from the vectors 
of special relativity, witli the (finite) position-vector y, e, et as 
their standard, defined only with respect to the narrow group of 
Lorontz transformations. It will be remembered that in the more 
general case there arc no finite position-vectors (^1), but only 
infinitesimal ones ^dx^), We may have, however, finite vectors A* 
other than position-vectors. Thus, if w be a parameter and du an 
invariant with respect to any transformations (cf. infra), dxjdu 
are the components of a finite contravariant vector. 

The coolTicionls of the Imnsformaliuns (x) are, In general, functions 
of position. In the very siwciol case of Uio Lorontz transformation 
they woro all constant, tlio matifx of these coolficients being, with 
Xi, Xt, Xt, y, z, ci and with the lino of motion along x^. 



ns ill (,|o), p. 1.12, without Iho Imaginary unit, now given np. Notice 
that the dclerininanl of this matrix or the Jacobian corresponding 
to the Loi'cntz transformation is y“(i -/i*) = 1. The trnnsfornialion 
formnlau (1) assume in this case tlic familiui- form 

the sanu', of course, as fur x, y, z, U. 

Retuniing to the general formulae (i), notice that these arc 
linear ami homogeneous in the transformed vector components. 
This properly, which will reappear in the case of all other tensore, 
lias two ull-important consequences. First, if all components 
vanish in one, they will do so also in every other system of 
coordinates, so that /f‘»o may be used as the expression for a 
‘ generally covariant * or (in technical language) contravariant law, 
.satisfying ICinstcin's formal requirement. Second, if and B) 
are two contmvurianl vectors, so also are and 

provided that bolli vectors, which may vary from point to point, 

* Those uotuUtiuns, and uspuuially the non-vaulshiiig of tlio Jacobian, 
ensuro also the inuaylouce of the lunuber of dimensions of the manifold. 
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are coinitial, i,e, taken ai the same point. For otherwise the coeffi- 
cients would, in general, have different values for the two 

addends, and their sum or difference would, therefore, not bo 
transformed as a whole by (l). Tliis most obvious condition must 
be well kept in mind. To memorize it the better, consider two 
distinct points x and y. Then, generally speaking, only 




will be a vector, while A*^{x)-{‘B’^{y) will, from the standpoint of 
general tensor theory, be a monster. 

But it is time to proceed with our subject. The differential 
operators 


A 


3 


which arc tmiisformed into 


d: 



may be considered as the standard of anotlior kind of voclni's. 
Every tetrad of magnitudes B^^ which again may be functions of 
the coordinates and which arc transformed as the Ai according 
to the rule 


n / 5^* n 


( 2 ) 


is called a oovoriant vector or a covariant tensor of rank one. In 
distinction from the previous one, the components A of such a 
vector are written with lower indices. As before, A*=o is a 
generally covariant equation, or rather a sot of four (generally, n) 
equations, and if A^ and A be two covariant vectors, so also arc 
A^±Bttf with the same clause as before, while a mixed combination 
like A is not a tensor at all. 


In the narrower field of special relativity, whom the /J, are trails- 
formed exactly as the Xt. tliemsolvcs, there Is no material distlnclioii 
between the covoiiant and tlie contravariant kinds of vcctom, four- 
vectors, that is. Cf. p. 143. 

Unlike the Minkowskian vector, neither of the general vectors 
has an invariant of its own, i,e, a non-mctrical invariant. (As a 
matter of fact, the invariant of a Minko^vskian vector was also 
based on a metrical form, namely, tliat of the Galileian manifold,) 
That is to say, there is no such combination of the components A^ 
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of n covariant vector alone, nor of those of a contravariant vector 
between themselves, which would remain invariant with respect 
to any transformations of the coordinates. But the combination 
of the components of vectors of the two lands, 

(to be summed over all k) has this capital property. This com* 
bi nation, called the inner product or the Honlav product of tho vectors 
A,t and is invariant witli respect to any transformations of the 
coordinates, provided again that both vectors are taken at tho 
same world*point. In fact, by (i) and (2), 



and since, as on p, 305, tlio bracketed expression is 8,}^, vanishing 
for all t ^ X and equal to unity for t «X, wo have 

whicli proves tho proposition. 

Any invariant, V « /, is also called a scalar or a tensor of rank 
SOTO, since it consists but of one {i,e, 4®, generally «®) component. 
The reader is free to call it either a covariant or a contravariant 
tensor. 

Neither A^B^ nor A'^B* arc invariant. They have no tensor 
character. 

The invariance of the inner product AgB*^ is of fundamental 
importance. Very useful is the following converse properly : If 
B* is a tetrad of magnitudes such that AkB'^ is an invariant for any 
covariant vector A^, then B* is a contravariant vector. In fact, 
by assumption and by (2), 

and since this is to hold for cvciy vector Ak, 

B'‘=^B'\ 

which is merely an inversion of (i). Thus is transformed into 
and is, therefore, a contravariant vector. 

S.Si X 
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Similarly, if is an invariant for every choice of the contra* 
variant vector R*, the Ak are the components of a covariant vector. 

This rule for tensors of rank one will appear later on ns the 
simplest special case of a more general one. 

Tlic product of any vector by a scalar or an invariant is, of 
course, again a vector of the same kind. 

Lot A^ and Bk bo two covariant vectors. Consider the array of 
products A^Bi, A^Bf^ . . . A^B^t which may bo shortly 

written 

Cln™A^B|c 


and which is called tbe outer proAuot of the two vccton}. 
wo shall have 

f* 


By (2) 
( 3 ) 


,which are again linear and homogeneous transformations. Now, 
every array of 4* (generally magnitudes C^^ which are trans* 
formed by tlio rule (3) is called a covariant tensor of mnU tm, no 
matter whotlior it is the outer product of two vectors (amounting 
only to eight independent magnitudes) or whether all Us sixteen 
components arc independent* As before, if Cm^o, then also, 
in any other system of coordinates, fr,K«o. This property is 
common, by requirement, to all tensors. 

If the tensor is called symmelrical.^ It then consists 

of toHj generally of |n(n + 1) independent components. The render 
will prove, by moans of (3), that symmetry is an invariant property, 
i,e. that wo have also C,', « C*,. The outer autoproduct of a vector, 
A^AKt is an interesting example of sucli a symmetrical tensor. 

On the otlior hand, if C'ik-'-C,,, and therefore the 

tensor is called antisymmelrical or a skew tensor. It has but six 
[generally in(»-l)] components. 


0 

Cm 

Cm 

C14 


0 

Cao 

Cji 

-Cm 

-Cm 

0 

Cfli 

-Cm 

-Cm 

-C3. 

0 


and is, therefore, also called a covaiiant siX'Veeior, Such are 
already familiar to us from special relativity ; now, however, they 

• Tlio most gonomi tonsor Cm can bo represented as the stun of the outer 
products of four pairs of covarlaiit tensors. 

t Such was gm in the preceding chapter. 
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arc dofinod for any coordinate system, as generally covariant 
tensors. 


For tlio special case of Iho Lorentz transfonnation llio general 
formulae (3) become, by the reciprocal of (L), p, 319, i.c. witli inverted 
sign of 

CuflSaCgg, “7 (c^ — /3C84), 

Ci4 e=y*(l - ^•)C|4 = Ci4, Ciw “7 (Cj4 - /?Cij), =y (C*4 + ^Cgi). 

Such, in fact, wore the transformation formulae (76) or (7), p. 210, of 
the electromagnetic six-vector or of the bivector with 

il'/i, Jlfg, jlf8>=C88, Cai, C,4 and F,, Fg, F8=C|4, C^, Cjg. See also 
the matrix form on p. 231. On the quatornionlc sdierao, as in (5), 

p. ao8, the i*61o of the whole array of cooflicionts 2^ 2^ in the 
general forinnla (3) is Lalcoii over by the quaternion pair Qa[ ]Q. 


Antisymmetry is an invariant property, i.e» C^K=-C„^ entails 
C’ « -C’ 

^iir” 

As before, the sum of two tensora A^g and is sgnin a tensor 
of the same kind and rank. This is a general property of all tensors, 
based upon the linearity and homogeneity of their transforma- 
tion formulae. It will henceforth be taken for granted without 
enunciation. 

Similarly, the outer product of two contravariant vectors 
leads us to consider a general array of magnitudes, say F'", Irans- 
formed by the rule 


*rhis wilt bo, by dcfinidon, a coutramnanl tensor of rank two. As 
before, A^Ii* is but a S|jccial case of sucli a tensor. Syniniclry and 
antisymmetry are defined as before. An interesting example of 
the latter kind is the outer product of two coinitial infinitesimal 
vectors dXit dy^, 

tT^=-dxJy,-dx^dy,, ( 5 ) 


a contravariant skew tensor or six-vector, which may be called 
the oriented surface-element , — every notion of its ' area,’ however, 
being fliscardcd. 


Notice lhal n skew tensor, say covariant, has in general (n - 1), 
mill thus for » 3 only three indepenclcnt components, say 

^•»i Atu A If, 
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jnat as a proper covariant vector in Ihreo dimensions, Tlionilea 
oi transformation, howovei', of such a vector By. and of an anti- 
symmetric /I are essentially diEeront, to wit (2) and (3) respectively. 
In the special case of orthogonal transformations, with constant 
cociTicicnts, as in usiml vector algebra, behaves as a ' polar * and 
as on 'axial' vector. While the components of the 
latter remain unchanged on inverting the coordinate axes, those of 
the fonner change their signs. 


Finally, any array of magnitudes Jkf/ which are transformed as 
the components of the outer product i.s. by the rule 






s > 


( 6 ) 


Is called a mixed tensor of rank two, covariant witli respect to its 
lower and contravariant with respect to its upper index. Tills 
completes the list of tensors of rank two. 

The extension of the preceding definitions to tensors of the third 
and higher ranks offers no difficulties. Any system of 4'' (generally 
>£*') magnitudes with lower and fj, upper indices, whoso trans- 
formation rule is 


^ 5?^* iV 


I 


( 7 ) 


is a mixed tensor of rank covariant in its lower and 

contravariant in its upper indices.* Tliis is the most general 
tensor. Special or even general tensors of any rank can be built 
up by outer multiplications of tensors of lower ranks, covariant, 
contravariant, or mixed. Any sucli tensor can be used for expres- 
sing laws generally * covariaiit,' without prejudicing, of course, 
whether Nature is or is not going to obey them. 

The outer product of any two tensors of ranks and + 
is again a tensor, with rj+Jj covariant and contravariant 
indices. 

A very important process, of almost magical efficiency in handling 
tensors, Is that of flontrootion. This is applicable (directly) only to 
mixed tensors, f and consists in picking out a lower index, say t, and 


* Since ami similarly for 'dxa'fcixa, tlio 

tronsformadoiis Indicated In (7) manifosily form a group, tliat is io say. 
If wo first pass from xtox* and then from is* to the rosult is automatically 
tlio same as in passing at onco from x to x". 

t And indirectly also to puro tensors by multiplying thorn first by an 
appropriate tensor of tlio opposite kind, 
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an upper index a, putting u^t and summing over all values of a. 
The result will again be a tensor, two ranks lower, one of the co> 
variant and one of the contravariant kind. The proof of the 
tensor character of the degraded being follows at once from the 
general formula (7). In fact, equating a to i we obtain in the right- 
hand member the term (to bo summed over'a) 

"dXi dx/ « 


which, as before, is i for and o for ai=i. 
the form 

M- 


Thus, (7) assumes 


whore NIz is, manifestly, written for iVlt", the latter, ns usual, 
to bo summed over all values of i. This proves the proposition. 

A mixed tensor of rank r thus becomes, in general, 
a mixed tensor of rank r- 2 , with ri - 1 covnriant and r* - 1 contra- 
variant indices. If both and are still >1, we can 
contract again, obtaining a tensor of rank f-4, and so on. If 
when wo may speak of a half-and-half tensor, the result of 
Vi contractions will bo a scalar or an invariant. Such, and only 
such, tensors will have an invariant of their own,* while all other, 
pure or preponderantly covariant or contravariant tensors can at 
the utmost be contracted to covariant ones of rank or contra- 
variant ones of rank r^-ri. None of these has an invariant of 
its own. 

To illustrate by a few examples, consider a tensor of rank three, 
This will contract to 


a covariant tensor of rank one. No further contraction is possible. 
Similarly, a mixed tensor of rank 5 “3 ♦1-3 can be degraded by one , 
contraction to say, and by another contraction to A^. Again, 
an A^ contracted once gives 


a tensor of rank two, and this contracted again gives 

a:^a, 

a scalar or invariant. Wo might as well have equated at once 
both pairs of indices, obtaining a scalar in one step. 


* Iiulopondenl of any mctrl&s impressed ii|K)n the tnanifnld. 
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The inner product of fuiy Iwo teiisora can now be ro-dolincd, 
more gcncrallyi aa their outer product contracted once, or twice, 
or more times, provided, of course, that it is at tdl con true tiblo, 
i^e. mixed. The inner, and at the same time scalar, produ<;t Agli 
is but a simple sub-ease of this broader concept, namely, AJi - > C, , 
say, contracted to a scalar. There is in this ease but one 

inner product. In general, iiowcver, wo may build several inner 
products of two tensors. Of these, some will be tensors of a rank 
higher than zero, and one may be a scalar. 

Thus, there is but one inner product of A^g and to wit 
AtgB*«>Ci, a covariant vector. Inner multiplication of A^g and 
yields two different tensors, « CN a mixed tensor of 

rank two, and AtgB^^^Cf a scalar. The latter is, of course, 
identical with C^* Again, A^g and IfVi’ yield two different tensors 
as inner products, and C* ; and so on. 

Of tliis generalized concept of inner product a similar use can 
now be made, us before of AgJi", in testing the tensor cimracler 
of a system of magnitudes. This will best be explained by a few 
examples. Thus, if is a scalar, for any covariant A^g of 

rank two, is a contravariant tensor of rank two. If --ItA’'" w 
a contravariant tensor of rank one, for any covariant vector W,, 
then is again contravariant of rank two. If is a co- 

variant vector, for any covarianl A^g of rank two, is a contra- 
variant vector, and so forth. The proof of this general property is 
similar to that given in the simple special case of AgW, and may 
be left to the care of tlio reader. 

This criterion will often be found useful in the setpiel. Here we 
may still utilize it to prove tho tensor character of the symbol 
denoted (improperly) by We know already that, if A" is a 
mixed tensor, A^ is an invariant. But this can be written 
Thus the symbol in question is a mixed tensor of rank two, ami will, 
therefore, bo written correctly fi,*- 

A noteworthy property of the second-rank tensor A^g is (hat its 
determinant |/J,k|i without being invariant, obeys a simple trans- 
formation rule. In fact, by (3) 


Mil- 1!!“ 


or, by the multiplication rule of determinants, 


(«) 
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Whero / is tho Jacobian Similarly, Cor a conlravariaot 

tonsor, by (4), 

( 8 «) 


whcro is the inverse Jacobian 
known, 



//i-i. 

we have also the interesting property 


And since, as is well 


(9) 


Thai is to say, the product of tho determinants ot any covariant 
'and any coiUravarinnt second-rank lensor is an invariant. 

Finally, if A^g is a covariant lensor and /!** Ihc minora of ils 
determinant divided by this dclerminant, it can bo proved that 
the A*" arc the comi>oncnt3 of a conlravariant lensor of rank iwo. 


Ono mighl thus think to have discovered an inlriiisic invariant 
of every tensor Aik, nainoly, the pruducl of |/ltK| and 
This, however, is an ilhtHion. For, by the elementary theory of 
delcrmlnanls, 

ideiUically, so that (10) reduces in this case lo a mere idenlily, i » i. 


This exhausts, eHsenlially, the algebra of tensors in a non-nictrical 
manifold. 

Passing to the diiTcrcntinlion of tensors, still unaidod by other 
tensors, consider first a scalar /, which may be any fiiiielion of 
position, or what is called a Roalar floid, 'Flien 


f Ka 


^)x^ 


(n) 


is manifestly a covariant vector. Tliis vector is called tho eradiont 
of /, and may be written grad/. 

It is importani, however, lo keep In mind that the .second 
derivatives are mt the components of a tensor. Nor is 

'dA,f>>Xg a tensor. Again, though du be an invariant, the differential 

cocincicnts dAJdn or do mi form a tensor. For, although 

this array can be considered ns the limit of the diffurcnco of two 
vectors divided by Aw, yet these two vectors are not coinitinl. 
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Thus, also, while dx^Jiu is a contravariant vector, dhijdu* is by 
no means a vector. 

If Ai be a covariant vector-function of position or veotor floiA, then 

“ dx, ’ ' ^ 

called the rotation of A„ is covariant, of rank two. It is, obviously, 
antisymmetric, and thus, in four dimensions, a six-vector, (For 
n ~3 ' the rotation ' is a three>vector as A^ itself, but of the axial 
typo.) Tlic tensor properties of (i2) can be proved either directly, 
i,e, by writing 




and thus showing that 


dx/dx/ 


or else by introducing a pair of independent scalar parameters tf, v, 
and noticing tliat A^dxjdtt, and tliereforo also 


and similarly. 


^ditdv'^'dXK dv* 

A 3*a»jp, , ^Ait 3^* 3a>i 


are invariants. Thus, also, the diffcronco of these two expressions 
is an invariant, and since the two first terms (summed over ( or 
over fc) are identical, 

p 3 aj,3«k 


is an invariant. Finally, since 'dxjdv are arbitrary contra* 
variant vectors, is a covariant tensor of rank two. 

If Am be an aniisytmnetric covariant tensor, or toasor floid, of 


rank two, 




dXt dXA * 


( 13 ) 


called ttao axpauBlon of Am, is again an antisymmetric tensor, 
covariant, of rank three. The proof of its tensor character may bo 
left to the reader as a good exercise. 

Thus far we were dealing with tho algebraic and dilTcrcntial 
properties of tensors in a non-metrical manifold. Wo shall now 
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pass to consider their metrloai properties, that is to say, their 
properties in relation to a particular symmetrical covariant tensor 
which, for some reason or other, is impressed — as it wore — 
upon the hitherto amorphous space-timo and converts it into what 
is called a motrical or a Riemannian manifold.* This will bo called 
the fundamental, or, more expressively, the metdoal tensor; and 
since it will, in general, bo a function of the coordinates, we may 
conveniently refer to it as tho motrloal floid, similarly as a certain 
six'vcctor is briefly called tho electromagnetic field, Tlio metrical 
will also turn out to be tho gravitational field. 

How this metrical field is to bo constructed in order to be of 
any use from the point of view of tho physicist, is a further question 
to be treated later on. Even then its utility will depend upon 
tho physical interpretation given to certain invariants and special 
lines in tho manifold thus made metrical, such as ds itself, the 
geodesics, and tho minimal lines, in terms of local measuring rods 
and clocks, frecly*moving particles or light propagation. In tlie 
present chapter, however, in which we arc not concerned with any 
such concrete representation, g,,, will be just a symmetrical co* 
variant second-rank tensor, as good as any other apart from our 
arbitrary act of choosing it as a kind of standard tensor. Thus 
also, when having developed the fundamental parts of projective 
gcomelry, we draw a conic in the plane, or a quadric in three-space, 
to serve as a gauge curve or surface, there is nothing particular 
about such a conic or quadric. The former may be any conic 
drawn by the well-known method of projective geometry, implying 
the sole use of a straight-edge. The metrical properties of all 
other figures drawn in the plane will be those and only those which 
arise by relating them to that conic, chosen for the time being as a 
standard.t But, to repent it, this standard is, from the geometer’s 
point of view, a perfectly arbitrary conic, say any ellipse, if we 
prefer to think of a closed curve. Even if this be actually drawn, 
we arc still free to choose ns its ' centre ’ any internal point 0, It is 

* K<|iiivnlunUy wu may tuiy, as Iwforo, that tho metrical properties of 
teiUiurs are their prapurties in ivIaUun to n quadratic diilorcnlial form, 

t It Is the merit of Cayley to have reengniKOd clearly the true part playctl 
by such standard curves or surfaces : — (jQomotrical figures have no metrical 
projKtrUcH of tliclr own. Tliolr motrical proper lies, as 0 ^. itio fuel of a 
conic, or its eccentricity, arise only liy relating them to other figures, ns 
Cayley's ' aUsolulo ' conio or quadric. 
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true that, by Us dolinition, 0 should be the pole of Lho lino at 
infinity,* but the latter is again any straight lino wo like best to 
choose in the plane, If we had the physicist or the practical 
geometer in view, we should make that straight line inaccessibly 
remote and, at the same time, choose the standard conic so that 
when one leg of a pair of compasses is held fixed at tlio other 
traces precisely that conic. In fine, we should then choose as a 
standard conic 'the circle* of tlie practical geometer, and thus 
suit ourselves to his concept of a rigid body, a measuring rod or 
compasses, or what not. But in dealing with an abstract mathc* 
matical science, as in tlie present chapter, wo need not pay any 
attention to such requirements. Similarly, mtUa^^s tmifafidts, in 
tlic case of our four^dimcnslonal manifold (where gigdx, (IXk‘= const, 
will play the rdle of a standard quadric). 

Such must be, to begin with, our views upon tlie metrical 
tensor g,.. 

In relation to, or in conjunction witli, this tensor all other tensors 
will acquire some new properties and lead to some now, associated, 
and dcrivate tensom. Tlicse, and no otlicrs, will now be their 
metrical properties, and their metrical associates or derivatives. 

Before passing to consider these, it will be well to introduce a 
few short symbols and to prove a useful lemma. The determinant 
\g^^ \ of the metrical tensor will be denoted by g, and the minors 
of g divided by g itself will be written Since g is the sum of 
the products of the elements of one of its columns into the 
corresponding minors, wo have 

to be summed over * only (and not over the underlined index). 
This is valid for eveiy k, separately. Thus, summing over both 
indices, wo have 

(14) 

more generally, g,^g‘*=« for an ii-dimensional manifold. On the 
other hand, taking two different columns, or rows, of the deter- 
minant g, we shall find at once 

Kf-X. 

* Ct. PMl. Mag., vol. s;xxvlii. 1919, p. 115. 

t That the g'*, as doiined above, are the components of n contravariant 
tensor will readily bo proved in tlio sequel. 
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This and tlic preceding properly can bo condensed into a single 
fqrmula, 

(15) 

which is I or o according as a=)3 or aM'A As we have already 
proved, is itself a mixed tensor of rank two. The last formula 
expresses the announced lemma. 

Keeping this in mind, consider first the original standard of 
vectors, the infinitesimal position vector dXi. This vector, as any 
other, has had thus far no invariant of its own. It is instructive to 
consider a whole bundle of such infinitesimal vectors, emerging 
from the same point 0{Xt) as origin and having A(x^^dxi}, 
B(Xt+8xt), etc., as their end-points. Thus far all these vectors 
Oyl, OB, etc., had, apart from their origin, nothing in common 
with each other. Being at all distinct vectors, i.e. distinct point- 
pairs, they had, in the amorphous manifold, no property with 
respect to which they could be compared among cacli other. In 
much tlie same way, if an angle is defined as a vector-pair, 0 
OB, there is nothing in the amphorous manifold itself to base upon 
a comparison of two non-overlapping angles, 0 and OD, 

say. In fine, neither vectors nor angles have in such a manifold 
what we arc accustomed to call ' lengths * or ' sizes ’ or anything 
of the kind, which could be defined so as to be independent of the 
system of coordinates. But they will acquire these attributes in 
a Riemannian manifold, that Is to say, with the aid of the metrical 
tensor . 

In fact, dXt being a conlravariant vector, form the outer product 

dXg 

and contract it with respect to » = « and Then the result 

will be A^=A, an invariant. Instead of A use the previous 
symbol ds\ Thus 

will bo an invariant. In fine, with the help of the tensor the 
vector dXt has acquired an invariant, which, therefore, should be 
properly called its metrically associated invai'iani. We may, how- 
ever, call it briefiy the invariaiU of dx,. The value of 

ds^ljgutdXidx.)^, 

through which the vector dx, can now bo compared with another 
vector may be called tho bIm of the vector, no matter what 
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its components in ono or anotlior coordinate system, and the value 
of ds* may bo called the norm of tlio vector dXi, In our case of 
spaco'time a vector of size zero will bo a singular or a light-vector, 
one witli a positive norm a time-like, and one witli a negative norm 
a space-like vector or point-pair. 

Together with dx^ every oUier contravariant vector will have an 
invariant, to wit, the norm 

(which reads *A squared *), or tlie size A, According to its norm 
it may, again, be a time-like, a singulai' or a space-like vector. 
Similarly, if R, be any covariant vector, the inner product 

will be the invariant norm of Rt, since (as will be proved presently) 
is a contravariant tensor. 

Notice that in a Galilelan domain, whore tlie g^^ assume tlio values 
liK (P- 3°®)* we have simply and similarly 

for R*, tlicro being, moreover, no material distinction bolwcon co- 
variant and contravariant vectors, Sudi was the properly of all 
four-vectors treated in the special relativity theory, 

Using the metrical tensor g^^ wo can readily construct, to any 
given tensor, associated tensors of tlio first and higher ranlcs, which 
may also differ in kind from the original tensors. To begin with 
the simplest case, take a contravariant vector A\ Then 

^v^ginA'^ (i6) 

will be a covariant vector metrically associated with or, briefly, 
the ooniusate of A^. 

Multiply botli sides of (l6) by and sum over t, Tlicn, by (i 5), 

i.e, {16a) 

Thus, since the Inner product on the left hand is, for any covariant 
vector a contravariant vector, is a contravariant tensor of 
rank two, as announced above. It con be called the aeeoolated 
motriaal tenaor.* It impresses metrics upon the manifold as well 

* The symbol itself can now bo considered as a tensor assofiiahd witli 
giKt and os such denoted by g,*'. But thoro is nothing pooullarly ' motricnl ’ 
abontg,'^, For this is always tlio anmo, no matter what tlio motricnl field g^. 
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as the original did. By its definition is syramctncal as 
well asgiK. 

At the same time we have, in the definition of A* as the 
contravariant conjugate of tlie covariant vector Ai, It is now 
manifest tliat the conjugate of the conjugate is tho original vector. 
With equal case we can prove that two conjugate vectors have 
the same svse or the same norm. In fact» the norm of Ai is, as 
before, 

g*^A^A,l , 

and the norm of the conjugate of is 

and this is, by { 15 ), ^^^A AK^^g^^AtAKy identical with the norm 
of 4 . 

The norm of A^ or of A'’ can also bo represented by Ihc inner 
product of theso conjugate vectors. For, by what precedes, wc 
have 

( 1 7) 

Thus, for instance, if be tho (covariant) conjugate of 

the contravariant vector wc can write their common norm or 
the squared line-element 

(18) 

Since, after alt, dXi and df, represent the same pair of world- 
points, it is certainly agreeable to see that both have the same 
norm. As a matter of fact, when considered ns representatives of 
a point-pair, both conjugates arc but one and the same ' vector ' ; 
only their componetiiSt even in tlie same coordinate system, are 
dilTcrcnt. 

Passing to tensors of higher rank, take Its metrical con- 

jugate or sup^omont* will bo the contravariant tensor 



(>!» 

Conversely, the supplement of will be 

(itXi) 


Thus tho supplement of tlio supplement is again the original tensor, 
and both tensors have tho same metrical invariant, i.tf. 


say, 

* Gorman, Urganmns, 


( 20 ) 
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as is easily proved with the aid of ( 15 ). A single contraction of tho 
outer product g,* ^ gives 

whicii is a mixed tensor metrically associated with The inner 
product A*A^ Is an invariant, and this is easily seen to be tho 
same as A^^A^^ 

Notice that, by tho definition (ip), and by (i5)» 


so tliat g'K itself is tho supplement of Finally, notice that, 
since A^ is an invariant, 

. (21) 

is again a covariant tensor, the reduaed of Aue* 

Similarly for tensors of tlie third or higher ranks. Thus, e.g,, 
starting witli tho mixed tensor we can construct the associated 

tensor of tho same rank, whicli is purely covariant. 

Other examples of this kind may be left* to the reader. 

This completes in essence the metrical algebra of tensors. Before 
passing to tensor differentiation based on metrics it will be well to 
explain how angles and volumes can be measured by certain 
scalar, i,e. generally invariant expressions. 

Let dXt and dy^* be two coinitial infinitesimal vectors OA and 
OB, and du, dv their sizes, as defined above. Both vcclom being 
contravarlant, the inner product gutdx,dy,t will be a metrical 
invariant of the included ' angle,* i.e, of the vcctor<pair 0"*OA, OB. 
This product will remain invariant when divided by the sizes of 
the vectors. The invariant thus obtained is used for defining tho 
angle (? as a magnitude, namely, by putting 


whpre cos Is to be taken as defined analytically, say, by 

cos5=.i + 

or equivalently, by writing 

where arc COBS is defined by tho familiar integral 

* Hero dy%, as well os dxt, stands for a dlfforential of tho same cq* 
ordlnato Xu 



INVARIANT ANGLE MEASURE 


335 


To fix the sign of 0^ wo can consistenlly supplement the deiinilion 
(as) by introducing sin through 8 in*(?+cos* 0 B*i and by putting 

sin [i - (aa)"]^. 

Since etc., this can be reduced to 

^jp -g^Sm)(ix^(i^Kdyx dy^ . . 

dudv ' ' 

Reality questions, in connection with the particular character of 
the vectors, could thoroughly bo discussed, but need not detain 
us here. 

In a Galilcian domain (aa) reduces to 


cosd 


dx^dy^ - {dx idyi + . . .) 
du 3fi ’ " ’ 


and in ordinary Euclidean thrcO'Spacc to the still more familiar 
expression 


the sum of products of the direction cosines of the vectors. But 
even the general form of the definition (aa) is familiar from Gaussian 
burfacc'theory. In this case, of two dimensions, ( 23 ) is simplified 
down to 


sin 


-dxi dy^-dxtd yi 
dudv * 


(23») 


where g “| g,K 1 ‘^gnSm 

The definition ( 22 ) of the angle measure will thus appear well 
jiialified. (Its essential feature, of course, is that the expression 
on the right hand is an invariant.) Yet, to familiarize ourselves 
still more with that general definition, let us consider the infinite- 
simal vector completing the triangle OAB, i.c. the ordered point- 
pair A, B, Its components will bo dy,-dA;„ and its size AB will 
bo determined by 

" gii {dy, - dx) (rfy« - dx»), 

where should be given tho value gw(./l)“g,K(^*l'ds;). But 
disregarding, in the final result, terms of higher order, wo can take 
for its value at 0. Thus, developing tho product and using 
tho definition ( 22 ), 

AB * « dit* + dv* - 2du do cos 0, 
or AB*r.o‘A*+UB*‘‘ 20 ~A, cos 0, 
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as for an ordinary Euclidean triangle, AB being the side opposito 
the angle 6, This might have been expected, for our manifold 
is elementally flat or infinitesimally Galilcian, Let us take yet 
another example, exhibiting that, and under what conditions, the 
general angle measure has the familiar additive property. Consider 
a third infinitesimal vector OC, coinitial with OA, OB, 

adXi+bdy„ 

where the coefficients a, b are the same for all values of t. Jtaxb 
is varied, this gives what may be called a ' flat pencil ’ of direc- 
tions,* Denote the angles AOC and COB by a and fi. Then, by 
the definition (22), and writing dyifdv^y,, 

cos’a (a*, + 63 >k), cob {ax^ + by,), 

and ate. This gives at once 

cosasa+^cos^, coa^i^b+acoaO, 

whence 

a sm *5 - COB tt - cos cos 9, b sin^d = cos ^ - cos a cos 
and cos*^ ~ a coa a cos /0 cos d « I - cos*a - co8*/y. 

The two roots of this quadratic are 

cos d B cos a cos /S^sin a sin ^ » cos (a 

whence $-a±p, according to the ' order* of the three directions 
witliin the flat pencil. The latter, defined by aXt+b^,, is thus 
seen to talco over the familiar rdle of the plane. 

Enough has now been said in illustration of the definition (22). 
Similarly, the angle between any two coinitial vectors A\ 21 *, 
whose sizes are A, B, will be defined by 


cosd 




and, for covariant vectors, by 
cosd 




(24) 


{Ha) 


with the analogous formulae for sin 0. If A„ 21 , in (a4a) are the 
conjugates of the vectors in (24), tlie two expressions are maiiifostly 
equal. Thus the angle between two vectors is the same as that 


♦All these have a common * perpendicular ' (of. nnmoty that of 
the basal vectors dx%tdyu 
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between their conjugates, as it should be, for originally both 
kinds of a vector represented the same pair of points,* If 




(*5) 


the two vectora arc said to be porpeudioulor or norjnai (or orlhogona)).t 

Next, consider the integral dXn,, or briefly 

extended over a domain of the manifold or of a sub>manifold. 
By a well-known theorem this is transformed into 






Now, 


where, as before, / is the (non-vanishing) Jacobian 

by (8), the determinant g of the metrical tensor, as that of any 
covariant or contravariant second-rank tensor, is transformed into 


(®<*) 

Thus, the integral 

( 36 ) 

is an invariant of, or metrically impressed upon, the domain of 
integration. This, apart from an eligible numerical factor such as 
s/ — I, is called tho Yoiumo or, in the ease of two dimensions, the 
area of the domain. 

The imaginary unit factor alluded to is particularly convenient 
in the ease of space-time, for which g is actually always negative. 
In fact, in a Galilcian domain, and in Cartesian coordinates, 


Conseciucutly, by (8<i), it will also be negative in such a tioniain with 
all other systems of real coordinates. It is true that a non-galileian 
domain, the seat of a pcrniancnt gravitation field, cannot be made 
Galilcian as a whole, yet it is known from experience that in all 
actual eases these fields are so weak that, in appropriate coordi- 
nates, the diiXcrcnces between the and the Galilcian arc 


•TWhIs literally triio of posllioii-vcclors, d.if„ anil every other vector 
can bo ropresoiUed by thcao, provided wo agree to use nn ivfinitestniei scale, 
Vor llioro aro in general no lliille posHlon-vectorii, 
tA singular vector (which exlsta if the fiiiidatnonlal form l>o iioii- 
deniilto) will accordingly bo *' perpendicular to Itsolf." Such is the cuko 
lor the spaco-tiino manifold. 
s.R. 


y 
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exceedingly small. Thus, as far as our knowledge goes, g is 
always negative. Under these circumstances the expression 

dV = dx^dx^dx^dx^ (27) 

will be real. Einstein calls it ihe local measure of the volume of 
an infinitesimal domain of the world. Notice that in the local 
coordinates u,, as explained before, ~l, so that dV becomes 
dui, ... du^ or edtdxdydsSt which is Einstein’s 'natural* volume** 
element of the world. In tlic case of any finite world-domain wo 
will call Vf the integral of (27), simply the volume of the domain. 
Thus wo shall apeak of the volume of a world-tubo belonging to a 
finite body. 

To some readers the appearanbe of the (actor fjg will bo familiar 
enough from threc-space geometry or from surface theory. Yet 
it may be well to illustrate the general concept of volume, or of 
area,* somewhat further. Thus, in tlireo-dlmonsional space and 
in any orthogonal coordinates (gu^gi, etc., gi8>»o, etc.) the line- 
element is 

ds« 'k'g^dx^ 
and the volume-clement 

dV^^gdx^dXi^dXi, 

where g^gig^gii. In Euclidean space, and in Cartesians, 


and 

ds* -t- dy* +(&*, 
dV^dxdydx, 

In polar coordinates x-^^ % x^—r^ 0 , 0, 

rfa" = dr* + r* (d<?* + sin* 0 d^*), 
i.e. gi^ I, g5«r*8in*(?, and, consequently, 
dV «= >■*310 0 dr dO d^, 

a familiar formula. Somewhat more generally, in space of any 
constant cunalure, positive, nil, or negative, the lino-element is, 
in polar coordinates, 

ds* = d>^* + n* Sin*0^ [dfl* + sin* 0 d^*], (28) 

where Sin stands for sin or sinh according ns the curvature is 


* To cover any dimensionality wo might, perhaps, bettor sny eonienf. 
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positive (+rt~*) or negative a being in either ease the real 
radius of curvaturo of tlic space. The metrical tensor is in llus 
case 

ft “ i| ft =a®Sin« ^3 -ftSSin" Q sin* 0 , 
and the volume-element 

dV « Sin® . sin 0 dr dO rf«/> ; 

whence, for example, tlic volume of a spherical slicll, of thickness dr, 
4irfl®Sin®0^ dr, 

and the volume of a splierc of radius r, in the ease of negalim 
curvature, 

V - sinh 

and in the case of positive curvature, 

(’») 

whence ilie total volume of elliptic space,'^ with r =>jrrt /2 »= half of the 
total length of a straight lino, 

V (2prt) 

a result which will be needed in dealing with Einstein’s cosmological 
speculations. 

As a two-dimensional ciisc consider an onliiinry surface. Wllh 
any coordinate network spread over it. the linc-olcnienl is 

ar , ,/.r, ® -I f/A-, rf Vg -I 

and the content or area of a surface-cloincnt 

(Itr « n/a' dx , dxt, g -A-ufta - A'^g. 

Rloic CKpcciully, in orthogonal coonlinates, with a'» wiillcn f(»r aTui 

dfr:^^giji^dx,dx\. 

ThiuH, for instance, in the ease of a sphere of i'adiu.s a, with the co- 
lalitmlo 0 and the longilndo </» ns at,, .tg, dsK*- a'*{dO^ i-sin*^! //«/»■), and 

<f(r ■:-«"8in OidOdtfi, 

a familiar ivsull. 

* i.a. of Lilli KO'Callcd polar kind of Hpuce of conslant pnKllivc em-vatiiru. 
Per the tuiHimlal (or sphoricul) kind lliu total Icngtli of a straight 11 nu Is 
aira and V m **■««*. 
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Within the given manifold, say the world, any sub*manifold, 
of three or fewer dimensions, may be represented by considering 
the original four coordinates a*, as functions of three or fewer 
independent parameters pa. Since dXi"*{'dXt/dp^dpa, the lino* 
element of the 8ub*manifold will become 

ds* •» Ihbdpa dPb 

with 

^ ^ 

as metrical tensor. Considering the latter as a set of given functions 
of the Pa, all the concepts explained above can at once be applied to 
the sub>manifold. Some obvious caution is needed if, as for 
spaco'time, the line-element of tlie original manifold is a non- 
definite form. For then the ' form ' of the sub-manifold may, 
at some places or throughout, be a degenerate one. 

Turning again to differentiation, let us recall that unaided by 
metrics this process was unable to yield any new tensors but the 
gradient of a scalar (n), the rotation of a covariant vector (12), 
and the anti-symmetric expansion of a six-vector (13). Now, 
however, with the help of the metrical tensor g,a or its nssociato 
an unlimited number of other tensors can bo derived from 
given tensors by appropriate differentialions. 

Historically, the oldest tensor of such a kind, and one most 
precious to Einstein and Grossmann in their quest for gravilalional 
writing material, was Riemann's system of four-index symbols, 
discovered in 1861 in connection with an investigation on heat 
conduction.^ This tensor, mentioned before, is by no means the 
simplest of its kind. The most simple and, in our time, the most 
fundamental, metrically differential tensor was discovered in iSCp 
by Christoffcl. This is the so-called oovorlant dorlTativo of u 
vector A,, which is again a covariant second-rank tensor, and is 
written 



The coefficient of A\ is Christoffcl’s symbol ' of the second kind,' 
which is defined by 

* Mathmalisehi W»rk 9 , second edition, p. 391. 
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[■;]' 


Lf»J’ 


(33) 


the square bracket being ChristoEci's symbol ' of the first kind/ 
which in its turn is perfectly intelligibly defined by 

“dxi 

Let it be said forthwith that neither of ChristoEel’s symbols is a 
tensor. Notice the symmetry of both kinds of symbols in the two 
upper indices. 

The proof of the tensor character of (31) can be conducted in 
at least two different ways. One of these, used by Einstein, implies 
the developed form of the equations of a geodesic, and the other is 
based on the concept of differential parallelism, duo entirely to 
Levi'Civita with collateral development and elucidation by 
Hessenberg and Wcyl.* Since the equations of the geodesics arc 
indispensable for the sequel and the said parallel-concept is of 
considerable interest in itself, both proofs will be given. 

In the first place then, a geodesic being defined in the preceding 

chapter by sjdrao, with fixed integration limits, introduce an 

arbitrary parameter u, write for brevity i^ds/du and consider the 
infinitesimal expression 

8/ b 3 S J df a J W . du> 

This will be a scalar or invariant. For so is every element ds. 
Since is a function of the coordinates, through g^t and 

of the :t^^dxJdUt wo have, applying tho well-known process of 
liartiai integration. 

Here is any conlravariant vector. Hence, if du bo any in- 
variant (and it will be ultimately made ds itself), the bracketed 
expression 

‘ a*. 

will be a covariant vector. Now, after developing the right-hand 

* T. Lovi-Civita, * Nozioiio di FaralloUsmo In una varioUt qualuiiqiio 0 
couscguanlQ spoclflcaziono goomotrlca della Curvatum lUotnanalana,' 
Rtnd. C4re. Mat. di Pahmo, vol. xlU. 1917. meeting of Dec, 1916: 
G. Hessenberg, Math. Atmal&tt, vol. Ixxviit, 19x8, p. 187 ; H. Woyl, RamH‘ 
Zoit-Matma, 5tli edii., Berlin, 1933 (also English version), whore all his 
previous publications are mentioned. 
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mutubcr, mukc w»5, i,e, take the length of the geodesic itself as 
parameter, and use the abbreviation (33). Then the result will bo 

where, henceforth, ii^dxtfds. Again, 

EK g^P^ 

is a contravariant vector, the conjugate of P., On the other hand, 
and, as in (32), rff]=’{?}. Thus, 


P* 3 flj, + 





will be a contravariant vector. The geodesic, being defined by 
SI no, for every infinitesimal variation of the integration path, will 
bo given by Pi = o, and therefore also by P‘ = o. 

Ultimately, therefore, the developed form of the eqiuUions of a 
geodesic will be 


d^Xi . (afi\ dXa. dxa 

ffa* 1 1 I 


(34) 


Of tlicsc four dilTcrcntial equations * one is, in virtue of the identity 

SuC^t^K “I, 

a consequence of the remaining three. In accordance with what 
has been said in the preceding chapter, (34) will represent the 
equations of motion of a free particle. Wo may add that a genor* 
ally relativistic system of equations of motion of a non-frcc particle, 
i.e, one acted upon by impressed forces (in addition to the gruvi* 
tational field, already taken care of in the last equations), would be 

*.+ {“f 7?-, 

where P‘ is some given contravariant vector, proportional to the 
impressed four-force. In the present chapter, however, wc are not 
concerned with any concrete representation of the mathematical 
theory of the manifold, 

* Used 111 exactly the same form by gonoral gcomotora, for any iinmbor 
of dimensions, at least those twenty or thirty years and bodily transferred 
into modern rolntivity. 
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Having obtained die equations (34) of the geodesies, let us 
apply them to prove the covariance of Christolfel’s derivative (31). 
Start with any scalar /, If this bo differentiated twice along 
any path, the result 


3 ? 


will again bo an invariant. Let the path be a geodesic. 

(34), 


3? \dXadXfi 





Then, 


will still be an invariant, and since is an arbitrary contra* 
variant tensor, the bracketed expression, whicli can bo written 


dx,hx, \a/a*.' 


(35) 


is covariant of rank two. This proves the proposition for a special 
vector Ai, the gradient of a scalar. To generalize the proof, notice 
that any vector At can bo expressed as the sum of four (») vectors 
of the form hdffdx^ where / and h are appropriate scalars. But 


3 

3 a;* 


(•D-W*!-/- 


^'dXt da?,* 


the sum of two covariant tensors of the second rank, is again such 
a tensor. This cstablislics, therefore, the tensor character of (31) 
for any vector A^, The operation indicated in tliat formula is 
called covarianl differentiation. It yields the covariant dcriva* 
tivQ of Ai, For constant all the Chrisloflcl symbols vanish and 
the covariant derivative reduces simply to This then is 

a tensor in a Galilcian domain only. 

A similar operation can now be easily constructed for a contra* 
variant operand F*. In fact, dilTcrentiatc the invariant /=i 4 ,Z 3 ‘, 
where At is any covariant vector. Then 




'a 




will be an invariant, and therefore the factor of ig or, by (31), 
the expression 
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will be a covariant vector; and since also wo shall 

have 

which is the same tiling as 

This holds (or any A^, Consequently, 

will be a tensor, mixed, to be sure, The associated tensor 
i.e. 

( 37 ) 

will be the oontravarlant aeriTatilTo of and the operation per* 
formed on the latter will bo called contravariant differentialioiu 
Similar operations on tensors of the second and higher ranks (which 
can always be built up of outer products sucli as AiBg, otc.) offer 
no essential difficulties. For tlio purposes of this book it will be 
enough to note, without proof, three such results and two more 
of a slightly different kind : — If otc, be tensors, of the kind 

explained by their indices, then 



will again be tensors, (or which no special names were coined ; 
they may simply be referred to as the covariant and tlio mixed 

* To cconomizo words wo aliall wrlto aquations such os this Instond of 
saying " B^A ik is a covarianfc vector," and similarly in all otlior enuos using 
free lottora with tlm appropriate indices. 
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dcrivativQs'of tho corrospoudiiig operands. Taking, for instance, 
notice that, by (32) and (15), 

and similarly for the last term of (38), Thus, 



by tho dehnition (33) of tlio symbols and owing to In 

fine, tho covariant clorivativo gx^x of the metrical tensor itself 
vanishes idenlieally. Similarly, by (40), identically* 

Further, if /!*” be a skeiv tensor or six-vector, then 

A' E Div (/(“O ^3 4 - ^ ( 42 ) 

wg 

is a contravariant vector, Uio divorgouoo of tiio Bix-voator yf'" ,’ this 
property follows easily from (38). Finally, 

div(^“)s-J- ^ {s/gA*) ( 43 ) 

is a scalar, known as tho dlvorgronao of tho veotor A\ 

Let us now pass to Lovi-Gvila's concept of parallelism, which 
will not only give a simplified proof of the covariance of Chris toficl's 
fundamental derivative (31), but will also otherwise be found very 
helpful* That new concept, moreover, is interesting enough on 
its own account, to deserve to be treated at some length, 

At a point 0 {Xx} of the manifold, which need not yet have any 
metrics impressed upon it, let there be given a vector which, 
on an infinitesimal scale, can always be imagined as an ordered 
pair of points 0 , P, the origin and the end-point. The question 
of its being covariant or contravariant does not thus far arise. 
Let Oi^[Xx-Vdx) bo another point of the manifold, so tliat 00 ^ 
is itself an infinitesimal vector. With 0 ^ as origin an infinity of 
vectors Oil\ can bo constructed or imagined. To ask whether 
one among them ' is equal ' to tho given vector OP is meaningless. 
Dut whether ono of them can bo picked out and usefully defmed 
as vectorialiy et^ual to or tho same as OP, is a perfectly 
intelligible question, and ono whicli with good reason has seemed 
to I^vi-Civita wortliy of consideration. It remained only to find 
out how to shape the dofinition in order to malco it useful. An y 
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attempt at an imilalion of the graphical procedures familiar from 
Euclidean or Lobatchevskyan geometry, and so on,* would be 
futile and, above all, too narrow for the purpose in hand. Bui if 
not ' graphically,’ that is lo say, if not by treating the vectors as 
pairs of worid-points, the required definition of equality of two 
vectors can only bo obtained analytically, i,e, by considering their 
components. Thus, lot OP be given through Ihe numerical values, 
say, of its contravariont components A^. Then it can bo agreed 
upon to call O^Px equal to or oblained by a pnrauol sbift or 
traaBiation from OP^ provided all Uie components, of the former 
arc correspondingly equal to those of the latter. But 'coni' 
ponents ’ imply the use of a coordinate system, and if made equal, 
by decree, in one such system («/), they would’ not remain so in 
other systems (s;,). 

Notice tliat such also is ilie case in Euclidean goomolry. The 
components of equal vectors are only equal when referred to rccli- 
llnoar (geodesic) axes, but not to a curvilinear network of coonliiiato 
lines. The rdlo of geodesics will I’eappcar later on also in this 
generalised concept of parallelism. 


In fact, since 


A** 


the parallel shift from 0 to 0^ thus defined, will change the com* 
ponents of the given vector (since by assumption) by 

or, up 'to second'order terms, by 

dXi! being the vector OOx* In order, therefore, that the equality 
definition may be of any use at all, the system */, for which SA'* » o 
is claimed^ cannot be picked out at random, but has to be chosen 
so as to lead ultimately to some generally covariant relations. 

Lovi'Civita lilmself (/.c.) Imagliioa tho world (IF) embedded in a 
Eiiclidoan space of ten, generally + 1 ) dimensions, draws through 
Oj a Euclidean parallel to OP of equal siso, aiul colls Its ortliogonal 

* Cf. for instance the doAnltion of vector equality in tho writer's Pro- 
jwHva Vactor Algebra, London, Boll, igxg. 
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projection OjPi upon tlie loiir-plano, U, langonllal to W, equal and 
parallel to OP, Notwithstanding this jmrtly oxtra-mundano con> 
structlon, LevLClvita, roturning to tlie actual woiid, analytically, is 
able readily to show that the parallelism thus doAned Is intrinsic, i,e, 
expressible in terms concerning only the given (metrlcnl) manifold 
itself. This procedure has the didactic advantage of appealing to 
our imagination (especially if wo ore willing to illustrate it by the 
case of an ordinary surface in Euclid's threo-spaco], and for this 
very reason is hero mentioned. Yet, It seems preferable to conduct 
the whole reasoning Intrinsically, that is, witliout over leaving the 
world or, generally, the contemplated fi-fold. 

The best plan seems to be a postponement of tlio said choice, 
leaving at first that privileged coordinate system wholly unspecified, 
calling it vaguely x^, and then only finding out what properties it 
must be given to suit, say, the metrics impressed upon the mani* 
fold. Any such properties must be deduced with the aid of formula 
(44) • Before proceeding to utilize it, notice that, first, whatever 
the privileged a;/, any linear functions of these coordinates will 
share in their properties, and, second, Uie increment 5 / 1 *, being the 
diilTcrcnce of two non>coinitial vectors, is not a vector. 

Replace and dx^ by their non-dashed equivalents. Then 
(44) will become 

c Xv„* dxf, 

t).vv 

at/ being always those coordinates for which 5 /l'‘«o. Since 
these X, are, tis yet, in no way specified, the bracketed expressions, 
each marked by three free indices t, /t, r, amount actually to a 
number of coeflicicnts which can be arbitrarily prescribed as 
funclions of position, symmetrical in /*, v, and vanishing (or x,=x,, 
IJenoting the negative.*) of these coefficients by 

r' 

^ Ikv * l*/ll 

wc sliall have 

( 45 ) 

If all these T's, which form no tensor,* arc prc.scribcd, all the pro* 
pcrlics of thu parallel shift are fixed or, in Weyl's phraseology, 
the ajfme connection of tho otherwise amorphous manifold is dc* 
termined. And since there ore forty of these cocnicicnls, there is 

* In fact, while all T’s vanish in tho .v'-sysloiii, they do not, hi general, 
vanish in other coordinate systems. 
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much freedom indeed in fixing ullimately the concept of parallel 
shift or translation. We might yet for a while leave their choice 
free and draw from (45) some further conclusions. Such a broad 
concept of ' parallelism ’ would, however, remain rather barren. 
It seems preferable, therefore, at this stage to impress metrics 
upon our manifold. Tliis will not only restrict the freedom of 
choice, but narrow it down so as to make the concept in question 
a perfectly definite- one, as in fact it was in Levi'Civita's own 
treatment from the outset, 

Let us then introduce a metrical tensor g,.. This will at once 
give sizes to all vectors, thus far denied to tliem. It now appears 
natural, as in ordinary geometry, to odd the requirement that 
the siee of a vector shoitld not change in a iransl^on, i.o. tliat 
or, in tensor language. 

This, with (45), will fix the values of the coefficients of the affine 
connection in terms of the metrical tensor. In fact, developing 
the last requirement, substituting 8 A* from (45), and keeping in 
mind tlie symmetry of those coefficients, we have 

and since the bracket is symmetrical in t, k, and yf is an arbitrary 
vector, we obtain, for every combination of i, k. A, 


^=f,.r;k+«,.r5L. 

Write down two more equations by cyclic permutation of t, k, A, 
take the sum of the second and the third, subtract the first equation, 
and i-ccall the definition of Christolfel's symbols. Then the sur- 
prisingly simple result will be 


or, multiplying both sides by g^, 
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In fine, the forty affinity-coefficients become identical with the 
equally numerous family of Christoffel symbols of the second 
kind, and are thus, in the metricized manifold, dcduciblo from but 
ten independent components of the mctricai tensor gup The 
parallel-shift equation (45) now becomes 

!/!•-- (4?) 

which is Lcvi-Civita*8 fundamental formula, determining com- 
plclcly the changes 8/J* of the components (in any system x) of 
a vector produced by its iranslaiion or parallel shift from the 
old origin to the new origin 

Ox{x\-\'dx))j Q8 indicated in Fig. 20, 
which is merely symbolical, to be sure. 

This formula enlightens us, moreover, 
at once ns to the nature of those 
privileged coordinates (called originally 
xf) in which the vector components remain unchanged by a 
translation. For the right-hand member of (4^) vanishes, for 
any yf”, dxx, only when ail Christoficl symbols vanish, at the place 
0, and since it can easily bo shown that 



this implies that all the components of the metrical tensor should 
be constant at 0, Coordinates for which this is the case arc called 
geodcaio ooordinfttoB, at 0{Xt). In conclusion, it only remains to 
make sure that such coordinate systems exist for the general 
metrical manifold. Now, such arc, for instance, Kiemann's 
central coordinates^ it, =«•.?, where s is the length (real or imaginary) 
measured along the geodesic from 0 to the point P{x), and 
coclficicnts (real or imaginary) satisfying the condition i, 

and constant at 0. Such coordinates, which take over the role 
of the rectilinear coordinates of Euclidean geometry, can be set 
up ill any metrical manifold, provided this is infinitesimally flat,* 
a properly already assumed for space-time which was declared 
inrinitcsimally Galilcian. 

The concept of the infinitesimal translation or parallel shift of a 

* Cf. Kiuimtiin'H TlypoUiosen, mlchc tier (Seometrie sit Grunde Hegeu, 
edited by II. Weyl, Berlin, Springer, iqzi, Nolo 3, p, 28. 
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contravariant vector is now sufficiently explained, and wo may 
forthwitli proceed to apply it through the fundamental formula 
(47).* 

To derive an analogous formula for a covariant vector 
consider tlic latter as the conjugate of A*. Then, since tlic norm 
or the squared size of either is AiA\ the previous requirement Uiat 
this should remain unchanged by the translation will give 

wlicncc 

(47«) 

The conjugate of tlic translated vector can now be shown to be the 
translated conjugate. Vice versa, we might have assumed the 
latter property, and thence deduce ( 47 a), and prove, or verify, that 
6(i4.i4*) = o. 

Next, consider ^4^ as a vector field. Then its value at the point 

will be Ag+^—dx^. On tlio other hand, the vector 

transferred from 0 to 0^ will be A^ + 8Ak, These two vectors being 
coinitial, their difference 

will again be a covariant vector ; and since dx\ is an arbitraiy 
contravariant vector, the bracket will be a tensor Ag\. This is 
the second promised proof of the tensor character of ( 31 ). At the 
same time the covariant derivative appears in an interesting light, 
being now given by tlic change of the held A^ from point to point 
less tliat due to a mere translation. Similarly the tensor character 
and tlie meaning of the contravariant derivative ( 37 ) will bo seen 
witli the aid of the translation formula ( 47 ). 

* Tills is tko motrical specialization of (45). If the render so dosiros, ho 
may continue to hold the more general, alTnio view. For this purpose it 
Is enough to replace in the subsequent formulae the metrical Christond 

symbols j- , derivable from tlio ton gi*. by the more general sot of forty 

independent airmlty-cocITicionts Tills remark applies to all the 
rcnialniiig formulae of the present chapter, including Uioso which will 
concern the curvature tensor. ' 
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lhu8 far tho transferred beings were vectors. Let us now define 
the infinitesimal translation of a tensor of the second or any higher 
rank by requiring all its eomponents, again with respect to a 
geodesic coordinate system, to remain unchanged. Then, in any 
other coordinate system they will acquire increments S which, 
without any new assumptions or requirements, can bo deduced 
from Ml and 8 A\ already available. To illustrate this it will 
be enough to consider tho case of a Since every such tensor 
can bo represented os a sum of four outer products Pd2<c) it will 
suffice to consider tho special tensor 

By (47a), its increment will bo 

(48) 

Thus also, if bo considered as a tonsor add, the difference of 
tho two tensor values at Oi 

will again be an ^,j(, and since dxx is a covariant vector, 




"dxx “* 3 ^ 


(38rt) 


will be a tonsor. This is the covariant derivative (38), which thus 
appears in a similarly interesting light as did a moment ago the 
covariant derivative of a vector. Tho second term in (38a), 
apparently shocking, is merely a short symbol for the coclTicicnL 
of dxx in the expression (48) of S/i,,. Notice that the identical 
vanishing of gutxi already mentioned, can now be given the interest- 
ing form 

<iXK d»K 


(49) 


which reads : the point-to-point variation of the metrical field is 
entirely due to mere translation of the tensor. 

With equal ease 8/i‘* and 85 * will bo obtained. These will 
show at once the tensor character of (39) and (40), exhibiting tho 
former as 


<)J3i* 8P,‘ 
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and similarly for the latter. In fine, any of these tensorial differ- 
entiations will bo characterized by tho short symbol 


. d 8 


( 50 ) 


In much the same way the translation formulae for tensors of 
any rank can bo obtained. Examples of this kind may bo left to 
tlie reader. Remembering the general angle definition, tlie reader 
will also prove at once that the angle between two coinitial vectors 
is not changed by a parallel shift of both to a new common origin. 

By a natural extension of a familiar name, tho transferred vector 
may be said to have iha same direction as the original one. Thus, 
e.g.f our A^+SA^ at 0 ^ will have the same direction as Ai at 0 , 
The dlrootion of any lino, at any of its points, may bo taken as 
given by the contravariant vector « dXijds, If tins bo tho world- 
line of a particle, will bo its velocity vector, a generally covariant 
four-velocity. Now, let it be required that tlie line should have 
all along the same direction or that tlie successive velocity 
vectors should follow from eacli other by parallel shifts along the 
line itself. What are the differential equations of such a line? 
The answer is, by (47), 

and, since tho shift is along tlie lino itself, Thus we 

have 


which are the equations (34) of a geodesic^ originally defined 

by $ ds^o. This is a very interesting generalization of the 

familiar property of a Euclidean straight line or of (tho Galilcian) 
uniform rectilinear motion, in which the direction and the speed of 
motion remain tho same. Tho formal similarity of bohaviour of 
all these geodesics is duo to the appropriate broadening of tho very 
concept of ' sameness of direction * or of parallelism. 

This general concept affords also an easy way of arriving at tho 
most important differential tensor, the Rioniann-Christoffol or tho 
curvature tensor, already hinted at as one of tho chief pillars of 
Einstein’s theory. 
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This remarkable tensor, for which the science of general 
geometry is indebted to Riomann, is a fourth-rank tensor built up 
only of the and their first and second derivatives. In other 
words, it represents a differential, second-order property of the 
metrical field itself. Curiously enough, and significantly, there is 
no such property of the first order. In fact, as we saw, the 
first covariant derivative of the metrical field, vanishes identically, 
and there is no other non-vanishing one. l^is makes the second 
order tensor the more interesting, and the more precious. 

Start at 0{x) with a given vector X\ Carry it, by an infinite 
succession of infinitesimai parallel shifts, along any path a up to 
some distant point P. The vector thus obtained at P, 

a 

will, by definition, be parallel and equal in size to that at 0, Out 
wo might have shifted it from 0 to P along another path b, thus 
arriving at P with 

i 

This vector will again be equal {via b, that is) to the original one at 
0, The natural question arises ; Arc these two vcctora at P 
coincident with each other? The answer is, tinlike Euclidean 
relations, in the negative. The sizes of the two vectors will, of 
course, be the same, but their directions will, in general, tliffer. 
Thus also, if the vector is carried around the circuit ci}mpo.sc(l of 
a and b inverted, it will return at 0 with its direction changed. 
For any such closed path or circuit (s), the total change of a com- 
ponent .X", with respect to any coordinate system, will be, by ( 47 ), 

( 51 ) 

C) (4 

where dx), can be written d^ds. This total change, being the differ- 
ence of two coinitial contravariant vectors, is itself such a vector. 
This is the reason why, of all integration paths, the circuits alone 
are worthy of particular attention. Kor, in virtue of its own 
tensor character, i^X* will yield at once the desired tensor. 

In fact, evaluate ( 51 ) for an Infiiiitosimal quadrilateral whoso 

8.R, X 



356 THE THEORY OF RELATIVrfY 

The last tensor is anti^symmctric in k, X, Thus also, 

(i/t, kA)= Ak), 

in addition to which three more identical relations hold, 

{ifi, tfA)=i - (/it, kA), (t/i, icA) = (j<A, i/i), 

(t/i, kA) + (lA, fiK) + (iff, A/i) =. o, 

whence it can be shewn that, in a manifold of n dimensions, there 
arc only 

in‘(n»-i) (55) 

essentially different Riemann symbols left, as was already mentioned. 
Such, therefore, is also the number of independent components of the 
curvature tensor Rhx, that is to say, [lut one for a surface, six 
for a three-space, hvenly for a four-fold, such as space-time, and 
fifty for a five-fold, which thus far is of no particular interest for 
tlic physicist. Instead of mounting higher wo may, however, 
profitably dwell a moment upon the cose of a two-fold or surface,* 
In this case the Riemann symbols with three or four equal 
indices vanish, while (21, 2 i), -(12, 2 l), -( 31 , 12) arc all equal to 

( 13 , 12). 

The latter can thus be taken as the essentially unique Riemann 
symbol. It is itself, of course, no invariant, being after all but one 
of the members of a fourth-rank family. But, as is known 
from surface theory, tliis symbol divided by the determinant 
of the metrical tensor or, in more familiar language, 
by the discriminant of the fundamental form is 

an invariant of the surface. In fact, this differential invariant, 

kJ^^\ (56) 

is the Gaussian curvature of the surface, originally defined as the 
reciprocal of the product of the two principal curvature- radii, but 
later on represented in this form which contains only the g^^ and 
their derivatives with respect to a coordinate network spread over 
the surface, without any reference to the tliird dimension, and thus 
exhibits K as an intrinsic property of the surface itself. The 

' * A nnc-dlmoauonnl manifold htis no Itiomann symbol, nor any such 
intrlii^o property. 1*110 familiar equivalent of tills fact la that every curve 
can bo dovclopod upon every oUior, by bonding without strotchlng. 
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invariance of (56) follows simply from Ihc fucC that this expression 
is proportional to tho invariant 

A-k) 

of tlio curvature tensor, to wit, 

K^-IR, ( 57 ) 

On the other hand, it is interesting to bring the Gaussian curvature 
into connection with the change AX" of a vector carried around a 
surfacc-elemont tr«^, as given by (52). The vector X", as well os 
dxa, dya determining that element, are, of course, all within the 
manifold, i.e. on the surface. And so is AX*. The vector X* on 
its return at the starting point will have sufTcred a rotation, say, 
A (7 in the sense of circumscribing the circuit, Tho infinitesimal 
angle Ad4=sin(A&) can now bo calculated by (230) applied to the 
vectors X* and X** + AX". If the norm of X* is unity (unit vector), 

Ad«g(XiAX»-X»AXi), 


where AX^, AX* arc to be computed by (52). The res\ilt will 
be, in terms of (12, 12) to be introduced through (540), 


>/« e 

where dir (dxidy^ - dxgdyi) is the area of the element o-^*. Thus, 

(56). 

Ad =3 X dtr, 


that is to say, the vector on its return overshoots its original 
direction or falls short of it by | K \ according as K is positive 
or negative; and if K^o, i.e. for a plane or any developable 
surface, the vector recovers its original flireclion,* The Gaussian 
curvature thus appears as the rotation Ad per unit area. Since 
the original line-integral (51) taken along a circuit {s) embracing 
any finite area o* is oipial to the sum of the line-integrals taken 
around tho meshes into which ir may be split by a network of lines, 
a vector carried around (j;) will overshoot its original direction by 

d dir. As we saw before, a geodesic perseveres in its direction, 

* Provided the ol 0111 out da does nut coiiUdii a slngiiliir point Hiich ns llio 
vortex <)( a cone. In the latter cane a direct treatment bascul on Lovl- 
Clvita's original construction will roadlly show lliat A0 Is Ofiunl to the 
angle of tho sector cut out before rolling a plane Hlu'ot into a cone. 
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Therefore, a vector carried along such a curve remains equally 
inclined to it. Thus, applying the last formula to a geodesic 
triangle 1231 and imitating Thibaut’s reasoning mentioned on 
p. 355 , i. 8 , carrying a vector from I to 2 under a constant inclina* 
tion to the geodesic 12, thence to 3 under a constant inclination 
to 23, and similarly from 3 back to i, Uic reader will find at once 
for the angle sum ^ of the triangle 

2 =« iwo right angles + 

The integral to be taken over the area of the figure is called its 
total curvature. Thus, the excess * of tlie angle sum over two 
right angles is equal to the total curvature of the geodesic triangle, 
— a famous theorem due to Gauss. If const., the excess is 
simply Ktr, as is well known from spherical trigonometry .f In any 
case the local curvature K appears as the excess per unit area, and 
thus can be evaluated numerically at every point of the two-fold 
by bidimensional beings for ever confined to it, without any 
recourse to a third dimension or hyperspacc. In fine, tho concept 
of curvature of a two-fold need not and docs not imply tliat the 
latter is ' bent ’ or * curved ’ in a three or more dimensional mani- 
fold. It is an intrinsic property of tho two-fold itself, as was 
already exhibited analytically by (56), There is nothing three- 
dimensional about it. Similarly, tlie curvature properties of a 
three-space have nothing four- or six-dimensional, and those of 
space-time nothing five- or ton-dimensional about them. Nor arc 
they in any way more mysterious than the curvature of an ordinary 
surface. This will brace tlic reader against the influence of the 
popular diffidence with regard to the concept of ' curved ’ or 
' wrinkled ’ spaces of more than two dimensions. 

We will now return to the general metrical manifold. If this 
be of three, four or more dimensions, its curvature properties can 
no more be represented by a single magnitude, but require for their 
complete description the knowledge of the whole curvature tensor 
(53) 01* of the associated Ricmann symbols (54). The simple con- 
cept of Gaussian curvature has now to be replaced by that 
of RienuumiaiL ourvatnre which, though moro general, is equally 
definite and essentially as simple and devoid of mystery as tho 
curvature of on ordinary surface. It has been introduced into 

* Or the defect, If tlio total curvatnro is negative, 

t If ff bo ilio radius of tho sphere, Kssxfa*, 
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treatises on general dideronlial geometry many years ago. To any 
of these (such as Killing's or Bianchi’s, l.e.) tlio reader must be 
referred for details. Hero a brief explanation of Riemann's eon* 
cepL will be all wo need in order to sec its relation to the curvature 
tensor. It can bo defined as follows. 

As on page 336, consider two fixed infinitesimal vectors d% 
and the pencil of vectors dXi«=ad^i+bdif„ all issuing from 0{x), 
any point of the manifold. With each of these vectors as initial 
element draw a geodesic line, thus generating a gsodeslo surouso, 
determined by 0, one of its points, and by its orientation. The 
latter can be taken os given by the oriented surface element, say, 

or by the local surface normal,* to be indicated by the suffix v. 
The metrical tensor }^Jl, /(ga of this surface as sub-manifold 

will be determined (as on p. 340) by the tensor g^K of the given 
manifold. With that tensor imagine the Christo ITcl and the 
Riemann symbols constructed and distinguish them by the sub- 
script A. Then, as in ($6), the Gaussian curvature of the geodesic 
surface at 0 will bo 

Now, it is this perfectly familiar concept which is defined by 
Riemann as the cwvalure of the manifold for the onenlalion v of the 
geodesic surface at 0, or of its element In fine, Riemannian 
curvature is the whole system of Gaussian curvatures K, at the 
contemplated point of the manifold. It remains to express (i 2, i 2 )a 
and the determinant h in terms of the tensor and tiie vector 
pair d^tf fixing the orienlaliun. This gives, after a certain 
amount of cumbersome but straightforward work, 


, (t\, Kfi) I -cX 


(58) 


where u-«^ is the oriented surf ace ’ulement as explained before. 

Such then is the relation between the four-index symbols and 
the Riemannian curvature of a manifold of any dimensionality. 
Once more we see that the vanishing of all tho.se symbols is the 
sufficient condition for Euclidean behaviour. For then the curva- 


* This will Im a vector dyt orthogitnal to fg^dyi etc.) and, 

lUoroforo, to the wliolo pencil of voclora dx\. 
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ture Ky vanishes for cvery^ orientation, and all geodesic surfaces 
are plane or developable, which is equivalent to Lipschilz's 


theorem. 

In general the curvature will not only differ from zero and vary 
from point to point, but will also assume different values for 
different orienlations. In ffnc, with regard to its curvature, the 
manifold may be anisotropic as well as heterogeneous. Such will 
notably bo the case of 8 pace«time in presence of a gravitational 
held. If, however, Ky is isotropic at every point of the manifold, 
then, as was proved by F. Schur, it has also tlio same numerical 
value K throughout the manifold. Thus we see from (5S) that 
the necessary and sufficient condition for the isotropy as well as 
the constancy of Riemannion curvature is 


(tA,, ic/i) —gifigktti, (59) 


which amounts to n*(n*-i)/i2 equations, with the unique curva« 
ture as a given constant, or in terms of the mixed curvature 
tensor, by (54n) and (15), 

** K ( 59 ®) 


These equations will bo especially helpful in considering certain 
speculations on the world as a whole. 

Returning once more to the general manifold, notice that tlic 
curvature tensor Rttx, being mixed, can at once be contracted 
with respect to a, A, say. It thus gives rise to 

(^0) 

a second rank tensor, which turned out to be particularly useful 
in building up the gravitational equations. Again, the invariant 

identical with g^g^>‘ (% Ak), mentioned before, is also of consider* 
able interest in connection with Einstein's theory. But these and 
other properties derivable from the original curvature tensor will 
better be postponed till they are needed for the treatment of 
gravitation problems. 
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NOTES TO CHAPTER XII. 

Note 1 (to page 315). Riomann's lainons momoir of 1834 contains 
tlio following romarkablo passage {GesammeHe MeUhem. Werk&, and 
ed.t p. 285 ; also W. K. Cltilord's translation, unfortunately not 
available at the instant) : 

' Die Frago ilber die Gttltigkolt dor Voraussotzungon dor Geomotrie 
im Uncndlichklolneii' h&ngt zusammen mit dor Froge nach dein 
innoren Grnnde [wliatover that may mean] dor Massverhttltnisso des 
Raumes, Bci dicser Frago , . . kommt die obige Bomerkung zur 
Anwondung, doss bei eiiter discreim MannigfaUigkeit das Princip 
der MassverhdUnisso schon in dem Begrijfe dicser Mannigfaltigkeit 
ottUiaHcn i^, bci olnor stetigon abor andors wohor Idnzukommcn muss. 
Es muss also enlwcdor das dem Ranmo zu Grnndo liegende Wirklicho 
oine discrete Mannigfaltigkeit bllden, odor dor Grund dor Mass- 
verhftltnisse ausserhalb, in darauf tvirhenden bindenden KrUften. 
gesueJU uierden.* 

The latter italicized statement is coiisldorcd {c.g. by Weyl, Raum” 
ZeU’‘Materie, 5th od., p. 100) as areinarkablo anticix>ation of Einstein's 
theory, in which metrics may bo said to bo moulded by matter. 
Tlio former italics, attributing to a discrete collection of clomenls 
some inherent motrical properties, do not seem to correspond 
to tho actual state of ailairs (unless * metrical property * is taken 
to moan the more number of cloinonts of such a manifold or a 
l)art of it, — ^which, however, would bo trivial and barren). So much 
so, in fact, that a discrete manifold not only docs not possess any 
properly motrical features of its own (aucli as ‘ distanco * of two 
Clements), but. unless its clemonts be artificially ordered, has not even 
any dimensionality. In this it fully resembles a continuous manifold . 
Either must have its elements ordered in some way or other before 
it can bo attributed tho property of dimensionaUty at all. (Cf. 
p. 316 supra.) This, however, tlocs not suflice for bestowing metrics 
upon a manifold, whether continuous or discrete. That such is tho 
case of the former is clear enough from the text of this chapter. A 
moment's reflection will show that it is equally true of a discrete 
manifold, unless all its elements are so ordered as to give it just one 
dimension. In fact, imagine a collection of beads. Give this mani- 
fold more than one dinionsion by arranging the beads into a ifinndity 
of strings or chains, layers of strings, boskets of layers, and so on. 
Within a string (linear Kub-manifold) every bead, the terminal ones, 
if any, excepted, has two neighbours. Ixit the passage from noigh- 
liour to neighbour bo called a step. Then * tho distance ' between 
any two elements A and R of a string can bo defined as the number 
of steps loading from A to B, This will exhaust all relevant metrics 
within a siring, and can bo repeated independently for every string 
of the manifold. If, however, A and B are on different strings 
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a and b, Ihero arc no means of doAning their dlslanco or any such 
mutual relation (oven if the strings as wholes bo ihomsolvos ordered) • 
To construct any sncli concept we must first Uo up in some way or 
other the dements of diilerent strings by introducing an enriched 
concept of neighbour (logically, os an undefined term), by giving 
each element a certain, say, fixed number m of ndghbours, and thus 
providing for a possiblo from every one to every other 

element of the manifold. Hg. 21, which 
can bo indefinitely continnocl, illustrates 
symbolically the cose of a (homogeneous) 
manifold with m » 3 . * The original chains, 
layers, etc., rosponsiblo for dimensionality, 
may now bo oven disregarded . The system 
of linkages as a whole being prescribed, 

' the length ' of any given path or route 
can bo defined by the number of stops 
it consists of, and *tho distance’ be- 
tween any two elements as tlio length 
of tlio geodesic or the shortest 
between them; thus, CU—s, etc. The plurality of such 

geodesics between certain pail's of elements, dopendonb upon 
the quality of the particular linkage system, does not concern ns 
hero, though tlio reader desirous of constructing a discrete space of 
points for physical purposes will find the problem of avoiding or only 
reducing somewhat this plurality to bo as interesting os it is hanl 
to solve. Tlie purpose of tliis note was only to show that a discrete 
manifold docs not possess its own metrics and can acqnii'o them only 
after an daborate system of linkages has been impressed nimn it. 
This linkage-system, converting the manifold into what may be 
colled a network, is in its rdle similar to, though more comxdicated 
tlian tlio impressed tensor necessary to convert a continuous 
manifold into a metrical one. 

To the best of my Imowledgo tliero are no investigations on discrete 
manifolds from Uie standpoint sketched above. Yet this hard 
jiroblem would seem to bo of considerable interest, oven apart from 
possible attempts at a discrete theory of physical space-time. 

Koto 0 (to page 354) • Starting with an arbitrary vector A%, write 
down its second co variant derivative which will bo 

similarly, 

* Tlio chessboard olTors many such examples. Tims, m s8, from the 
standpoint of the knight, and so on. 
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The dliloronco of these two tensors, 

will again be a tensor P(xXt antisyminetric in k. X, vis., by (31), 

Consequently, the bracketed expression will be a mixed tensor 
This, dlFering from (53) in notation only, is the required Riemann-* 
Christoflel tensor. It is interesting to nolo that this proof given by 
Einstein in igi6 {Ann. dw Physih, xlix, p. 799), prior to Levi-Civita's 
invention of the generalized concept of parallelism, amounts essen- 
tially to applying the formula (51) based on Uiat concept. To 
emphasize this the better we may express the foregoing deduction 
by the short equation 


CHAPTER XIII. 


aEOPBSIOS AS WOELD.LINEB OF FREE FABTIOLES 
AND IiIOHV. 

After so much abstract gcomotry the reader will now be longing 
for some physics. Instead of proceeding, therefore, with further 
properties of the curvature tensor needed for Einstein's gravita* 
tional field equations, determining the all>powerful metrical tensor, 
it will be well to familiarize ourselves somewhat more with the 
physical significance of the world-geodesics and the minimal lines.* 
This, together with some simple remarlcs on reference frames and 
coordinate systems, is tlic purpose of the chapter. 

To begin with the non-singular geodesics of spacc-tiroc, let us 
recall from Chapter XI. that these lines, originally defined by 

sjdr-o, are to express, in any circumstances, the motion of free 

particles, as explained on p. 310, or as Einstein puts it briefly, the 
motion of particles ' under the action only of inertia and gravita- 
tion.’ The developed form of the said definition gave, in Chapter 
XII., for these lines the differential equations (34), whicli licnccforth 
will be the equations of motion of such a particle. If be wri licit 
for the contravariant fout'Velocity dx,fds, the equations are 



With Lcvi’Civita's concept of parallelism, these equations can be 
looked upon as expressing the constancy of direction of n geodesic 

and, instead of sjdf might have been arrived at by claiming 

this properly for the world-line of a free particle, in generalized 

* Those arc not explicitly mentioned in tlio chapter title since, ns will bo 
shown later, they can ho considered as the limiting or slngtilnr siib-caso 
of the geodesics. 
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imitation of the familiar Galileian behaviour. Tho velocity vector 

tangential to the world-lioc, remains during the motion parallel 
to itself ; its size or norm, which is simply 

(3) 

remains constant as well. In short, tho four-velocity is, by its very 
definition, always a unit vector,*^ and the four-velocity of a free 
particle retains its direction throughout tho motion. If the free 
particle happens also to be a clock, measuring its own proper iime ds, 
it exemplifies physically tho concept of parallel shift of a vector. 
Wo shall not follow, however, Dr. Wcyl as far as to use such a freo 
clock as tho physical definition of tho parallel shift. For, apart 
from other reasons, it would embody only the very special case of 
shifts of vectors in their own direction. Finally, wc may say also, 
very briofiy, that a free particle moves always uniformly (in four- 
speed and direction), no matter how much the metrical field differs 
from Galileian conditions, owing to the proximity of gravitating 
bodies. Such a way of putting the matter will be particularly 
agreeable to those who delight in seeing Nature, in spite of the 
rich diversity of its contents, reduced to a formal unity. 

But these are after all only various ways of slating what is more 
definitely expressed by the equations of motion (i) themselves, and 
do not enlighten us much about what can be expected according 
to them in actual cases. Their significance, such as interests the 
physicist or the astronomer, *can only be made clear by analyzing 
and applying these equations to more or less concrete cases and 
under simplified conditions. 

In the first place, however, let us note that, although the equa- 
tions (l) retain their form in all coordinate systems and in all 
gravitational fields, there is concealed under this cover of unity 
and simplicity an endless variety of motions with regard to their 
ascertainable features. In fact, the ChrisloITcl symbols contain 
the ten components of the metrical tensor with their first 
derivatives, and when all these arc given as functions of the x, and 
actually substituted, the diversity and complication of the equa- 

* Thus also was the alMuhito value of the special relativistic four- velocity 
(V) a constant, to wit W- 1. Cf. p. 185, It Is now more convenient to 
drop tlio imaginary unit anti to divide the previous Y by e. Siiniiarly also 
/b, instead of dsfi, will somclimoa Ixi called tie proper time, though its 
dimcnsloii8])irQ tho.so of a length. 
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tiona from case to case will become manifest. Here an important 
distinction must be made. Fart of the complication will bo due to 
tlie nature of the gravitational held itself ; this may bo called 
inirinsiCf for it cannot be got rid of by passing to other and other 
coordinates. This part has nothing to do with the covariance 
property. Nor is it unfamiliar to us from classical physics. The 
remaining part of the complication is, with a given field, duo to 
the choice of the coordinates, and can be transformed aivay by a 
proper choice of other variables. But the fact that an actual 
observer is stationed on a certain platform or reference frame 
cannot be transformed away, — and herein lies tlic difference of the 
attitude of classical and relativistic physics. Not that there is, on 
either side, an actual desire of dismissing ascertainable facts, but 
while Newtonian physics was eager to make tlicm manifest, nay, 
prominent, some exponents of Einstein's tlieory are rather inclined 
to minimise the importance of the diversity of phenomenal 
behaviour dependent on the platform clioicc and to recompense us 
by the hypostasy of some ' objective ' values of a higher order of 
' reality,' independent of the station of the observer. 

Turning to an inspection of the equations of motion, it goes 
without saying that if the metrical field is conslaiU throughout 
space- time, i.s. if with suitable choice of the coordinates the 
are all constant or Galllcian, the Chrislolfel symbols vanish severally 
and the equations reduce to 

dd^ . dx^* . 

^i=-^”Const., 

which represent uniform rectilinear motion, uniform par excellence. 
For the last of tlicse equations amounts to const., so that 
the three-velocity is constant and tlie orbit a Euclidean straight 
line, linear in the Cartesians x^ sTg, x^^x^ y, s, say. 

Such being the cose, and since the general equations (i) mprosont 
the motion of a free jwrticle in any gravitational field whatever and 
in arbiti-nry coonlinates, the Christollel symbols, whon dilToring from 
zero, will partly rein'csont the deviation of the motion from (Galileian) 
uniformity duo to gravitation,* but portly also to tlio peculiarities 
of ilio coordinate system. In spite of this doublo. and very hotero- 
goneoua, source of the corresponding complications, Einstein and 
most writers on relativity are in the habit of calling the forty symbols 

components of the grapitation field. This seems a badly 

* Inducing us, that is, to look around for some huge lumps of matter. 
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chosen name and apt to become misleading. Not merely bccauBo 
the Chrlaloilol symbols do not lorm a tensor (whieh Blnsloin and 
Olliers iiovor lire of repeating), and thus may all vanish in one system 
without vanishing in olhors, and thoroloro also may bo transformed 
away by changing all the coordinates including the time. Trans- 
formations of this kind will abolish or introduce such terms as the 
' centrifugal force,' and to count this among the gravitational com- 
ponents or not would after all bo a more question of nomondaturo. 
Bui tho Christoffol symbols appear or disappear on merely diaiiging 
the spaco-courdinatcs alone, when there is no question of passing 
from one to anolhor platform, and in all such cases tho name is 
ultcrly inappropriate. Thus, for example,' if, tho domain being 
Gailloian, wo have, in three dimensions, 

ds « c*dl* - dx* - dy\ 

and iHiSH from tho Cartedans to polar coordinates Xi^r, Xt^O, tho 
olcmont becomes 

ds*^G*di*-dr*--r*d8*, 

Ihe metrical tensor, 

and wo have created a nou-vanisliing Chrisloflol symbol 

But what has this l» do with gravllaliun ? Any number of similarly 
drasliu examples can readily bo constructed. In fine, gravitation 
as well as soino iniporlanl (physical) pcculiarillcs of tho reference 
fruino lieil up with tho coimlimUc system certainly conlribulo to Iho 
Chrisloffu) symbols, but so also does a mere change of sj^Hico-coordi- 
liules, and coiilribiilioiis from this source ai'o of no physical inlcrisit. 
They are, at any rale, imrelaled to ' gravitation ' of cither the 
permanent or the non-iici'inaiiciil kitul. 


I.et us still consider a Gulilcian domain and place ourselves on 
an incrliul plulform 6*', say llic fixed -star frame, so lhal in Car- 
lesiaiis {x,* x, y, a, cl) the metrical tensor acquires its constant 
(iahleiaii values (p. 306), and the equations of motion of a free 
parliele become 

ds* ) 


The orbit or llic space-projection of tlio world-gcudcsic is itscll a 
geudesic (straight line) in this .V'-spacc, and the particle moves 
along it iinifurnily. Lot us now place ourselves on another plal- 
forni and vise us coordinates a-,, any functions of the x/. To 
find llic equations of motion of our particle in the new coordinales, 
wc may either liansform (3') directly or, in order to have some 
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exercise in Christoffcl symbols, wc may calculate them, obtaining * 


“aiSl 3a;. 

ij‘"dx^dxfdx7* 


(4) 


and substitute them into 
same result, 

d>a;, 


(i). Both ways lead, of course, to tho 




(3) 


We could, of course, substitute a;/ as given functions of in the 
integrals of (s'), Xi =afX^ +bi, etc., but in tho present connection 
it is more interesting to consider the differential equations. 

Conceptually, both sets of equations, (3') and (3), represent 
' the saftu ' world-line, namely, the particle being iaunclied some- 
how and left to itself, a perfectly definite* geodesic of the metrical 
field g,«, and an observer stationed for ever on tlic platform S* will, 
of course, perceive the same motion, whetlicr he uses for its descrip- 
tion tho x^ or the x^. This is trivial and wholly uninteresting. 
What is interesting is to find out what an observer placed on another 
platform 5 will perceive. It is certainly not enough to say that he 
will still sec tlie same world-line but, figuratively, from another 
angle. The position is somewhat similar as in looking upon * tho 
same round table' from different points, — which in Bertrand 
Russell’s phraseology gives rise to the distinction of * private ' 
sense-data and * public objects,' — in our case the invariant world- 
line being of the latter kind pushed to the extreme. In a certain 
sense tho public or physical objects may oven claim to be more 
real and valuable than tho private ones. Yet, they arc but symbols , 
and no amount of hypostasy of the world-line os such a superior 
being will help us to find out how it will appear to an ^-observer 
as his private objcct.f To obtain this, his platform, hitherto but 
vaguely designated, must be definitely qualified. For this, of 
course, is not provided for by merely giving tho dashed os (unctions 
of the non-dashed coordinates, Tho latter must first be tied up 
somehow with the new platform. Now, the framo S* was implicitly 
defined by tliinking of a;/, x^\ x^' as its space-coordinates and 

* See Note 1. 

t Tlio same quostion oxlstod, of course. In Newtonian physics, but thero 
(wlUi the concept of universal simultaneity, with flxed goomolry niul 
chronomotry, and tlio classical rigid bodies) it never created any serious 
difficulty. 
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the space-part of ds\ as its fundamental metrical space-form. 
Analogous data are required to define any other platform S, This 
can be done in two steps. First, apart from the particular form 
of lot the platform S be such that any constant triad of the 
coordinates % Xg marks a fixed point on it, and vice versa, in 
line, that % Xg are its space-coordinates and X4 its (system-) 
time. This by itself will already give us some information about 
the behaviour of a free particle in S, to wit, its Initial behaviour 
when placed anywhere at rest. In fact, at that instant all will 
vanish except so that, by (3), 



and since the bracketed coefficients are given functions of position 
in S, these equations will convey at least the qualitative information, 
whether or not the particle will remain still or in what direction it 
will start moving. In the second place, let us utilise the linc- 
clcmcnt 




giving to the 6'-spacc the metrical form 


dP - -gtt dXi dxt= atk dxi dxu, (Sa') 

where t, = 2, 3. This, which by a previous clause will bo a 

dcfiiiitc positive quadratic form, will determine the whole geometry 
of 6'. All intelligible 5 -qucstions concerning the behaviour of a 
free particle will now be answerable with the aid of the complete 
equations (3) : the shape of the orbit, and the way it is traversed 
by the particle, the reversibility or irrcveraibility* of its motion, 
and so on. The frame S need not, of course, be ‘ rigid,’ no such 
concept being implied In our reasoning. 

Such is, in outline, the procedure to be adopted. How to pick 
out the coordinates x=f{x^, and thence the coefficients in (5), 
suitable for a concretely given frame, as e.g, the earth, is a fiirlhcr 
problem, for whoso solution scarcely any general method can now 
i>e devised. As far as ray knowledge goes, it has not even been 
seriously discussed by anybody in its rigorous aspect. It seems 
that if anything more than a rough approximation is aimed at, the 
only way of defining a concrete platform will have to bo based upon 

• TWa will depend on ^4,, ^4,. ^4,, aa will become plain later on In dis- 
cussing the light equation. 
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an accurate experimental knowledge of its properties with regard 
to some phenomena, say optical ; having thus found the appro* 
priate form of ds, one will then bo able to predict other, suy 
mechanical, peculiarities of the frame. We shall come back to 
this subject later on, when discussing light propagaliun. 

In tlic meantime let us once more return to the general 0(iiiatiuns 
(i). In order to show their relation to Newton’s C(|ualionB of 
motion, which we will write 


HI 

dii 


2. 3» 


m 


Fjnstcin considers the ease of slow motion in a weak gruvilalional 
field, i,e, such that the tensor g,Ki in appropriato coordinates, dilTurH 
but little from the Galilcian In symbols, if utc., bu (piasi* 
cartesian coordinates, 


g« « - 1 + y«, g44 = I + ya, « y,* (» y. «), (b) 

where all y’s arc small of ' the first order,' Then, neglecting terniH 
of the second order anti also tiio derivatives of the y’s willi respect 
to Xi (slowly varying field), Einstein readily obtains the Newtonian 
equations (iV), with $t'=X( as a first approximation, ami with 

n= const. 


as tlic scalar po tential of the gravitation field. This way of treat ing 
the question is repealed by Einstein’s exponents, and has also 
been adopted, in a somewhat broadened form, in my Toronto 
Lectures.* But it has since occurred to mo that the true relatioii 
of Einstein’s to Newton’s equations is of a more intimate nature 
and holds, no matter how strong the field and how murh 
space deviates from Euclidean conditions. This will now be 
given. 

Of all tlimkablo platforms the most natural to adojit for 
an interpretation of the cumbereomo oipiations (l) of motion of a 
pai'ticlo would seem its own resl-syslm, already familiar to ns from 
special relativity theory (cf. p. 187). Let, therefore, x^, x, he 
the space-coordinates of the rcst-systom of our partiulo.f It will 
moreover, bo convenient for Uio sequel to take as the origin of 

p GraviMton, Uiilvorsity of Tonmto Vtmn, lyaa, 


t Swell a system will, of courao, do its duty during an InniiUeslmnl liiiio 
and will bo replaced successively by olliors ami others. * 
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tlicsc coordinates tlio particle itself. Thus we shall have, at any 
instant of the particle’s history, 

itji, 3, 

SO that Einstein's equations (i) will reduce to 

and since al the same time the identical equation (a) gives 

I * ^^4 ^ 1 


(7) 


ds ds 

wo shall have the three equations of motion 


d/ I dxi\ 


/44l 


the fourth being already utilized through ( 2 ). Now, reserving 
4. k, for 1 . a. 3 i we shall find, without trouble, 

\ij 0*j 

it is always possible to choose the coordinates so as to make 

^I„^a=g43^0^ 

This means a platform which is not spinning relatively to the stars. 
In these coordinates then, or in such a rest-platform of the partiele, 
we shall have 

Again, llie (and thus also the g^i) being zero, we can always 
reduce the line-element to 

“ fell div,® +g-iidXi^ +^33 d-V), 

namely, by choosing as jTi, x^, axes the principal axes of the 
three-dimensional linear vector operator or matrix gm,* Then 
5 ““ 1 few and 

-I 

I * / Hu ’ 

ml to be sumined over i, of course. Substitute these values of the 
CliristoEcl symbols into (y) and notice that, since dxiftU^o at 
every instant, the cocfTicicnts *Jg^.i cancel. Thus the result will be 

^■‘rf(r“T 0*(* 

* Which Is itself n tousor of tlio tbreo-sx^acQ of tlio platform. Cf. in/ra^ 
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or, putting -««, and remembering 

d^isfotixi) c* 9g44 .g. 

3 sJaiiTiXi 

Now, the space-lino element of our platform being 
rff* »an dx^ + a^^dx^ + dx^, 

dXi, etc,, arc the length elements etc., measured along Uio 
axes, as in [N)^ and the right-hand member of (8) represents tlie 
gradient of 

With an appropriate choice of the constant, 

( 9 ) 

Thus,, in tlie rest-system of the free particle, Einstein* s equations 
become identical with the Newtonian equations of motion, rigorously, 
that is to say, whether the properly gravitational field is weak • 
or not, and no matter how much the platform -space differs (due to 
gravitating masses or to any otlier reason) from a homaloidal one. 

This simple investigation has here been given at some length, 
not only because it puts the general equations (i) into an interesting 
ligJit and is apt to make them more familiar, but also because it 
vindicates the rights of the Newtonian equations of motion. 

Let us now turn to what we have before called provisionally 
the minimal lines, expressed by 

d^'^^gudx,dx„^o (lo) 

and representing, in any field and in any coordinates, the propaga- 
tion of light in vacuo. As a matter of fact, this equation, unlike 
the set (i), does not represent a world-line but an infinitesimal 
wave front of light. From the four-dimensional point of view (lo) 
represents a conical hypcrsurfacc (or thrce-spacc, cf. p. 136), and 
every lino on it is a minimal lino, i.e. a line of zcro-longth. A light 
signal being started at x^, x^, *3 at the instant x^, Lho equation gives 
tho locus of points receiving the signal at the instant x^-\-dx^, or 
the wavo-slirfacc at that instant. The question of a ‘ light path ’ 
or ' ray ’ between two distant stations, which is tho space -projection 

* J,9, whether aO/c* is a small fraction of unity. As a matter of fad, 
nil gravitation fiolda known from oxporloiico are ' weak ' in this sense of 
tho word. Bub this does not concom us iioro. 
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u( one of such minimal lines, does not arise thus Xar, This somc^ 
what artificial concept will be introduced at a lalor stage, tii the 
meantime we will have in mind a point source of light and signals 
received all around this as the sending station. 

If, as before, xt is a fixed space^point of the contemplated frame 
S, the light equation for the most general case can be written 

g4A + 2g4i dXi dXi +gii, dxi (ixt S" o, ( lOtf ) 

*, k being reserved for i, 2, 3 only. Hero dxt is a three- vector in 5, 
cIcAned as tensor only for transformations of Xi into tlio new xA 
In fact, under tlicsc circumstances wc have dx( *={dXi*/dXk)dXkt 
so that dXi is a contravariant three- vector. In the same .S-space 
gik is a covariant second-rank tensor, for the four- dimensional 
transformation formula of g.. now reduces to 

. dXi, 

and here, by assumption, a, b are conAned to i, 2, 3. Thus 

flpma —gijidxidx^^aiiidxidxii (n) 

is a three- invariant, tlic norm of the vector dxi or the squared 
linc-cIcmcnt of ihc thrcc-spacc of the platform S. In other words, 
is the 5’ distance between the sending and the receiving slalion. 
Again, since 

and since here dXa/<>x.i (the 5'limc being transfonned into 
itself), wc have 

Thus g.u is a covarianl threc-vcctor in the frame S, an<l, tJi ore fore, 
giidxi an .9-spacc invariant, the scalar product of the Lhruc-vcctors 
gu and dX{. The latter, and therefore also 

dxj 
dl 

is a contravariant vector. The unit vector will dcrinc the 
direction, from sending to receiving station, always at inAnitesimal 
distance from each other. 

The light equation {lOa) can now be written 

g44 + 2 {g.up*)^ dl^^, 




(12) 
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where ( 2 / is the ^'-distance between the sending and the receiving 
stations and tU the system-time of signalling between them.* This 
is a quadratic for dt. But since the latter stands for the absolute 
value of the signalling time, there is only the solution 

^ 3) 

This, however, depends in general on the direciion p* of the join of 
the two stations with respect to the direction of the three-vector g 4 t, 
which, as well as g^i, is taken to be a given function of Lime and 
position in ii. If ( 13 ) refers to signalling from a{Xi) to b{Xi+dX{^, 
then, unless gu vanishes or p* is perpendicular to this vector, the 
time of signalling from b to a, say dlia, will differ from dtab, the 
sign of the last term being now reversed. The dilTcrcncc of the 
two times will be ^ 

dlba “ dtab '^^g4tp*t (i 3«) 

while the time of signalling to-and-fro will be 

. (136) 

‘•64‘l 

The latter is of particular interest, since what can actually be 
measured with anything like accuracy is the to-and-fro time, as 
any such measurement implies (from the experimentalist’s point 
of view) that the observer should occupy a fixed 5-station, watching 
two local events, the departure and the return of his signal. In 

other words, the velocity of light, if we choose to call so V’=>dl/dt,\ 
cannot, even apart from, any conceptual difficulties, be made the 
object of precise measurement, but only the to-and-fro velocity 
v^2dl/dlabat which is given by 

But we may ns well avoid the concept of velocity, and better speak 
only of the time of signalling. 

At any rale, even the to-and-fro time ( 13 &), as well as the simple 
time of signalling ( 13 ), depends in general on direction. 

*Tlio local mcasuTo of the Umo takon'by the light signal will bo 
anti in the local coordinates, as in Chap. XI., when also g\t >so. the light- 
velocity will be dljs/g^idt^o, as in the assumption mode at tiro vory 
beginning. 

t It is. of courso, no relativlstlcally intrinsic magnitude ; It may bo 
callod the syst4un-veloeily of light. TIio same remark applioB to v. 
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Tho lerm responsible for this anisotropy, and irreversibility, 
tlic scalar product gAiP\ <inlls for some further remarks, unless 
g\i is absent. For the only accessible frame, which is our own 
earth, it is most likely not absent. The more attention docs it 
deserve in a book written for terrestrial readers. The size of the 
three-vector is unity, by construction. The size of tlio other 
vector say ^4, is given by 

gi^S^g^]gMg^ki 

where to bo distinguished from the components of tho world 
tensor, are tlie minors of \gtii\ divided by this determinant. Let 
Pk^gkti^, to be summed over / = r, 2, 3, be the covariant vector 
associated with pK Then, by (24^), Chap. XIL, the angle a 
between gu and pt, of which tho latter is again a unit vector, will 
be given by 

cos a « ^g^tpbgAi = ^ gii 
gi gA 

SO that the product in question is simply 

gup^^giCOS a. 

Formula (13) can now be written 

+ ~gA COS «], ( 1 4) 

where u is the inclination of the signalling direction to the vector ^4/, 
and ^4 the size of the latter. This formula exhibits directly the 
r 61 c of and its discussion in detail may be left to the reader. 
Similarly for the lo-and-fro time (136) in terms of /j^cosa. Hut 
let us dwell a moment upon the tiinc-diiTerencc (i3n), which now 

becomes 2 

- dibit ~ ~ ' gA c«s « (il, 

^gAA 

or, in usual vector language, Introducing 


^fi=w (15) 

Saa 

and the directed linc-clcmcnt afr=>>dl as Ihrcc-vcclors of the plat- 
form, 

A= 

c* 

As already mentioned, this Umc-dilTcrencc itself is, technically, 
not accessible to accurate measurement, tho terminal stations a, b 
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being (lisUnct: from cacli otlicr. But il becomes so at once if wo 
consider a closed polygon of stations, alfc,,.a* or an opiical 
circuiL For tlien, integrating the last expression around the 
circuit, we have in 

A=» -^|wdl 

the Ume»lag of two light signals sent around in opposite senses, 
starting simultaneously from some station of the polygon and both 
returning to the same station. Siicli optical circuits are particu* 
larly valuable to the experimentalist. For, although the numerical 
value of the circuital time-lag, measured in 6»-tinic units, such 
as seconds or light periods, has for the relativist no more an 
intrinsic or physical meaning than the light velocity, yet the qualita- 
tive and well-ascertainable fact that the two signals do or do not 
return simullaveomly^ or that their returns differ, say, by a wliolo 
number of periods, certainly has sucli a meaning which, moreover, 
is of considerable interest for the inhabitants of tlio platform S, 
Such is the concoptual basis of the so-called rotational terrestrial 
optical experiment now undertaken by Michclson. 

To proceed with our subject, introduce the three-vector 

= Jcurl w (16) 

niul apply Stokes' theorem. Then, if dvr be nn element of a surface 
bounded by the optical circuit and n its unit norma), the last 
expression for the time-lag will become 

A““"s|®ndcr. {17) 

Tills can be applied to any circuits spread over the platform. Thus, 
through A the vector lU and thence also ga, or at least can 
be measured, and in this way, exploring the platform optically, it 
can bo ascertained whether or not the motrical tensor components 
ascribed to il are the appropriate ones, 

In the case of the terrestrial frame, for example, we suspect 
w in (17) to be, very nearly at least, tlio spin vector of tlie earth 
relative to tlio stars. But wo certainly do not know whether such 
be actually the ease. It is, up to the present, only a belief sup- 
ported by one's conlidcnco in Einstein's general theory on the one 

* ab, bo, etc., baing all liiflnltosiinnl vectors dh For, thus far, the concept 
of a free or unguldcd ' light patli ' between distant stations is foreign to the 
discussion. 
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hand, and by the approximate knowledge of (ho earth as a 
mechanical reference frame, on the other hand. In fact, the so- 
called centrifugal and Coriolis forces are, to all purposes, correctly 
represented if m is identified witli the said spin. This can be seen 
either by using the equations (3}, and disregarding terrestrial 
gravity (which in this connection docs not play any notcwortliy 
r 61 e) or, more readily, in the following way. For simplicity 
consider a terrestrial plane {S) parallel to the equator, and intro- 
duce polar coordinates 0 , with If 5 ^' be the 

fixed-star frame, use for S the form of the line-element arising 
from the Galileian 

by the transformation 

r'^r, ^'=/, 
uc. 

(18) 

Then the vector gu will reduce lo = wr^c, and since 
gu’^-h 

the size of this vector will be 



Unless r is enormous as compared with the earth’s dimensions, 
rto/c is a small fraction, and neglecting its square, we can write 
I. Thus, by (15), the size of the vcclor w is and ils 

direction tangential lo the circle r = const., so that, by (16), 

tij i^un, 

where n is the unit normal of the plane S, In other words, if the 
form (18) be allotted lo this platform, the vector tsr measurable 
through the time-lag (17) is normal lo the platform and equal in 
size lo tlic constant &> appearing in (18). On the oilier hand, llic 
equations of motion of a free particle corresponding to (18), which 

arc most easily obtained by substituting this form into 8 I = 
are ^ 
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3, with the approximate values ds^edt, .^4 4 * 1 , and 
:ing again in presence of 



:hcse equations or, in Cartesians x, y =r(co3 sin fl), 


d^x 

W 


£D®a:+2ti)^, ^ 




w®y — 20 ) 


dx 

3 ?' 


(19) 


he correct centrifugal and Coriolis accelerations, provided 
entified with the angular velocity 2 Trfday, and thoroforc the 
us rar with the spin vector of our planet relative to the 
This proves the statement. 

ording to the laws : 8 J rfs = 0 for free particles, and o for 

witli the same ds, the mechanical properties (19) of our frame 
go hand in hand with its optical behaviour (17). Now, the 
r can be considered ns siiihciently tested by experiment, 
as of the latter we have no experimental knowledge whatever, 
d the formula (17) be discredited by Professor Michclson*s 
ircments, unfortunately not available at the moment of 
g,* Einstein’s beautiful theory cannot be upheld. But 
is, thus far, no reason for relativistic anxiety, 
what precedes we have always dealt with light Signalling 
cn infinitesimally near stations a, b. The infinitesimal wavc- 
for a fixed value of dx^, or else the time of signalling 
igb was then given by (lo) or (14), the solution of the inter> 
itc formula (12). We come, at length, to speak of signalling 
inito distance and of the associated subsidiary concept of the 
c light path. The question of the derivation of this concept 
that of wave propagation, as expressed by (10), is by no 
3 peculiar to the relativity theory ; it existed ns wefi, and has 
exhaustively treated, in the domain of classical optics. We 
tlicrcforc, be rather terse on this subject. 

3 equation ds"*o, as such, gives us only the wave-surface a- 


utgast, 1923. For somo clotails concoming tlioso oxporitnonla sco 
at tiiQ one of tlio chapter. 
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at an instant li+dl, corresponding to a disturbance started at the 
sending station a at the instant ii. Now, let h be any distant 
receiving station. If we intercalate between a and b an inde- 
finitely growing number of infinitely near intermediate stations 
(guided signalling), wo can find the time of passage of light from 
n to & by simply integrating the expression (14) along this 
artificial path, and the result will, of course, depend upon the 
choice of such a path. Tlie interesting question, however, is, how 
much time is required for a free signalling from a to h, that is to 
say, without intermediate stations. The answer to this question, 
which manifestly cannot be derived from the equation ds^^o 
alone, becomes definite if we supplement the latter by Huyghens' 
principle. This amounts to considering every point of the wave- 
surface a* os a source of light disturbances. Sucli being the case, 
wc have to construct, by (10), an infinitesimal wave-surface around 
every point of o*. The envelope of these elementary surfaces will 
be the wave-surface jt' at the instant +2d/, say, and so on. Thus, 
by infinitesimal steps, the distant station b will be reached at a 
definite instant It can be shown that Uic time of 

free passage of light from a to b, thus constructed, has the remark- 
able property of being the shortest or, more generally, of making 



This is Femial's principle.* The integral being extended over any 
path between the fixed terminals a, b, the vanishing of its variation 
defines, amidst nil possible guided light paths the free light path, 
or shortly the light path or ray. If in termed iatc stations wore 
placed all along this path, the guided signalling would just take 
the lime T. This is the proper meaning of light path or ray. Tlic 
ctiui valent well-known geometrical construction of an element of 
the ray at a point P of the wave-surface a consists in joining P with 
that point of the elementary wave-surface belonging to P as source, 
which is touched by the envelope of the elementary waves belong- 
ing to the neighbour sources spread over a. Fermat’s principle (20), 
in which the value of dl is to be substituted from (14), gives a 
dilTcrcntial equation of the light path for a prescribed frame S. 
If this bo integrated, for given terminal stations a, b, the light path 

* Extended, tlial Is, to anisotropic lioterogcnoonn media. In the present 
connection tlio anisotropy and liotorogciioity are due to the peculiarities 
ot the gravitational or the metrical Hold. 
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from to fr is a definite curve in S* In goncral, for o, the liglit 
path from b lo a will not coincide with that from a to b, or light 
propagation will, for the corresponding platform, bo irreversible. 
If the two light paths will coincide with each other. Even 
then, however, tlie light path will in general not coincide witli a 
three-dimensional iT-geodesic. 

We will close the present cjiaptcr by noticing that, for any 
stationary field, i,e. for g,* independent of the light path as 
defined by Fermat's principle (30) may bo considered as the 
singular or limiting case of the four-dimensional world-geodesic* 
for dS”>o. More briefly, tlic four- dimensional light track is a 
world’geodesie of zero length. In three-dimensional language, the 
light patli is tlic orbit of a free particle endowed everywhere with 
the local velocity of light, A rapid proof of this equivalence has 
been given Ijy Weyl 5th cd., p. 242), a fuller and more con- 
vincing one is due to Levi-Civita.’f The latter proof is as follows. 
If I and a be the terminal world-points {a, ti and and if A is 
written for dsfedt, the geodesic equation is 

(21) 

where the variations of all four coordinates vanish at the limits 
(whereas in Fermat's principle U is, of course, not subject to this 
condition). The variations of the thrcc-spncc coordinates give at 
once 

dlWi)“’dxr^' 

while the variation of t gives only a relation already contained in 
these three equations. Since L docs not contain the time ex- 
plicitly, these equations have the (energy) integral 

4 ~^*t»ii=const, (22) 

Here, with ^i^dx^cdt^ 

4* *1* gA i^i + 1 

whence 4 “ - jt, ^g^^ -gti^iltk^gu + 

* Or milter its projection upon tlio thrco-diincnfllonal S-spocc. 
t T, Lovl-Civitn, ' La Tcorla di Einstein 0 11 Prlnclplo dl Fermat, 
Nitovo Cimenio, vol, xvi, 1018, p. X05, 
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an essentially positive expression. Thus, multiplying (22) by L, 
wo have 

exhibiting the product EL as an essentially positive function of 
the Xi and the which remains regular and different from zero 
when L tends to zero, V.s. when the value of the constant B increases 
indefinitely. Now, since for 8f vanishing at the integration limits 

wo have this integral can be subtracted from (21). Thus 

also, for 2? ^ o, the equation of any world geodesic can be written 

and here the condition be dropped, for this would 

give riso only to a term which vanishes in virtue of (22). Ulti* 
matcly, therefore, the world geodesic or the motion of a free 
particle can be represented by 

8 £(i-§)‘“-o, (33) 


where only the spacc-coordinatcs of the Icrminals arc to be kept 
fixed, while U remains free, — as indicated by n, b, the 5 -spacc 
points, replacing the world-points, i, 2. Equation (23) is equivalent 

to the original geodesic equation for any staiionary 

gravitational or metrical field, Now, the second term in this 
c(]ualion can be written I^jLE, and since for dir = 0 or the 
product LB remains different from zero, we have 

s£df«=o, 


which is Fermat’s principle. This proves the stalcincnl. 

The identity of the liglit path with the orbit of a free particle 
moving with light velocity, in any stationary field, will l)c found 
useful in the sequel. 


NOTES TO CHAP'TEli XIII. 


Note I (to jMigo 368). Ulio being in sr', wo 
formrila (9), p, 306, with i reserved for i, 2, 3, only, 




have, in x, as in 


(«) 
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This is the most general form of a symmetrical socoml-rank tonsor 
equivalent to the Galileian tonsor, the st being any functions of t io 
To avoid tbo cumboraoinG dlfforcnco of signs wrilOi for tlio 
moment, xC for ^ - 1 Tlien 

dxt oxk 

whence, the Qiristoflel symbols of tlio first kind, 

dx^ 


r“^T 


^Xa^dXfi'^n 

and since now 

8tri 3.1?» 

Thus, multiplying tlio lost formula by g'*, 

dXudXfi^f^ 

wliich are the required expressions. Since lioro every npt.)<>ni‘ti 
both in the * numerator ' and the ' denominator,’ the imaginary 
coefficient drops out, and (b) are also tho Christoffcl symlxils corru- 
sponding to tho original form (a) of the tonsor gt^, with real .v|, lliul is. 




(&) 


Hole a (to page 378). For an optical circuit of area tr, placed 
horizontally at a geograpliic latitude rfi, tho time-lag of one buain 
behind tlie other Is, by (17), 4<(Krsin or in jxirts of the osulllalioii 
period T, wltli \^cT written for tlie wave-longth. 



Such sliould also be, in tho actual experiment (Fig. as), tlic corre- 
sponding shift of the interference pattern In friiigo widtiis as unlla. 
Since w=2»r/day4:2'43,ro-“ cm.”*, formula («) givos for a lallludo 
^=*45® and A><=5ooo A, 

or about i'4 fringe ividtiis for each square Icilomotro embraced by 
the circuit. As shown at the end of the chapter, tho light patli 
or ray coincides witli the limiting case of the orbit of a free particle. 
Thus the rays are rectilinear in the fixed-star system S', say 
^cos 0'=V=«>n8t„ and therefore, with spiral-shaxiod 

in the terrestrial frame 5, 

h 

r 


cos [^ - £1, 
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where Neglecting second order terms, these curves 

can be considered os parabolae, pairs of ra]^, such as AB and BA , 
being symmetrically situated ^th respect to the straight join of 
A and B, Their deviation from straight lines is, of course, strongly 
exaggerated in Tig. aa. In a correct 
drawing the largest distance apart of 
the two curved rays should be only 
one-eighty millionth of JB, In formula 
(a) the area o- stands for one-half of the 
sum of the areas 0*1 and v% of the curvi- 
linear triangles PA BP and PBAP, 
which, however, to the said degree of 
approximation is simply the area of 
the (doited) rectilinear triangle. The 
two rays starting from the same point 
P do not, as in our rough drawing, hit 
precisely the same points of the mirrors, 
but all sucli deviations contribute to cri 
and <rt only amounts of the order <rrttfc, 
and are thus wholly negligible in the final result. The figure, in which 
P is the dividing gloss ^ato and A, B represent plane mirrors, is 
arrawcil so as to indicaio the ray curvature for the norllieni homis- 
phei'c. Further details will be found in Journ. Opt, Soc. Am., vol. v. 
p. 291. 

Formula (a) corresponds, at any rate ai}ai't from Imporcoplibly 
small terms, to llic viewpoint of the relativity theory. According to 
the aether theory wc should expect a shift «(»), that is to say 

e = i' 38 K 

]x:r square kilometre, if k - 1 bo the rotatory dragging coefficient at 
and near tlic surface of tho earth ; in other words, if Kta bo the net 
angular velocity of the earth relatively to tho aether. Tho results 
according to tlie two theories would agree only for k = i, t.s. for tho 
case of no spinning drag. If there is a full drag, there should I)c no 
fringe shift at all. For all wc know < may have any valtio between 
zero and 1*38 per km.^ in the stated conditions. Frof. Michclson, 
after a number of preliminaries, is now able to discern ns littlo as 
O'Oi of a fringe width, so that the final oxpcrimoiit can bo carried out 
with suflicieiit i^recision, at the laliludo of tho Yorkes Observatory, 
with a circuit embracing only ^ km.’*. The delay in tho actual 
monsiircmcnls is duo to ilio iinslcadinoss of the interforcnco fringes 
in open-air experiments, and thcncc duo to tho necessity of laying 
several thousand feet of pipes to protect tho whole light path against 
atmospheric irregularities. 



CHAPTER XIV. 


aRAVITATIONAL FIELD EQUATION'S AND ENEBQY 
TENSOR OF MATTER. 

We Imvc seen that the metrical lield gU impressed in some way or 
other upon the space>time manifold determines, through the 
geodesies and the minimal lines (their limiting case), the laws of 
motion of free particles and of propagation of light in vacuo, ns 
well as — by its very appearance in tlie linc'clcmcnt <f.f^thc 
metrical properties of the manifold. To complete the essential 
part of his theory, Einstein had only to explain how this all-powerful 
tensor is, in its turn, to be determined in order to serve for a faithful 
description of actual phenomena. In other words, true to the new 
relativity principle, some generally covariant equations had to be 
built up which would enable one to find the metrical tensor itself 
in terms of oilier tensor components, such e.g, as the density of 
matter and momentum, more generally in terms of some ascertain* 
able peculiarities localizablc in space-time. In n certain sense 
and to a certain extent, perhaps only a very minute one, the 
metrical tensor can be said to be impressed upon the otherwise 
amorphous world by inalter* including, as docs Einstein, in the 

* Bub it would bo rash to repeat after some authors iiiat matter Is the 
solo maker or the entirely indisponsablo concomitant of apneo-timo to the 
extent tliat if matter wero absent or scarce, the whole world would collapse 
to nothing or almost so. Such a view amounts, moreover, to forgetting Iho 
ti'iio ofTico of iho metrical tensor. In fact, no matter who or what 
Impresses lb upon the manifold, wo are always free to consider the non- 
metrical manifold, labelling two or more distinct events in it by distinct 
number tetrads, or pointing them out, os It were, with the finger. Distinct 
events would remain distinct, no matter what tlio mathematician's 
estimate of their iour-dlmonslonol distances apart, and, oven If these ivoro 
made nil, the world might continue rlcli In contents ns over. Though the 

384 
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latter concept the electromagnetic field and, in fact, all loc^UizabU 
energy (and associated tensor components). The clause of ' localis' 
able ' dispenses us from excluding ' gravitational energy * ; for if 
there is at all such a thing, it certainly cannot be localised, os will 
be seen hereafter. 

Let us first consider a region otUside of mailer. The gravitation 
field in sucli a region was known to be fairly accurately represent- 
able by Laplace's dilTerential equation for tho classical scalar 
potential, 

3= o, 

the gradient of 11 giving the right-hand members of Newton's 
equations of motion. On the otlicr hand, as we saw in Chapter XI 11 ., 
the rdle of this potential, apart from an additive and a multiplicative 
constant, is taken over, in Einstein's equations of motion, mainly 
by one of the metrical tensor components, to wit by This, 
therefore, and its nine comrades called for difiercnlial equations 
of the second order, in imitation of Laplace's equation, preferably 
again linear in tho second derivatives of the The desired field 
equations had thus to consist in tho vanishing of a tensor of second 
rank and symmetrical (to yield formally just ten equations), and 
containing the second derivatives of the along with the g,* 
themselves and their first derivatives. We will not stop hero to 
recount Einstein’s and Grossmann’s groping search after such a 
tensor. Suffice it to say that after some unsuccessful attempts ♦ 
the much desired tensor was found lying almost rendy for use in 
tho trcasuiy of difTcrentinl geometry since the time of Ricniann 
and Chrisloffcl. We say ‘ almost ' ready, for the fourth-rank 
Ricmann-ChristolTel or the curvature tensor had only to be con- 
tracted for the purpose in hand. 

In fine, putting as in Chapter XIL, Einstein writes, as 

his Aeld oauatlons outsldo of matter, 

(I) 

nuctl for similar rumarlcs will not bo foU, poilmps, until we come to 
consider some of the more recent cosmological speculations, it may be well 
to keep them in mltul. 

♦ Cf. in particular § 5 of Eitlwurf chief veraUgemeutcrlcn JtclaHviliilstfieofie 
md ciner Theoric der Gravitation, by A. Einstein and M. Groasmann, 1913, 
Toubner. Hero Einstein believes tho cxislouco of a covariant gonoraliaa- 
tlon of V*fl to bo impossible. Ho found tho desired tensor only two or three 
years later. Cl. Horlin SitmigsbeHehtc, 1915. P- 77 *« and ibidem, p. 8^4, 
where tho tensor la made suitable also for the interior of matter. 
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The leCt'hand member being a genuine tensor, these equations, of 
the second order for the arc generally covariant. They are 
also linear in the second derivatives of the gw witli respect to the 
four coordinates, as a glance at tlie original curvature tensor (S3), 
p. 354, will show. Contracting the latter formula, and re>naming 
the indices, we have 

or, equivalently, after some simple transformations, 


R 


IJC 


1 g*iogg 1 siogg 

2 




From the latter form we see also that is a sytiunetncal tensor, 


Rin’^Riuf 

a property which follows more directly from (54^), Chap. XII., and 
from the symmetry of Riomann's four-index symbols. 

The field-equations (l) arc thus apparently reduced to a system 
of left differential equations for as many functions gw of the 
coordinates. Actually, however, there arc between the covariant 
derivatives of R,,! 

•RwX = ®aRhc, 


and the gradient dRfdXt of the curvature invariant 


fom idmlical relalions, dcducible from certain relations discovered 
a long time ago by Bianchi,* namely 

( 3 ) 


or briefly, 2R,=grad R. In virtue of these four identities only six 
of the ten field-equations arc mutually independent, thus leaving 
four gw, or any four functions of the g,. (as, e.g., their determinant 
g), at our free disposal. This, however, is agreeable to the rela- 
tivistic standpoint. In fact, from this point of view one would 
expect beforehand such a fourfold freedom, corresponding to the 
perfectly free choice of the coordinate system. Einstein, for 
instance, often uses this freedom by putting g 4 i»>o and gn -i. 
With the latter choice the first two terms in (aa) are at once 


See Koto 1. 
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abolished » It; is, Iiowover, particularly tlio former choice which 
can often be used with good advantage. But such purely technical 
devices need not detain us here. 

Tlio relation of the generally covariant hold -equations (i) to the 
familiar equation of Laplace can be seen by evaluating i?iK for a 
weak gravitation held or, more Instructively, by writing out 
in geodesic coordinates^ as defined In Chapter XIL If aTi bo such 
coordinates we can put, at the contemplated world-point 0,gtK'»|iK 
or, using for the moment imaginary Xi, atji, x^, 




Thus (2) becomes 


R. 


, 1 . 

dx, 




and, since also we find at once, by the definilion of the 

Christoffcl symbols, 

a|»', 'dxX‘dx,^^xJ^-dx*\' 


all terms to be sumniccl over a, With the abbreviation 


tlie last expression can also be written 

R 1 

2l?xj^ dXtdXa dx.dxj’ 


( 4 ) 

( 5 ) 


Such then is the value of this tensor in orthogonal geodesic coordi- 
nates or, wliich is the same thing, in local coordinates as introduced 
and explained in Chapter XI. In these coordinates, (5) holds 
rigorously for any field. The same expression for would also 
be obtained, approximately, for a weak field, defined by 

with small y,ff, and in quasi-cartesian coordinates jt], .Vg, x^ 
(Imaginary) and x^ (real). Now, in cither case wc cun, without any 
loss to generality, subject the to the four conditions 

^•“ 0 , ( 6 ) 


* Tiiclr orlhogoimlity being introduced by the sixiclnl choice of the 
constants, 
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to hold, of course, with ' zero ’ as constant or stationary at 0, 
Thus (S) will be reduced to its first term or, returning 

to real coordinates, 

( 5 «) 

with the familiar Daiembertian. Tho field-equations (l) will now 
become d'Alembert’s equations for each of the and thus also 
iui which particularly interests us. If the field is stationary, 
Uic last of these equations reduces to Laplace's equation 

V»g'44='0 

^0** ? 44 i which component, as wo already know, plays In tho cijua- 
tions of motion tho rdle of the Newtonian potential 12 (iiuiltit>licd 
by “ 2 /c®). This is the announced relation of Einstein’s to the 
classical treatment of gravitation. 

We may note for the sequel the special relation 

J!«=s=^v*a, (ib) 

which holds, at any rate, approximately for a weak stationary 
field. 

Returning to the general equations (i), with ( 2 ), holding for any 
coordinate system and any field outside of matter, let us first notice 
that, although linear in the second derivatives, they contain also 
products of the first derivatives, and these and the or them- 
selves as factors. Thus the sum of two or more soliilions of these 
equations will not in general satisfy the field-equations. In fim*, 
unlike classical conditions, there is no superponibility of gravita- 
tion fields,— rigorously, that is, and for finite domains. 

Hand in hand with this goes the difficulty of building up, for 
Einstein’s equations, such a variety of solutions as were constructed 
for Laplace’s equation. In fact, the rigorous solutions of (l), thus 
far obtained, are not many. 

One that naturally suggests itself is trivial, yet not uninstructivc. 
This is the vanishing of all the components of tho original curvature 
tensor, say, 

(t/4, Ak) » o. 

For if lliis be the case, all tho R,,,, being linear homogeneous 
functions of the former, will also vanish. Such will bo tho * gravi- 
tational ’ or metrical field not simply ' outside ’ but, for all wo 
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l«no\v, only very far away from, or in absence of, malilcr. In fine, 
tliis simple solution represents what in older times was called no 
gravitation field and what wo have learned to call a Galileian 
domain or a fiat manifold. In fact, ( 7 ) are, as we saw, .tlie necessary 
and sufficient conditions for tlie reducibility of ds^ to a form witli 
constant coefficients. That a constant tensor satisfies the 
field-equations (i) is manifest, since tlicse do not contain a single 
term free from a derivative of a of either the first or the second 
order. 

The next and (as far as applicability goes) the last rigorous 
solution of these equations, discovered by .Sdiwarzschild, is an 
imitation of tlic elementary and fundamental solution i/r of Laplace's 
equation, with a singular point at the origin, Tliis has rendered 
to Einstein’s theory inestimable services, having, in fact, given 
that abstract tlieory the only contact it thus far has with the 
world of the experimentalist or rather the astronomical observer. 
We have, of course, in mind the now so famous perihelion 
motion of Mercury, the bending of light rays around 'the sun 
and the (doubtful) gravitational shift of the solar spectrum lines. 
To arrive at this interesting solution, radially symmetrical around 
rno, use polar coordinates r, 0 and the sysLciu-time f, with 
the correlation of indices 


and assume, as a form of the linc-cIcmcnt siilTicicntly general for 
the purpose in hand, 

ds^ - r*(rf(/»“ + sin“ dCP) (8) 

Hero Ictgj, gj, abbreviations for be unknown functions of 

r alone, of which we wiil assume that 

^l(eo)=-I, g4(co)«l, (9) 

so that at distances r large compared with a certain length L 
associated with the mass-centre at the origin (say the sun), which 
will appear presently, the line-clement becomes Galileian. The 
metrical tensor implied in (8) consists of the components (g,i«gi) 

those not written down being all scro. In the somewhat more 
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general case of gi=gu equal lo any tuncUons of all Ihu coordinatoa, 
we have g*'=»i/g„ and, Ihcreforc, 




{:) 


: foi' any i, k, 

2g.dX,‘ 


wliilo all otlier symbols vanish. Thus, in tlio case of (8 a), putting 


Ai=loggi, h^^\ogg^ 

and denoting by dashes the derivatives with respect to r, we have, 
for the nine surviving symbols, rigorously, 



Substituting these values into (2) we have, for the only surviving 
components of the contracted curvature tensor, 


i Ria‘=Ri2S\n^tli 



These values, substituted into the field'cqiiations (i), give for 
the two unknown functions, for f>o, the following tlirec ordinary 
diiTcrential equations : 

^(^4' /*iO + gi + 1 o ; hi + hi « o. 

The last gives at once, by (p), 

gig4*const.--i, 


so that the second equation becomes 
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Thus const., and denoting this constant by we 

have, ultimately, 

, aZ. I 

The first differential equation is satisfied identically by these 
functions. 

Tlio line>eiement (8) corresponding to a radially symmetric field 
thus becomes 

-^)'’‘rfr»~»-*(#«+Bin*^d^). (12) 

This rigorous solution of the field-equations was first given by 
Schwarzschild.'*' The constant L is of the dimensions of a Ungffi 
characterizing the singular point at Iho centre of the field. To find 
its value in terms of the equivalent point mass placed at that centre, 
say M in astronomical units, it is enough to remember that the 
rf^c of the Newtonian potential is taken over by i 

Thus the length in question, which is sometimes called the eraritii- 
tlon radius of a body, is 



This length amounts for the sun to about I <47 km., and for the 
earth to about cm. The gravitation radius of a gram of mass 
is 074 . lo~‘' cm. It is scarcely necessary to say that the mass M 
appears in the present connection in its purely gravitational aspect 
and, in the foregoing treatment, merely as an attribute of the 
singular point of the gravitation field, a field, that is, outside of 
matter. The inertial aspect of mass cannot be taken into account 
until wc come to consider the field -equations inside matter. Until 
then we have also to limit the applicability of Scliwarzschiid’s 
solution to 

r>2L, 

a condition which is amply satisfied in the case of the sun, the 
earth, and, in fact, for the densest bodies known from experience, 
for all points outside the attracting body. 

Let us now consider the properties of the field determined by the 

* K. Schwarzschild, JSorlin SilnmgsbcHchh, igi6, p. i8g. This solution 
was also obtained IndcpondonUy by J. Drosto, Amsterdam Verst,, veil, xxv., 
tgi6, p. 163. Einstein solved the problem by snccossivo approximations 
in 19151 Berlin SUniugsberioMe, p. 831, 
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line -element; (12) or, which is tlic same thing, by the mclrical 
tensor whose only surviving components arc 

To Ak the ideas, let the centre of the field bo occupied by a mass 
point equivalent to our sun. Then, disregarding Lhc contributions 
due to otlior masses, this tensor will determine the metrical pro- 
perties of space- time around the sun. 

In tlic first place, then, aiming at the much discussed question 
of the gravitational shifi of Ihe solar speelrum lines, consider an 
atom, say of nitrogen, placed at rest in tlie pliotosplicrc of tlic 
sun, Then the clement of the atom's world-line or of its 

proper time, dr^^dsje, will be, by (12), 

-2Z,//2)*===d/(i -i/^, 

and any finite interval of its proper time, 

Ar«(l-i/R) U, 

i being always the system-time. Contemplate another nitrogen 
atom placed in a terrestrial laboratoiy, at a distance r^a from 
the sun’s centre. Its proper time will be 


ATfl“(i — i/fl) A/ff. 


Let, in particular, bt be the period belonging to a given spectrum 
line of the solar, and similarly Afn. of the terrestrial nitrogen atom. 
The field being staHon&ry independent of /), a moment of 
reflection will show that M will also bo tlie period of the waves 
arriving at r^a. TIius the ratio of periods, and hence also of 
wave-lengths of the solar and of the terrestrial spectrum line, botli, 
of course, observed at the terrestrial station, will be 


A 



or, since Rja is negligibly small, 






(13) 


Now, influenced no doubt by the old belief in the ratlior vague 
equality of all atoms of a given kind, Einstein takes it for granted 
that our two atoms are 'equal ' in the sense that their vibration 
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periods measured in tiioir proper times arc equal to cacii ofclicr. 
H. Wcyl believes to slate the case in a more profound way by 
appealing to tlie * objective equality * of the two atoms, whatever 
that may moan to a physicist. In hne, Einstein himsoif, as wdl as 
the leading exponents of his theory, assume more or less insistently 
that Area Are,, this be granted, then the last formula becomes 
A/Aobi+L/R, whence Einstein's prediction that the solar spec* 
trum lines compared with the terreslrial ones should be shifted 
tmeards the red, the proportionate wave*Iength increment being 

8A/X^L/R »2*i I . ro-«, (14) 

equivalent to a Doppler elTect corresponding lo a velocity of 
0*633 hm./sec. This would amount, for blue light, to about 
o>oo8 A, which is ten times the smallest wave-length difference 
ascertainable by modern means in comparison work. Ycl, in 
spile of numerous observations, especially on cyanogen lines, and 
long discussions of many data due lo Schwarzschtld, Si. John, 
Grebe and Bachem, and others, the presence of the Einstein cJOfcct 
could not be proved. Nor \vas it tiiiis far possible to clearly 
disprove it, the difficulties being due to Ihe cnlanglcmcnt of the 
possible gravilalional shift with shifts of a diflferent origin. Even 
Dr. St. John, whose verdict of 1917 {Astrophys, journal, vol. xlvi. 
p. 249) was decidedly against the prediction, has since suspended 
his final judgment and is now preparing a thorough discussion of 
all available data about solar spectrum shifls reaching back to 
E. L. Jewell’s first observations (1890), The gcncriil impression at 
the prcscnl moment seems lo be that it would be ])rcmalurc lo 
either assert or deny llic existence of Ihc clTcct of gravitation upon 
the solar spectrum.* It may be interesting lo iiicnlion that 
Einstein himself has repeatedly expressed the radical opinion that, 
should this clTcct be absent, his wliolc theory should be abandoned. 
Yet, in view of the extremely hypothetical nature of the equality 

* The llicraluro of tlio subject, relating also lo stellar spectra, up to 
April igsa, will bo found in the ' Gravitation und KelaiiviUltstlicorio/ 
by Friedrich Kottler, Ens, d, math, Wiss., vl|, aaa, pp. aao-aag. Furtlior 
literature, with a long discussion, rather (ul verso to Einstein'^ prediction, 
is given in a paper by F. Croao, Am, de Physique, vol. xix. igas, 
pp. 95-aag. According to Croze, St. John's negative results of xgiy with 
cyanogen linos remain imalloctcd by the work of Grebe and Boehom, and 
by R. Dirge's recent objections. See, however, a preliminary note on 
St. John's Tatoat, favourable ooncliisions, In Science for Sept. a8, xga3. 
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or sameness of atoms in tlio explained sense of the wordj such 
an attitude is by no means necessary. Altliough it can bo shown 
that the invariability of the proper-time period of on atom in a 
gravitation field (Arji^Arg) can, with tJie aid of the equivalence 
hypothesis, be reduced to its invariability while tlic atom is being 
moved about,-— a property of atoms as ' natural clocks ' already 
appealed to in special relativity theory (p. 105, snprt^jf yet wo 
certainly do not know that the atoms actually possess even tlio 
latter property. For thus far the spectrum shift cfTcct in con- 
nection with the planned experiments with canal rays (transversal 
Doppler effect) has not been detected. In fine, Einstein's attitude 
proves only the strength of his personal belief in atoms as the 
embodiment of his ideal * natural clocks.' None the less, it is only 
a guess. Psychologically a very natural one, to bo sure ; for if 
not among the atoms, tlien there is indeed but little hope to find 
sucli clocks among otlier mechanisms, artificial or natural. For all 
we know, the values of At and Ar^ in the foregoing example may 
differ so as to compensate, rigorously or practically, the effect in 
question. The principles of Einstein's theory certainly do not 
contain anything which might compel us to assert the equality of 
these periods. Moreover, such an equality of attributes of two 
things distant from eacli other has no direct physical significance. 
It acquires only a meaning (»,£. it becomes accessible to an actual 
test) through its implications, and such is Einstein's formula (14). 
If this is verified in future, we shall have discovered an imposing 
property of the atoms, their complete indiffcrcnco to the point-to- 
point variations of the gravitational or metrical field. Until then 
it is better to confess that wo simply do not know whether the 
atoms do or do not possess that properly. At any rato, even 
apart from theoretical preconceptions, an ultimate astrophysical 
test of Einstein's spectrum-shift formula would bo an important 
ochievement. 

In tlie next place let us consider the tlirec-spaco corresponding to 
a fixed instant of the system-time. The line-element determining 
tliis space, the negative of (12) for d/=o, is, in the previous polar 
coordinates 

df* (i - 2L/r)“irfr® + + sin*^ dO’), (15) 

In these coordinates the contemplated space * Is manifestly non- 

• Which is only ono of infmttoly many posidblo sub-manifolds of tlio 
world determined by (la). 
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euclidean and not only heterogeneous, but anisolropic as well. 
Following Einstein's example, this may be expressed thus : 
Imagine a unit measuring rod, Tlion, if this bo laid radially, 

its coordinate- or system-length will bo 

dr -Lit, 

which is less than unity, and if placed transversally (say, with 
0 const, its system-length will be 

rdO=i, 

Einstein p. 820) expresses this, no doubt, in a rather pro- 
visional way, by saying that the rod appears contracted by the 
presence of tlic gravitation field when in a radial, and uninfluenced 
by it when in a^ transversal orientation. He is, of course, fully 
aware of tlic formal nature of this anisotropy which can easily 
bo transformed away. In fact, introducing the new coordinate p 
through 



we have at once 

(iS^) 

In these, isotropic coordinates, used in pi'cfcrcncc to r^ 0 , 0 by 
rlc Sitter and others, Einstein's measuring rod would behave equally 
in all directions. Yet its system-length would depend upon the 
place, being reduced from unity to (i +I./2/))~“^i -L/4/). But, 
even if the believers in atoms ns natural clocks ascribed to them 
also the virtue of retaining their natural dimensions, as e.g. those of 
their nuclei or electronic orbits (in a migration from earth to 
sun), the latter ' contraction ' would not lead to any feasible 
experiment and may, therefore, be left alone. The important 
thing is that, however wo may choose the coordiiial e-system, the 
contemplated space, surrounding the sun or other bodies, is non- 
cuclidcan or, in Einstein's words, the laws of configuration of 
' rigid rods ’ in it do not agree with Euclidean geometry. The 
non-cuclidean character of this space, represented by (15) or 
(150), indifferently, can be usefully illustrated by the following 
example. 

Lot a throe-vector bo carried parallel to itself around the 
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circle f^a^ (}i-r/2. Then, by (47), Chap, XII., where dxx now 
reduces to dXi<=>dO, 

which may be written 

The required symbols, corresponding to the metrical form ( 15 ), Q^rc 

{•?)-•(-¥)■ {?)-;• 
all others being zero. Thus 



whence, if B be constants, 

^ 1 , ^a,^»»^cos/i0, B, ^sin/*^, 

ft >M,»Ji^2Lfa =f= I -Ir/a. 

Thus, being carried around, from d to d+zr, the vector docs not 
recover its original direction, which is a characteristic non'cuclidcan 
behaviour. In fact, while and, therefore, the obliquity of the 
vector is constant, the varying radial and tangential components 
{P\ regain their values when the vector is brought back 

home. After every revolution its projection upon the quasi*planc 
of the circle is turned by the angle 

(I6») 

The size of this projection and, of course, tiiat of the whole vector 
remains constant.* If, for example, our vector were carried around 
the sun along the earth's orbit (Lb 1*47, 1*495. 10^ km,), it 

would arrive at the starting*point with aBO^'Oizjr.f Notice that 
this kind of precession is a purely geometrical property of the 
timeless three-space. The vector p is here carried around the sun 
in our thought only ; the velocity of transfer docs not enter. In 

* In fact, tlie squared size is 

Sup^P*=^lA cos/tS)»+«»J?*+o* const, 

t Just two’thirds of tlio so-called geodesio precession to bo treated bolow. 
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fine, a vector behaves as in (i6) when carried around by a timeless 
mathematician, as it were. 

The case becomes more dramatical and acquires a physical 
intci'cst if the vector is carried by the earth or another 'free 
particle* in its actual motion around the central body. This, 
however, though precisely similar to the above, Is a problem in 
four'dimensional or world geometry. 

Returning to the complete solution (la), let us note that the 
world domain represented by that lino-element is again non- 
homaloidal. To convince oneself of this it would be enough to 
show that (though all vanish, by construction) not all the 
components of the original curvature tensor vanish, and for 
this purpose it would be enough to produce, by (53) of Chapter XII., 
a single non-vanishing one. But it is more elegant, and parti- 
cularly interesting, to exhibit the non-cuclidcan nature of tills 
space- time by the test just applied to its sub-manifold. 

Thus, let a four- vector kept parallel to itself, to begin with, 

by some artificial device, be carried around the circle 
with any velocity. Then, since in the present case dx\ consists of 
dO, cdt, 

In particular, let the pemon in charge of the vector be placed on 
a planet driven naturally around the sun, a circle being among the 
rigorous orbits. Then, by Kepler's third law (which will be seen 
later to hold), approximately, 

M L 

rt? fl’ 

and therefore 


Substituting here the values (10) of the Chris tolTcl symbols, for 
»/i«jr/2, wo have 
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whencQ, eliminating and ajicE rejecting higher powers of Lfa^ 



Tliis, with tlio remaining three equations^ gives at once 
P^,P\P^,P^'=Aco 9 Ii 9 , B, C 6 infA$, D sin /iff, \ 

whore A, JBj C, D are constants,* Tho last component does not 
interest us, while the interpretation of the first three is exactly as 
above. Thus tho vector, carried by a planet on its circular orbit 
and kept sclf>parallel, is subject to a precession amounting, for 
small hjit, to 

«'*" 3 jrZ./d (17^) 

per revolution. This is one and a half times the value (idn) of the 
previous thrcC'dimensional ease. Thus, for the cartli as caiTicr 
of the vector, a' would amount to o^'-oip per annum, or, somewhat 
more accurately, to I'-pr per century. This is referred to by 
modern writers as tbe sreodeBio pxeaeBBlon. The history of this 
relativistic effect, though for the present just below tiic tlircsliolcl 
of observability, is not without interest. 

It was hrst obtained by "W. de Sitter Roy. Asir. Soc., 

Ixxvii., 1916, p. 155 et seq., especially p, 172, corrected ibid., 
Ixxxi.) as a relativistic refinement of tlie lunar theory, namely 
as an extra term to the secular advance of the lunar node and Uie 
lunar perigee, of i"'9i per century. These are, by the ^va.y, only 
minute contributions to about seven million seconds and over four^ 
teen and a half million seconds per century, lespcctivoly, duo to 
classical perturbations. Tlie final re^luals quoted by do Siller, of 
a few seconds each, are of just the same order as the probable crroiv, 
and thus, for tlte present, no conclusion can bo drawn eitlier in favour 
of or against the rdatlvlty theory. Two years later it occurred 
to J. A, Schouten (Antsferdant Rroo., xxl„ igi8, p. 553) that the axis 
of a spinning planet aliould remain x>arallel to itself in Lovi-Civila's 
sense of the word, when it became dear that the da Sitter effect had 
nothing partlculai'ly lunar about it. But having treated the problem 
In its purely spatial aspect, Schouten obtained only, as In (16), two- 
thirds of the full precession. Finally, H. A. Kramers {Antsterdofn 
Proc., Sept. 1920), and soon after him A. D. Fokicer {ibid., Oct. 1920. 



GEODESIC PRECESSION 


39 P 


Pi 729), took up tlio pix>blom, tlio latter basing hiinsclf explicitly 
on the four-cllmonslonal {uirallellsm. coiicopt, and reocliing, though 
through an unduly complicated dialn of mathematical preliminaries} 
the complete value, ^vLla i>er annumi 


In what precedes, formulae (17) were shown to hold for any 
vector p* carried with a free particle (planet) on its circular orbit , 
and adjusted to its self-parallelism by some, as we said, artificial^ ' 
device, the nature of the latter being, of course, irrelevant to 
the lino of reasoning. But what interests the physicist and tho^^ 
astronomer is to know, what vector attaclicd to the mobile is being 
'adjusted' automatically and docs actually remain self-paralle],i,) 
while it is travelling with the particle around the sun. In New- 
tonlan mechanics the thrco-vector of angular momentum of the 'q 
mass particle enjoyed this property. It was, therefore, but natural 
to ascribo it to tho spin axis of the particle, with the refined paral- 
lelism concept, also in tho modified metrical field, as In fact has 
been assumed by Schoulcn in the case of the earth. As an exten- 
sion of the classical law of conservation of angular momentum, 
the parallel transfer of a corresponding broadened tensor, perhaps 
a six- vector rather than a four- vector (yet to bo constructed) 
might suggest itself as a possible generally covarianl law of 
relativistic mechanics. Clearly, however, such a law cannot be 
proved on Einslcin^s general principles without entering into the 
dynamics of the spinning particle, say, a liquid planet. 'Die 
reader may return to this subject after having become familiar 
witli the relativistic cnergy-tensor of matter and the so-called 
equations of matter. Until then Schouten's law, if it can at ail be 
fitted into the relativistic scheme, must be looked upon as an 
independent assumption. 

The geodesic precession lias here been dwelt upon at such 
length since, in spite of its actual inaccessibility to experimental 
tests, there is a peculiar charm about this relativistic clTcGt. More- 
over, but a slight improvement of precision of observations and 
computations is needed,* in order to convert It into a crucial 
test. 

It is time, however, to turn to tho outstanding two of tho most 





* Tho uncertainly of tho pro-rolativistic htni-solar procossloni duo mtdniy 
to tlio unknown moments of Inortia of tho oatllij would havo only to bo 
pushed back to ono further decimal flguro. 
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conspicuous consequences of Einstein’s theory, mentioned before 
with the spectrum shift, and in view of their cogency more ini* 
portant than the latter. To cover both of these, the perihelion 
motion and tho light deflection, it is enough to write down, and to 
solve approximately, the equations of the geodesics of the metrical 
field (la) or (laa). Introducing the values (laa) into the symbols 

(lo), and these into the general equations + we 

have, for 1=2, 3, 4, 

0= -2^/r+8in0cos0, 

0 =~ [2//r + cot 0 . jt] df 

Instead of tho equation for ( >= l it will be more convenient lo use 
flic identity Without loss to generality the (quasi*) 

plane may bo laid through the direction of motion of the 
planet at some particular instant fg. Then, ^asin20»o for fg, 
and therefore, by tho first equation, permanently. In fine, 
the planet will describe a plane orbit, and the remaining two 
equations and llie said identity will become 

wilh /r4“log^4 = log(i -aL/r). The first two equations give at 
once 

where p, h are integration constants. The first of (19) expresses 
Ihc refined Kepler law of areas ; the second can be looked upon 
as an equivalent of the classical energy equation, as the reader will 
find for himself on expanding dsjdx^. Both give ^4, ^ in terms of 
r, and substituting these into the last of (18), wc have for u^ljr, 
the reciprocal radius vector as a function of 0 , 


where wc have written, for the convenience of furtlier reference, 
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The problem of finding the orbit is thus reduced lo a mere quad- 
rature. As an alternative we may dilferentiale (20), thus obtaining 
for the orbit the equation of the second order, 

« "p +3^. (20a) 

Either diffors from the familiar equation of classical celestial 
mechanics by the underlined term, which constitutes the only 
relativistic rcfinonicnt. 

Without this supplementary term the most general orbit is the 
conic 

+eco 8 (<?-cy)}, (21) 

with fixed perihelion, const. In fact, (20^) without the last 
torm is satisfied by (21) identically, and so is also the classical part 
of (so). The Newtonian orbit is a fixed ellipse, parabola or hyper- 
bola, according as the squared eccentricity, is smaller than, 
c(|ital to or greater than unity. 

The complete relativistic equation cannot be satisfied rigorously 
by such simple orbits, apart from the circle, corresponding to 
dtiJdO "‘coml.<=o. In all eases, however, relating lo the solar 
system the supplementary term is so small that tlic relativistic 
orbits do not deviate much from the Newtonian ones. 

The right-hand nicnibcr f[u) of (20) being of the third degree, 
& will be, rigorously, an elliptic integral of u. To reduce it to 
I.cgcndrc's normal form, denote the roots of f(v) = o by ifj, if 2, tfg, 
and put 

tt = «3 -1- (ff a - «a) 8“' V> « = • (2 *) 


Then, if 0 be counted from if =“«a» 


hO 


•« dtp 


*8 = 


ffg-ifa 

Mi-Wa’ 


which is the well-known elliptic integral of the fiml kind ; in usual 
iiotalion, 


Tlio inversion of the latter gives ^ as the amplitude of K^kO, 
whence, with the usual symbols for the elliptic functions cos am 
and delta am, 

(M») 
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This, first given by Forsyth,* is the rigorous equation of the orbit, 
covering amply all eases of any actual interest, In fact, unless 
the planet approaches the centre of the field to within a distance 
of the order of L itself, all three roots arc real, positive and distinct. 
Such then is certainly the ease for all members of the solar family. 
Thus, if the sequence is adopted, the modulus k of 

the elliptic functions is real and < l, nay, a minute fraction. 

This rigorous solution and its illustrations on a number of 
planetary orbits strongly deviating from the classical ones, given 
by W. B. Morton [PhU. Mag., vol. xlii., 1921, p. 511), though not 
without a certain cliarm, arc interesting only from the pure 
mathematician’s point of viow. 

To obtain a good insight into the relations occurring in astronomy 
it is sufficient, and more expedient, to confine one’s attention 
to the case in which tq Is very large as compared with 4/3, it^. 
That such, in fact, is the case in all actual astronomical problems, 
or at least within the solar system, will be seen by treating the 
cubic in the usual way. Thus, put «=iy + J/A, k^ 6 L. Then 

/(tt)=2L(y®+3Py+20), 

where 







(l-e*)A«T 
24^" J 


Thus, if f“A“/p®, the familiar discriminant will be, 

rigorously, 





We may henceforth confine our attention to quasUeHipiic orbits 
(e*<i). Then, if T be the period and a the major semi-axis, 
^ will be, by the first of (19), of the order 

which is for all planets an exceedingly small fraction. Thus, first of 
all, the discriminant will be negative, and all three roots will be rcal.f 

• A. R. Forsyth, Proc, Hoy. Soe., vol. xcvii., 1900, p. 145. 
f This will still bo the case for « so, when 
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In llic next place we find for the auxiliary angle a, giving the 
three roots y =» 2^/^^ . cos 


tt + 2»7r 


cos«= -i2( -Pr5=(i -1 . (i -|)'* 

which is still rigorous. Whence, up to f® terms, 
cosa=l-—--, i,, 

24 2V3 

and «=y + i/6L, up to terms, 

“» 2 LV s)' «d ISZT’ 


(23) 


exhibiting as enormously greater than u^ and Manifestly r 
moves between and rg, corresponding to the perihelion and the 
aphelion respectively. 

While ^ in (22) varies from rr/a to o, the planet moves from its 
perihelion to the aphelion, and thence to its next perihelion, for 
iff falling down to ?r/2 or (if the reader so prefers) mounting up 
again to Tr/2, Thus the angular distance 0 between two successive 
perihelia will be determined by 


kO 


IT 




= 2 A". 


•jl- /v'®sin* 

and the advance of the pcriliclion, per revolution, will be 

2 


Now, by (23), 


A-27r. 
K 


« 1 “W 3 91 - \ 3/bJ • 9 ^ 


is a small fraction, so that, up to k\ A<=- (i + ]A®), and since, 

by {22), ~(i -^e) we have ultimately 

1 2 


SST« 


()irA“ 


(24) 


* As a mailer of fact, the mdiiis vector fi « ijni touches almost 2L (three 
kilometres lor the sun), the limit of applicability of ScmvarKschild's sultt> 
lion (12). 



404 


THE THEORY OK RELATIVITY 


This being essentially positive, the secular motion of the pcriholion 
is prog^essive^ that is to say, in the sense of Iho revolution of the 
planet The orbit can now be easily proved to be of the form (21), 
i.9, almost an ellipse, but with slowly rotating axes, the rotation 
being St7 per period of the planet. In other words, the orbit 
equation can be written as in (21), with slowly variable tar. 

A more rapid way of obtaining the formula for Stnr * is to satisfy 
equation (20) approximately by a conic (2l) with slowly variable ttf. 
If "duJdO is written for the derivative of u corresponding to a fixed 
T3, and if the term containing the square of dvifdO is neglected, 
wo have 

du dii dt!r 

and since (du/dO)^ itself accounts for the three classical terms on 
the right hand of (20), 

du du dtx ,3 
d& 


where tho undisturbed value (21} can be used for u and its 
derivatives . Thus, with » = (? - W, 


</w I + 36 cos ^ + 3g^eo3^y + e^coa^ a: 

dx'^ sin** 


wlicncc 8as by integration from o to 2?r over 0 or, with suiTicicnl 
accuracy, over x. But none of the first three terms contributes 
anything to this integral, i,e. to the secular perihelion motion, so 
that we are left with 

00 => - I cot*A; dx “ -Tr-i 


as above. Yet another quick method is to substitute (21) in the 
supplementary term in equation (200) and to solve it 
approximately. 

The orbit being almost an ellipse, with scmi>axcs a, b, wo have, 
by the significance (19) of the integration constant jE>, 


p^r 


ds 


i^dO 

edt" 


2 ir^ 

ef' 


* WlUclii hovvovor, prosupposos tho lutowlotlgo ot absonco of a secular 

variation of tiio occontridty. 
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On the other hand, by (21), afb^=Llp^, so that 

which is Kepler's third law, and Llp=2ira^lcTb^ 
Thus (24) can ultimately be written 




which is Einstein's formula for the secular advance of the perihelion 
of a planet, free from perturbation by other celestial bodies, per 
period of revolution. An exhaustive analysis by de Sitter has 
shown that this is the only secular perturbation, the eccentricity 
and all the remaining elements of Keplerian planetary motion being 
either not affected at all by the relativistic rehnement or only to 
an unobservable extent. Since is, roughly, the mean 

velocity of the planet, firaf is of the order of 6»-j8Y(i ~e®), and the 
preceding approximation holds good, provided ^is a small fraction 
and the perihelion distance large compared with L (»,«. Lu^ small). 
Both conditions arc amply satisfied by all the members of the solar 
system, including the periodic comets. 

Formula (25) gives for Mcrcuiy 43*‘0 per century or eScy = 8''*82,t 
which originally seemed to agree most strikingly with the excess 
of the perihelion motion of that planet unaccounted for by the 
perturbations due to other members of the solar family of bodies. 
In fact, that disquieting excess, widely known since the time of 
I,everrier, was given in Simon Newcomb’s Pundamenlal Constants 
of Astronomy (Washington, 1895, p, 109) as eSCT = 8''*48±o*43 or, 


with « =0*2050, as 


to=4i''*2±2*i, 


(Newcomb) 


which is covered completely by Einstein's value. This was, not 
unjustly, hailed, at least until the 1919 Eclipse Expedition, the 
moat brilliant triumph of the new gravitation theory, the more so 
as the Mercury excess was the only serious anomaly unaccounted 
for by Newtonian celestial mechanics, even the outstanding node 


• a. MM. Hoy. Astr. Soc., lyiC, p. 699, oapecially section 17. 

t For tiro ronmining three Inner planets, Venus, Earth, and Mnrs, (25) 
Bivcrt, per century, =:o*-o5, o'*o 7. and o'-i3. too small for the present 
to bo either confirmed 01* contradicted by observation. Similarly, and 

moro8o.forthooutoriJlanota. For the moon’s perigee (25) yields acr=o -06, 

RUjicrposcd by do Sitter to I'-yi diio to goocloaic precession. 
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motion of Venus being felt lo be of lesser iiiiporUincc, Un[ur> 
tunately, however, Newcomb's computalion has of laic been 
attacked by the Munich astronomer Grossmann,"* who produces 
several objections (neglect of part of precession, amounting to 3", 
improper treatment relating to the mass of Venus, etc.), and con- 
cludes that the correct value of the excess, when based upon the 
combined evidence of transits and meridian circle observations, is 

to= 38 '', (Gr. 13 ) 

and,' when the latter observations alone arc used, only 

fiCTszp'. (Gr. A) 

Moreover, since Dr, Grossmann points out that there is no sufliclcnt 
justification in Newcomb's rejection of the result (A) based ex- 
clusively upon the meridian circle observations (which is tantamount 
to distrusting some 5400 observations), the latter is possibly the 
more reliable figure. If so, then — ^for the time being — this most 
important support of Einstein's theory loses a good deal of its 
original strength and leaves once more an open door to the freshly 
discarded rival explanation of all the anomalies of the inner planets, 
based on perturbing zodiacal matter, due to Sceligcr and Newcomb, 
more recently taken up again by Harold JcITrcys f (and not 
abandoned by him until the announcement of the results of the 
1919 Expedition, relating to light deflection). Under those cir- 
cumstances a thorough re-investigation of the astronomical data 
by a special committee, which might perhaps be appointed by the 
International Astronomical Union, would seem very desirable. 

We will now pass to the third and last of the chief crucial tests 
of Einstein's theoiy, associated with the behaviour of light in the 
sun's gravitation field. This turned out to be the most successful 
of the three. The propagation of light being determined by ds = o, 
we have, by Schwarzschild's solution (12), and taking, without any 
loss to generality, r/) ^ const. <^7r/2, the light equation 

o4 

g4=ii-2L/r, 

• Urnsl Grossmann. Zeilschriftf. Physik, vol. v., igai, p. a8o, ami Astran, 
Nachriebten, vol, ccxix,. igai, pp, ,{t, 105, whci-o more details are given, 
t Phil. Mag,, vol. xxxvl,, igtS, 
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whoncc, if v^dljdl be the system-velocity of light and ^ the in- 
clination of the light ray to the radial direction, drldl^cosv, 
ydOjdl and 

If the ray be radial, v^cg^, and if transversal, these 

principal velocities being different, both smaller than c, and 
lending to e at infinity. But tliis purely formal anisotropy, which 
can bo abolished by using isotropic coordinates p, 6, as in (isn), 
need not detain us any further. The light path between any two 
stations l, 2 could now be found by substituting «r from (26) into 
Fermat's principle 



which, as wc already know, holds for all stationary fields. But a 
more speedy way of obtaining the ray or light path is to consider 
it as the limiting special case of the orbit of a free particle or, 
four-dimcnsionally, as the singular case (df >=0) of a world-geodesic. 
That this is legitimate was shown at the end of Chapter XIII. Tlie 
passage to dr bo can be made most conveniently in the final 
differential equation (20a] of the orbit, Now, since the integration 
constant p stands for rHQjds, we have for light, or for a free particle 
which would everywhere keep pace with it,* 

P“eo . 

Tims the differential equation of the light path becomes 

(27) 

Since, even for a ray grazing the sun’s limb, rfL is very large, the 
supplementary term is in all cases of actual interest an ex- 
ceedingly small fraction. Without this term wc should have 
u B u^cos 0, a straight or quasi-straight line whose shortest distance 
from the centre of the field is if 0 be counted from the 

corresponding radius vector. Replacing, therefore, in the last 

* If one accepted Einstoln's concept of discrete light^uanla, tliis would 
be almoKt Htomlly true, — though it is easier to think of a light quantum 
A)* as cuiitaincd In a very slender parcel or light dart, than as concentrated 
In a iMslnt. 
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term u by u^cos 0, wo have the equation of a light ray, correct 
up to terms, 

- 9 s=cos 0+— (i +8in*d). (28) 

r fo 

The angle A between the two asymptotes, r/rQ « 00 , of this curve 
is determined by 

,i„|+i(,+cos'|) = o. 

and since A is small of the order of L/rg, 

A=^. (29) 

Such then should be the total grmilttiional deflection of a liglU ray 
arriving to us from a distant star, if bo, approximately, the 
shortest distance of the undisturbed ray from the centre of the 
field, say, the sun’s centre. In the latter ease we liavc, for a ray 
grazing the sun's limb, 

4L/R = 5‘88/6*97 . 10“ « 1*75, 

and, in general, 

A = 1 * 75 ?, ( 29 n) 

where R is the sun’s radius. The latter, as well ns of course, 
can be written in their angular measure as seen from a terres- 
trial station. This is Einstein's now so famous formula for the 
displacement of star images visible in angular proximity to the 
sun’s disc, the direction of the displacement to be radial and away 
from the sun. It was fairly well verified by the results of the 
memorable British eclipse expedition at Sobral (Brazil) of May 29, 

1919, * which yielded ultimately, from seven photographic plates 
and as many stars on each, when reduced to the sun’s limb, 

l*. 98 ±o*-i 2 ,t 

and even more closely by the recent American eclipse expedition 
at Wallal (Australia) of September 21, 1922, headed by W. W. 
Campbell of the Lick Observatory, which gave, as a mean 

• F. W. Dyson, A. S. Eddington, and C. Davidson, Phil. Tram,, A, eexx. 

1920, p. 291. 

fTlio plates of tho Friadpo Expedition, lioadod by Prof. Eddington, 
and giving according to his Qatimato x'‘6i d:Q''3o, wore taken- under poor 
weather conditions, and do not at all seem reliable. 
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from four plutcs, 1*72^20**11, and with corrections based on the 
residuals of tho check stars,* 

2**OS, 

Tho instrumental outfit of the latter expedition, avoiding altogether 
the use of a coolostat- mirror, was more propitious, but the 1919 
^ held of stars ’ was much more favourable. Campbell considers 
tho Einstein deflection effect now so well established, by the joint 
results of both expeditions, as to make any further tests “ un- 
necessary." Yet, in view of the altogether doubtful position of 
the spectrum shift effect and the somewhat weakened position 
of tho Mercury perihelion, it would seem that further light- 
deflection tests are by no means superfluous. Some plans to this 
effect arc included in the programme of one of the two stations 
in Southern California, now organized by the Mount Wilson Obser- 
vatory for the coming total eclipse, to take place on September 10, 
1923.1 More convincing tests, however, must necessarily be 
postponed since there seem to be no eclipses in the near future with 
star fields as favourable as that of ipip* 

As to various attempts at an alternative explanation of the 
observed deflection, taken even to be in full conformity with the 
Einstein formula, some of them arc perhaps not without interest. 
Their discussion, however, docs not lie within the scope of this 
book, and the reader must therefore be referred for a fairly com- 
plete general information on this subject to Kottler's encyclo- 
paedia report [loc, cil., section 23) and to the original papers 
I herein quoted. 

This exhausts the relevant consequences derivable from the 
radially symmetric solution (12), corresponding to a field around 
a unique singular point or gravitation centre. As to other rigorous 
solutions of the field-equations (i) outside of matter, there is 
actually none of any account, besides *' the statical gravitation 
field of two mass-points " worked out by E. Trefftz.J But even 
this solution, apart from a grave objection raised against it by 
Einstein, 8 does imt seem important enough to be entered upon in 

* W. W. Campbell and K. Trumplor, Lich Observatory BitUeHn, no. 346, 
issued July 3 . i933> 

tUnforUmaloly, Uils Expedition was fruatratod by a cloud bonk, 
t Mathetn. Anmleu, vol. Ixxxvi., 1922, p. 317- 
I Berlin Silguugsberiate, igaa, no. xxx., p. 
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this place, the more so as it acUially refers lo an uniplilied form 
of the equations (i), whicli has been proposed by Einstein in con- 
nection with his cosmological speculations and which will be 
expounded in another chapter. Again, the approximate solutions, 
due to Einstein himself, will find a more appropriate place in the 
sequel. 

Having tlius sufficiently dwelled upon empty space regions, we 
come at length to penetrate inside matter or to acquaint ourselves 
with the relativistic field equations within it. But whether it will 
be ' matter ' in the usual or in Einstein’s broader sense of the word, 
as explained above, wo shall have to forgot, for the time being, of 
its granular structure, and consider it as continuously distributed. 
Such a schematizing device used also to be very helpful in many 
a cliapter of prc-relativistic physics. 

As Einstein's equations outside of matter were seen to be 
but a refined, generally covariant imitation of Laplace's equation 
so also arc his field-equations inside matter an appro- 
priate amplification of Laplace- Poisson's equation, 

where p is the density of matter, say in grams per cm,^, and 
A“6’658 .io^ c.g.s, the well-known gravitation constant.* 
.Now, since the 44-componcuL of the contracted curvature tensor, 
already utilized for the field-equations outside of matter, reduces, 
at any rate approximately, to 

as in {sb) above, it was but natural to make 

(30) 

and to consider this as an approxiimitc pattern of or as u hint fur 
building up the generally co variant field -equations within matter, 
ten equations, that is, of which one should, approximately, reduce 
to (30). In other words, and aiming at linearity in the second 
derivatives of the g,K, the tensor or a linear tensor combination 

* Thus, if 7 bo a vohimo, Iiuncofortli kpV will bo a mass in astronomical 
haV 

units, and Uioroforo a longth, For cortalii purposes, notably in 

astronomy, the abolition of ' ft ' is bolpful, but in other connections tlio 
astronomical mass unit is Inconvonlont, 
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of ils coniponunU had lo be made equal or proportional to some 
symmetrical second^rank tensor associated with matter and 
having for its 44-component what approximately reduces to the 
usual density of mass and therefore also, apart from the factor 
to the density of energy. Now, as we saw in Chapters IX, 
and X., such a tensor was familiar in the special relativity theory 
since the time of Minkowski (preceded in non-reiativistic physics 
by the much regretted Max Abraham) under the form of a matrix 
and by the name of stress-momentum-energy matrix, often 
abbreviated to ' cnci'gy matrix ’ or ' world tensor ' (Laue). It 
had the property that, on being subjected to the differentiating 


matrix-operator lor or 




etc. 


it yielded the pondcromotive 


force, per unit volume, and its activity. This tensor, covariant 
only with respect to Lorontz transformations, made its first appear- 
ance in electromagnetism as a symmetrical array, (ii), p. 238, 
consisting of the Maxwellian stress components bordered by those 
of the electromagnetic momentum and by the energy density. 
Later on its rdle was extended to stresses, etc. of any, not neces- 
sarily electromagnetic origin. Moreover, since the appearance of 
Abraham’s classical paper on the dynamics of the rigid electron, 
in which * the total pondcromotive force was consistently assumed 
to vanish, there was a growing tendency to equate the lor or the 
four-dimensional ' divergence ’ of this matrix Lo zero f for every 
dynamically complete system, thus provifliiig for the conservation 
of energy and of momentum, that is to say, Lo write, in our present 
symbols. 


dT, -dT,, C>Tr 




dXg t)a?i 'dx^ 
and three more similar equations, in fine, 




14 . 


Ox. 


= 0. 


(31) 


Again, with the exception of Minkowski, followed also tentatively 
in Chapter X. for the sake of certain advantages in the electro- 
dynamics of ponderable media, the general tendency was to make 
(following the original example of electromagnetism in vacuo) the 
tensor in every case syininctrical. 


* III harmony with Ills aiming at a purely clcctromngiioUo * Woltblkl/ 
ill distinction from Lorontz’s toiidoncy, at that itmo, 

tCf.p, 243. 
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All lho80 fualurcs have boon Iruiisf erred by Kinsleiii inlo his 
general rchiUvity and gravitation theory, and will hcnccforlli be 
adopted, 

But the formula (31), embodying four equations, retains its 
form only for linear or Loren tz transformations and could not, 
therefore, be used for generally relativistic purposes. However, 
the appropriate amplification of that formula easily suggested 
itself. In fact, let T,. be a generally covariant tensor. Then, as 
we know from Chapter XIL, is certainly not such a 

tensor. But if T't*' «g"' 2 'aK be the associated mixed tensor, then 
its covariant derivative, i.e, by (39), p. 344, 



will be a general tensor, mixed and of rank three, to be sure. 
Contract it, putting A=k, Then will be a covariant 

vector. But, as can readily bo proved,* 

Thus 

will be a covariant vector, which is known by the name of tho 
dlvergenoe of tho mizod tonsorjt a useful addition to our tensor 
material gathered together in Chapter XII. 

Such being the ease, Einstein postulated, as a natural extension 
of {31), the vanishing of the divergence of the mixed energy letisor of 
matter, or briefly, 

(34) 

to hold generally, whatcvci* tho gravitational or metrical 
field. In a Galilcian field, and in Cartesians, (34) reduces at once 
to (31). The same is tho case in any field but In geodesic, local 

*Soo Noto S. 

t llicro is no danger of mistaking it for tho divorgonco of a sko^v or 
six-vector, as doAned by (40), Chap, XII. As an nltornatlvo to (33) wo 
inigtil contcmplalo tho covnriant vector 

{J} r„- r,.], 

by (38), p. 
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coordinates; for then const, and at the contemplated 

world-point. The latter reduction is, of course, justified only if 
the world is infinitesimally fiat even within {continuous) mailer^ 
which is certainly implied in Einstein’s work, and which we may 
os well assume explicitly. The four equations contained in (34), 
which by (33) and with the so-called tensoiHieiiBlty * 
become 



are sonicUmcs referred to as the eauattona of maUer.t 
llic reader knows already from Chapter IX. what, more or less, 
can bo expected of these equations. Yet, before sliowing how 
these were used by Einstein in constructing his field equations, it 
will bo well to acquaint ourselves somewhat more with their 
significance and pi’opcrtics. These will, of course, be wholly 
independent of the field equations, i.e, of the manner in which the 
entering in (35) arc to be expressed in terms of the T,.. In 
other words, let us imagine the metrical tensor to be prescribed 
somehow throughout the medium, and let us try to familiarize 
ourselves witli the equations of matter themselves. 

To sec their physical meaning under simplified conditions, take 
any coordinates for which, at least approximately, g= -i, so that 



* Notice that * tensor donnity ' (proposed by Woyl) is not itscif a tensor 
In the previously dcliiicd senso of the word, bnt becomes so when integrated 
over any world domain. Tlius, for any coordinate transformation, 

Wlioro / is the Jacobian, ns on p. 326. Similarly for tensor densities corre- 
sponding to tonsoni of any kind and rank, including scalars. Thus, If all 
the compononla of a tensor density vanisli In one system, they will vanish 
also in every oilier system of coonlinatcs. 'Whence, apart from special 
advantages, their usefulness for relativistic purposes. 

t Whatever tlicir origin, they are to bo contidered as one more assump- 
tion of Einstein’s theory. But oven so tlio total number of assumptions 
Is romarlmbly small. Soino additional support for assuming (34) will be 
rccognlKOd later in the very claim of a fourfold freedom in the choice of 
the metrical tensor. 
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and consider the simple tensor of matter, first proposed by Einstein 
for tlic treatment of a fluid, 

where 4^, <^dx^ds refers to the motion of a ' particle ' of the medium 
and p, po are two scalars which will hereafter be seen to play the 
rdlcs of pressure and fluid density, apart from minute refinomonls. 
The associated mixed tensor of matter will be 

where as before. Further assume a weak gravita- 
tion field, so that in qiiasi'Cartesians are small, as in 

previous examples. Then, in the expressions for the energy tensor 
itself the can be disregarded altogether, so that 

r = 2, 3i 

c 

On tlte right hand of (35n}, however, the cannot bo disregarded 
without abolishing entirely that term * which particularly interests 
us as representing, in our approximate treatment, the only inter- 
vention of the gravitation field. But the y,„ being small, it is 
enough to retain on the right hand only the term with so that 



andato 


the four equations of mailer become 


I m 4^M 
3 3 », * 


( 356 ) 


Since we are already sufficiently informed about the rdlc of vclocily, 
through y = (l from the chapters on special relativity, wo 

may confine here our attention to small velocities, i,e. put y 4 : i. 
Then and, if v be the Ihrcc-veclor of velocity wilh the 

*l.'ho Giristoltel symbols vanish for constant i>e, for yitt-o. 
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Cartesian components Vf^dxijdt, the last array of tensor com- 
ponents becomes 

Tf=-e^, 

Ttt=(S=-T,*, 

Notice in passing that p thus defined differs from the invariant of 
the tensor of matter, which in our case is, by (36), 




AP 


The first three of (35&) now become 
^+div(p.»iv)+5M = 



and the fourth equation 


div(p,v) + 


3 / 3 ^ 9 / • 


But div(w/ftv)=/oj,o<divT+TV(jii^i), and d/dt = d/dt is the 
‘ individual ' lime rate of change. Ultimately therefore the equa- 
tions of mailer will be 


^+t>„YdWv+vp= -pv^-fa. (A) 

| + + (B) 


The three equations gathered in the vector formula (A) are, apart 
from the distinction between p and />g, the familiar Eulerian 
equations of motion of a fluid under the pressure p in a gravitation 
field whose Newtonian potential is again represented by 

12 ta - lc“g44 + const. 

The fourth equation of matter, (B), is, again apart from p/c* as 
supplement to p (which, however, is already familiar from Chapter 
IX.) and apart from the new term on the right hand, the well- 
known equation of continuity. Needless to say, in all actual 
cases the contributiony>/c* of pressure to mass density is exceedingly 
small. Under these circumstances p^ may be confounded with p 
or 7*44, and this with T, and the equations assume, apart from the 
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term with "dilfdt, the form known from classical hydrodynamicB. 
They can still be instructively rewritten. If <r be the volume of 
an individual element of the fluid and, therefore, fio^pnr the corre- 
sponding ' mass,' then the left-hand member of the first equation 
is d{iC 7 )ffrdl, and that of the second dn/v dt. Thus we have 

(AO 

representing most directly the equations of motion of any indi- 
vidual element of the heavy fluid and the equation of ' continuity ' 
or the approximate invariability of its mass. In other words, the 
first three equations of matter express thg principle of vionmHum, 
the amount of momentum per unit time acquired by matter from 
the gravitation field being equal to grad 12 , the Newtonian 
force on the mass element, and the fourth equation expresses the 
principle of energy or, equivalently, of mass, the amount of mass 
acquired by an element of the medium, per unit time, being approxi- 
mately equal to its actual mass multiplied by the local time- 
variation of the Newtonian potential or to the decrease of the 
potential energy of that element, divided by c^. Needless to 
say, the latter gain or loss in energy, vanishing anyhow in 
a stationary field, is always immeasurably small. The chief, and 
, all-important, gain of energy is through the gain of momentum, 
as dcducible from the first three equations. A detaiicd discussion 
of this aspect of the question, which calls for a re-introduction of 
■y«a(i may be ieft to the reader. 

This example will suffice to show that and in what sense the 
right-hand terms of (35^) or, more genoraliy, those of (35), 



may be said to represent the momentum and the energy or mass 
acquired or lost by matter from or to the gravitational field in 
which it is placed. More tersely (after Einstein, /.r., p. 810), these 
terms represent ' the energetic action of the gravitation field upon 
matter.' It will bo understood, of course, that not all such terms 
possess this virtue. In fact, sometimes none of them possesses it. 
If there is no permanent gravitation field or practically so, in fine, 
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if tho iield within the medium is quasi*galiician,* Iho right-hand 
terms of (35) arc all nil in Cartesian but they can bo readily 
generated by using other, say only polar, coordinates. For this 
gives rise to Chrislolfcl symbols. The caution is similar to those 
already made in other occasions, and need scarcely detain us any 
further. 

Tho four matter-equations themselves express the principles of 
momentum and of energy, not of ' conservation ' of momentum 
and of energy. For although Einstein f succeeded in giving them 

tho form ^(5Ei'‘ + h*)“0| in which they would deserve tho name 

of conservation principles, yet his t/i built up of the and their 
first derivatives, and called by Einstein ' the components of energy 
of tho gravitation field,’ do not form a general iensor-densily. 
Thus it comes that these ' energy components ’ can be produced 
at will, even in a strictly Galilcian field, by using non-carlcsian 
coordinates 4 Of late this concept has been given up by Einstein 
himself, if one may judge from his Princeton Lectures (p. 92). In 
short, unlike matter, the gravitational field has no reasonable energy 
tensor. In special relativity, i.e. in absence of gravitation, we had 
the simple equations (31), from which, for every closed systcnii 
follow at once the integral properties 
3 f 

^17 l^dXldxJ^dx2 " o, 

or, for t = l, 2, 3, the conservation of momentum and, for 1 = 4, 
that of energy or of mass. The appropriate generalization of (31) 
(34) or (35), which cannot be forced to yield similar integral 
properties or conservation laws. In fine, we have to coni cut 
ourselves with the original matter-equations (35), reading into 
their second terms momentum and energy gained (or given np), 
without attempting, however, to localize them as such in the 
gravitation field before their transfer to, or rather appear a nee in 
the material medium. (Noto 8.) 

For a second application of the equations of matter consider the 

* That Is to say, if the Acid duo to tho material medium is iiogligihlo, 
and if there aro no suns or other colcsUal giants in tho neighbourhood, 
tllorlln Sittmtssbericblo, vol. xlii., 1916, p. 1115. Sco also ibid., igiS, 

p. 

I For a drastic oxainplo of this kind sco II, IJaucr, Phys, ZeUschrifi, 
vol. xlx., 191 B, p. 163, 

8.R. 2 O 
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case of any gravitationeU field and the same energy tensor as above, 
but without the pressure term. Thus 

whence, if be the covariant velocity vector of a particle 

of the medium, associated with ^*t the mixed tensor density* 

(37) 

In absence of pressure, or even of a pressure gradient, every par« 
tide of the medium would, on classical principles, be unaEceted 
. by tlie surrounding medium, t and tlius move or, in a gravitation 
field, fall freely. One would thus expect in the present case every 
individual element of the medium to behave, under certain con-, 
ditions at least, as Einstein's free particle, viz, to have a geodesic 
for its world-line. It is interesting, nay necessary, to inquire into 
the nature of these conditions. For, as we saw in Chapter IX., 
the world-line of an isolated particle even in' a Galilcian field is a 
geodesic (uniform motion) only when its rest-mass is isotropic as 
well as constant, — ^so that, after all, Einstein's original principle, 
(II.), p. 310, may hold only for a certain class of ' free particles,' 
Now, by (3;), the left-hand member of the equations of matter is 








The second term is simply and the factor of p, in the 

first term is, by (43), Chapter XII., »J^g times the scalar diver- 
gence of the vector Thus the equations (35) become, 

rigorously and in any system of coordinates. 


Pq ^ - {*“} div (pop*) =0. (38) 


But, by the parallel-shift formula (47a) of Chapter XII., and by 
a similar reasoning as on p. 352, the vanishing of the bracketed 
terms expresses that the track of the particle remains self-parallel, 


dpi 

■3F 





o 


(39) 


•Notice in passing that so that both being 

scalar-densities. 

tits gravitation effect being disregarded. 
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are the equations of a geodesic,'*' Consequently, the 'worlddinc of 
any individual element of the medium or of a free particle is a 
geodesic, provided that satisfies the condition 

divl/iof*) 3 ^ygPfiP *) " 0. (40) 

In fact, since there is no stress connection between the elements 
of the medium, and since, In absence of discontinuities of p,, there 
is no transfer of momentum between them, each clement is ' free ' 
to all purposes (on the relativistic treatment even the mutual 
gravitation ellccts being already included in the g.. which we 
imagine to be given). Nay, if wo had a detached particle, wc 
might continue its internal tensor (37) outside it, in our imagination, 
without changing the situation. As to the invariant pg attached 
to the particle, it may bo called its scalar density. 

The necessary and sufficient condition (40) of the said behaviour 
of a free particle Is, at any rate, generally covariant, and is, there- 
fore, of an intrinsic niiturc. Such being the case, wc can find out 
its significance in more familiar terms by writing this condition in 
some convenient coordinates. Thus, e.g,, ifg»const., (40) assumes 
the form T>{jp^,^'iilx,t*-‘o, A further discussion of this condition, 
as well as a comparison of the foregoing result with that obtainable 
by integrating both sides of the equations of matter over a portion 
of the world-tube of the particle, may be left to the reader. 
Essentially, the condition (40) of validity of Einstein's funda- 
mental principle, (II.), p. 310, reduces to the constancy of the 
particle’s rest-mass, which at any rale is satisfied to a high degree 
of approximation in all cases of actual interest. 

Having now become somewhat familiar with the significance of 
the matter-equations themselves, 

( 34 ) 

we arc ready to follow Einstein in utilizing them for the sake of 
the field-equations inside matter. 

In the first place, it will be convenient to write the equations 
of matter in the form, already mentioned in a footnote, 

= ( 34 «) 

* This is l)ut another form of tlic usiitil equations tlp*lds -h j. 

Wo need not trouble to show the equivalence of the two forms wlicn 
developed, fur this is suiTicluntly gttarantood by the validity of the covarlant 
os well 08 the contravariont transfer formulae (47), (470). 
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That these forma are equivalent to each other follows without 
much ado from the identical vanishing of ' 

Now, turning again to the curvature tensor, let us recall the 
four relations (3) which it satbfics identically. These can be 
written compactly 

Thus,, while the divergence of the material tensor vanishes, by 
a traditional assumption, that of the contracted curvature tensor 
R^^ docs not vanish. In other words, and borrowing a convenient 
term from Maxwellian electromagnetism, while the former is 
sohnoidal, the latter is not. This was the reason why Einstein 
rejected his original plan * of making itself proporliona! to 
Tik. But, after some trials, an expression broad enough to bo 
made solenoidal suggested itself in 

where a is a scalar, a pure numbenf It remained to give this 
number a proper value, to make solenoidal this linear tensor com- 
bination which was to bo put proportional to ?*,«, and thus to 
secure two ends : the much desired equations of matter and the 
reduction of ten field equations to only six independent ones. The 
requirement thus became : divergence (jR,K+aRgiK)BO, i.e, 

-o, 

whence, by (3<i), and since the covariant differentiator, is 
distributive, 

* Berlin SiUtimgsbericMe, 19x5, p. 778, where tlio fiolcl equations are 
tentatively written —const. Tut, The final form, given below, followed 
soon enough ; tbfd., p. 8<}4. 

t As a matter of fact, it has of late been inrovod by H. Vermeil, GStfingm 
Naehr,, 1917, p. 331}, and by Woyl, los. cff., that 

Rut + aRgut + (gilt (a, b = numerical constants) 
is the most general covailant tensor function of tlio gt^ and their first and 
second derivatives, linear in the latter. But at that time (19x5), this was 
unknown to Einstein. The last term bgut, whoso coolfidont b is free in 
building up the field equations (In view of is superfluous for the 

present. It will reappear in a later form of tlio field equations under Uio 
name of ' cosmological term.' 
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Now, =0, Thus the second term becomes . 

by the definition of and since SiZ *=> o (aise of tensor unaffected 
by parallel shift). Thus the requirement reduces to 




whence <» = - l-i the required value of the numerical coefficient, and 
the desired field equations, 




where k is a constant. It remained to determine it so that the 
Laplace-Poisson equation should follow as a first approximation. 
This means, as in (30), 


R. 


u- 


Avk 


where p is some unrefined measure of density of matter. Now, for 
the purposes of such an approximation the contribution of pressure 
(stress) to density is of no account, so that we can take the simple 
tensor whose invariant is and therefore require 

D ^ 4-frkT 
^44=»= — 

On the other hand, multiplying the last set of equations by g‘*, we 
have R = k7\ so that these equations can also be written 

Rik’^ “• k(T,„— ^T^ gn), 

Thus, 

^5- ^’ =*= <* (T’dd - Ia^ 44 ) ** *^{^ 4 * “ 1^44)1 

which in a weak field and for small velocities reduces to iKT. 
This gives K -fis-iis/r® where k is, as before, the gravitation constant. 

Uilimalcly, therefore, Einstein’s generally covariant field equa> 
lions inside mailer became 


or, equivalently, 


RtH^ - - ifTg,«), 


(III) 

(Ilia) 
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or also, inoro symmetrically, 

^ “■ *{? I* “ 

where 

8jr/e 

The equations outside of matter, ue. outside of the material 
tensor-field, considered at the beginning of the chapter, are a 
special case of these, for Tuno. 

The very form of these equations dispenses us from remembering 
that the energy-tensor of matter T,. is solcnoidal. For so is the 
left-hand member of (III), by construction,* 

Thus also, as in the special case of the vacuum equations con- 
sidered at the beginning of the chapter, out of the ten held 
equations (III) only six arc mutually independent, leaving a 
fourfold freedom in the determination of the components of the 
metrical tensor, as is agreeable to the very spirit of the general 
relativity tlicory, 

As a further consequence of the field equations, already used in 
passing, it will bo well to keep In mind that, whatever the par- 
ticular form of the tensor of matter, the curvature invariant of the 
corresponding metrical field Is rigorously proportional to tho 
invariant of tho former, i,e. 

R^hT, ( 71 ) 

What is technically called the mean curvature of space-time, or 
briefly vorid-oumimra, is (at least under certain conditions) onc- 
sixth (otherwise one-twelfth) of -JR, as will bo justified in the 
sequel. It vanishes, of course, by the field equations (III), outside 
of matter in the broader sense of the word. It is nil also in a 


* If one 80 do^res, ono can say that tho oqtiaiions of matter follow from 
(III), But It would, from tho physicist's point of view, bo porvorso to 
try to forgot (as some oxpononts of Einstein's theory do) Uiat tho left-hand 
member of (III) was, after much hard groping, purposely conslrnctod so 
&B to bo solonotdnl and tlxus to ylold tlio equations of matter in the much 
desired solonoldal form which was essentially known to tho physicist and 
had disclosed to him Its advantages oven before tho advent of tho relativity 
theory, and much beforo spaco-timo was made rosponsiblo lor gravitation. 
Once in possession of tho floid equations, wo can road them, of course, 
(dthor from right to loft or from left to right, without thoroby displaying 
much ingenuity. Tho wholo merit is his, who has written them down for 
tis, Tho fact that Eu - is solonoldal, Idontlcally, while Tik has boon 

mads BO In order to servo tho purposes of tho dynamics of continuous media, 
docs not change much tho situation. 
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purely clcctromagnclic field ; for, as we shall see later, tlie in* 
variant T of the energy tensor of such a field is itself nil.* But 
in more palpable matter Tf o, and so also (The objection 

that all ' palpable * matter consists or is believed to consist of 
electrons and protons, need not detain us at this stage.) If the 
energy tensor of matter is we have T^p and 




which, in all actual cases, is positive, such being essentially p, since 
the contribution of stress is practically negligible. Thus, in every 
material medium in the common senso of the word, the world- 
curvature will be negative, though by no means large, as, for 
instance, in water of normal density 

- /C 4 = 3 , io““cm“®. 


The corresponding 'radius of curvature,' which will bo under- 
stood merely as a handy name for would amount to 

$68 million kilometres or 3*8 astronomical units of length. In 
platinum the curvature radius of space- time would be about 4*6 
limes s mailer. The reader must be warned, however, against deriv- 
ing any rash conclusions from these results, in imitation of a space 
with a definite metrical form, that of space-time being non-definitc. 
These figures arc here (luolcdonly togivc a rough idea of thedeviation 
from hcmaioidal conditions within familiar bodies. Wc may have 
occosion to return to this and associated subjects in the sequel. 

As to rigorous solutions of the field equations (III) inside matter, 
there is scarcely more than one of any account, as far as the 
physicist is concerned. This Loo is due to Schwarxscliild. It is 
again a radially symmetrical solution, niul represents The gravila- 
tion field of a sphere of incompressible l^uid.^ Under this name 


* That such la the case In obHcncc of gravltnllon, the reader may verify 
at once, Imsing htmsolf on llio special relativistic slrcss-cncrgy tensor of 
Chapter IX. In fact, If u be the density of electromagnetic 

energy, wo have in the present notaiion, and In Cartesians, 

+ T|4=«, 

whonco 

T ssTu + Tu + r„ - 2 41 =*« - 2« +« =0. 

Tlio same property will ho scon later on to hold In any metrical Aold. 

t Snell Is the title of K. SchwarsBChild's impor. Berlin SilMungsberichto, 
1016. P* 
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Schwnrzschild has in mind a medium at equilibrium whose mixed 
tensor consists of 

T^^«po>-eonst., (42) 

the remaining componohts being zero. In relation to the previous 
tensor, this amounts to assuming a liquid of density to be at 
rest in the a;, 'S ystem, under tlic hydrostatic pressure p. The 
corresponding invariant is 

( 42 «) 

and the associated covariant tensor, in an orthogonal system of 
coordinates, "grtT,*, or with g, written for and i reserved 
for I, 2, 3, 

- pgi/^\ ^44 - Pag* • (42i) 

Now, as in the ease of the mass-point, it will be sufliciently general 
to assume, in polar coordinates, x^, x^, x^, x^ 0 ^ el^ 

Thus, and with f^i^loggi, /44”’logg4, the ChristoiTcl symbols and 
the curvature tensor will be as in (10), (i l), p. 390, and the field 
equations (IIlo), that is to say, 

will reduce to three equations, for ibI, 2, 4. Of the matter- 
equations, in this case expressing the equilibrium of the liquid, 
which are but a consequence of the field equations, those for 
t b 2, 3, 4 are now identities, and there remains only that for t » i, 

-1:'- {’:} - f:} 

where •=d\oQ>/gJdr, as on p. 390. This gives 

2^11 ; gi + 1 + Mh* - V) - (/»o 

^ “ #1 Jjios - «*fti log •>^4i 

which arc four equations for the three functions gj, and p. We 
know beforehand that the last is a consequence of the first three. 
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Thus, the last being particularly simple, the first may be used to 
eliminate from the third, and will henceforth not be needed. 
Again, the last, owing to gigag^ ^g/gn reduces to 

dp/dr .dlogvJi _ 

which is inUgrablc at once. Thus, if ^ be a constant, we have 
and the difTcrcntial equations 

+ 1) + V - V-«(Po -pf^)^Si, 

Instead of tlic first of these take the difference of both. Then the 
equations for gi, ^4, as functions of r will be 

and the problem is reduced to integrating the first two equations 
nnd adapting the solution to the boundary conditions at the surface, 
i'son, of the sphere. Up to and at this surface i^as the given 
constant value, by assumption, nnd for r>a, of course, Pq^o. 
Such is also the ease of the (variable) pressure, with the additional 
requirement, however, that p = o also at the inner side of the surface 
(continuity of pressure). This means, by the last formula. 

Introduce the new variable ¥ through 

r = X sin ^ , X « longlh). (44) 

A V K/»0 

Then the first of (43) will become 

nnd, its complete solution, 

/i«»sln*^+R cosec ( 43 i) 

The arbitrary conslnnt B will bo kept for the external space. Inside 
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the spherc, however (unless its centre is occupied by a point-mass), 
we will put i? « o. Thus «sin“(v/X) and 


gx' 


-SCC*|, 


(43») 


where sin (o/A) ■= a/A. It remains to find from the second of (43), 
which is readily reduced to Euler’s linear equation 


where 




iKArgi^. 


The well-known complete solution is 

“ exp ( - J/* dr ) . [J«' exp (f/* dr)dr + C,] 
where C*=const., and in the present case, since cxp(|/«dr) 

rfr + C = C + ^ A* see by (438), 

whence 

fo = (?XM + Ccosi)*. 

Since - A//tf, wo have 

-Ccml-iA/pt-lKtfA, 

and therefore, 

‘'/iS“C(3co3|-cos|y 

In absence of the liquid (A»oo), wo should have g4°>l ; whence 
C and 

*‘“(2““!-?“® I)’ 

The value (433) of corresponded to the original so that 
-scc*(t/A).co3®{v/A)dv*« -dv*. In fine, with the new 
coordinates, Vt etc., we have 

gi =* - 1 | g4 a® (433)1 anfl gg » - r“ « - A» sin* (r/A), ga « ga sin®*/** 
Ultimately, therefore, the metrical field within the sphere will bo 
represented by the line-element 

rf.?* ** J (3 X ^ - pt* + A* sin“| + 8 in®</» dfl*) J (45) 
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and tlio pressure by llio previous fonnulai i,e. 
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p_ 2 flaC 03 (n/X) 

S ^or(ft/A) - cos (r/A) “ 

This is the solution of the problem, whicli was obtained by 
Schwarzschiid In a somewhat roundabout wav. The second 
bmoketod part ot (45) is, as in (a8), Chapter Xll^the h„e-elemlt 
of a three-space of constant curvature A-* or an eUi 0 c space, 
polar or antipodal, i.e, properly elliptic or spherical. The 
‘naturally’ measured radial length is v, since -gu^r, and the 
perimeter of a circle, similarly measured, is equal to airAsin (r/A), if 
X bo its radius. The radius of curvature of the space within the 
liquid is 

A<» 

The choice between the polar and the antipodal kind remains free. 
If the reader prefem to have but one straight line between any two 
points, he will adopt the former kind, or a properly elliptic space. 
The total length of a straight line will then be ttA, so that the 
greatest possible sphere of liquid will have the naturally measured 
radius 

Such then would be the upper limit of the actual radius n of the 
sphere. For water at normal density, for instance, this limit would 
amount to 631 million kilometres. The pressure (45a), however, 
grows from at the surface up to 




cVo(i-cosJ)y^3 



0 


at the centre of the sphere. Thus, if p is not to become infinite, 
nay, to jump through infinity to negative values, wc must have 
cos (n/A) > I, or 


"‘"S' 


4 


which sets a somewhat lower limit to the largest possible radius, 
namely 

a< i* 23 iA, 

«.g. for water A 9 A million kilometres. 
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jmiula (45) hotels, of course, for r^a only. Outside the 
ire we have the previous solution * 

re the constant, say, 

r 2km Kin 

2L=— r •“— » 

r 4’r 

at once be expressed in terms of (1, X by requiring the con* 
ity of the metrical tensor across the surface of the liquid. Since 
coefficient \*sin*(r/X) of the last term ip (45) remains, for 
0 or X »oo , equal to r®, we have only to attend to the continuity 
and gi. The former gives 

I -2L/tf wcos“(tt/X), 

h makes also gi continuous. Thus there is but one condition, 
ig the required relation 

kw ea4’*'Xsin* 


c m may bo called the held producing or ih^ gravUalional mass* 
die other hand, what Schwarzschild calls ' the substantial ’ 
is the density multiplied by the natural volume of the 

'C, I.S. 


mHq = SwX^^ - sin 


ratio of these masses is 


m 2\X 




sin® 


a 

X‘ 


ids, for vanishing n/X, to unity, while for the largest (dynami* 
possible sphere 


^0 

in 


|[arccosi-:^](|)*4=I-64. 


mall o/X, neglecting {a/k)* in presence of unity, 



hich is also the second port of (^3,), for X aeo and a finite B\ 


LIQUID SPHERE 429 


In fine, there is only on approximalo equality between these two 
masses. The same is true for fu in relation to the mass Wq', 

calculated with as density, which in view of its rdle in the 

c 

equations of matter themselves (cf , stipra) might be called the inert 
mass. Since 

PO + -2p0CO8 5 5 (3 cos ^ - cos 

wc have for the latter mass 






sin^xdx 
cos a -cos* ' 




a 

X’ 


Wo need not trouble to evaluate the integral. It will suffice to 
say that for small a the required ratio is 



i,c. even somewhat larger than mjm, as might have been expected. 
There is nothing surprising in this result, — to which wc shall 
return for a moment later on. It has, of course, nothing to do 
with the rigorous equality of inert and heavy (passive) mass, as 
postulated at the very beginning. As to the pressure formula 
(4Sa), it becomes for small (l/X, 

or, substituting the values of X and k, 

which is identical with the classical result. Other details, sis those 
concerning the velocity of light and the shape of rays within the 
liquid sphere, all derivable from (45) without trouble, may be left 
to the reader. To conclude this fascinating subject, it may be still 
mentioned that the curvature invariant R is, by (42n) and (41), 

.. 2po(i-i-3cosa) 

3 cos a -cos (t/X)’ 

i,e, unlike the thrcc'spacc curvature, variable within the sphere. 
Por small a/X, R => 4 po< 

An attempt at an extension of Schwarzschild's beautiful investi* 
gation from Pqm const, to linear function of p has been made 
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by H. Bauer,* who found it, however, necessary for the complete 
Integration of the equations to fail back upon Sciiwarzschild's caso 
and another, of a purely mathematical nature, inasmuch as it would 
amount to a vanishing density of the * Newtonian gravitating 
mass ’ of the liquid. Yet Dr. Bauer's paper, to which the reader 
must bo referred, contains a good deal of interesting detail. Woyl's 
and Levi-Civita's cylindrically or axially symmetrical solutions, 
though of considerable mathematical generality, must here bo 
omitted. The reader interested in this type of investigations will 
consult tlic original papers of these and other authors.*)* 

So much with regard to rigorous solutions of the field equations 
(III) within matter. 

As early as 1916 Einstein:): succeeded in finding a perfectly 
general approxiptaie solution of these equations, an integration 
method, tliat Is, applicable to any prescribed matcriahtoiisor field, 
stationary or not. As we saw in the early part of this chapter, 
the contracted curvature tensor for a weak gravitational field 

(in quasi-carlcsians, Xi imaginary, real), but with no other 
restrictions, reduces to (50), or, to avoid the S,k os additive integra- 
tion constants, to 

Now, “iDy, where y -71,11; whence 

"* ^ " JD (yw ” i®«y)> 

always up to second order terms. Thus, denoting by y*^ the non> 
galilcian part of g*^, m defined by (4), i,e, putting 

y*„“y«-“ 48 «y. (46) 

we have, as an approximate form of the field-equations (III), 

□y*^«2Kr„„ ( 47 ) 

correct up to terms of second order in 7,^. It will be kept in 

* ylonna Sitnmgshtriehh, matli. nat. Kl., Ila, vol. cxxvll., igx8, p. 2141. 
I Tlio lltoraturo, itp to 1923, will bo found in Woyl's book, 5 th cdn. 

I Berlin SiUmgslorichU, 1916, p. 088 . 
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mind that, as in (6), the y* should satisfy tlie solenoidal condition 




>0. 


(47fl) 


The energy tensor of matter on the right hand of (4;) may have 
any given form whatever, provided it is itself solenoidal. Now, 
each of the ten equations (47) has the form, familiar from electron 
tlieory (p. 80), 


of which a well-known integral is the retarded potential 

0(O=pot/((-0.i|f/(/-0, (48) 


r being the distance of the tliree-dimensional volume element 
dV from the point at which ^ Is required. This, of course, is 
only a particular integral. The complete solution would consist 
of the general integral of the reduced or the wave-equation Qtfi = o 
and of 


apotf ^t--^+b pot f^t+^^, 


where n, b are arbitrary constants satisfying only the condition 
a+b’^i. If, as is reasonable, all disturbances are attributed to 
matter, the free waves need not be added, and we arc left with 
the two potentials, of which the latter might be called the 
accelerated potential. Both can be interpreted as due to dis- 
turbances propagated with the velocity of light c, and such would 
then be the velocity of propagation of gravitational disturbances.* 
The elements of both potentials represent spherical disturbances 
centred at elements in which there is a non-vanishing/, say, charge 
or convection current in the case of the electron theory. The 
retarded potential corresponds, as it were, to disturbances radiated 
out from such elements, and the accelerated one to disturbances 
converging towards them. In the case of the electron theory 
there arc, perhaps, good reasons for discarding the latter altogether. 


* This constant, otherwise deprived oi Its older privilege of universality, 
conies here to its rights only duo to the neglect of second and higher order 
terms. Strictly, in non-oudidcan conditions the very concept of such 
potentials, Involving the finite distance r, is. in general, not applicable. 
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Not 80 , however, in the case of gravitation, since our experimental 
knowledge of rapidly variable gravitation fields is certainly as good 
as non-existent. Thus, both kinds of potentials might for the 
present be retained in arbitrary amounts, subject to Ibe aforesaid 
condition, a+&«i. 

At any rate, Einstein retained only the retarded potential. 
Thus his approximate solution became, by (47) and in accordance 
with (48), 

7;;,--aKpotr„(/-g=— (49) 

Tliat this solution satisfies the solcnoidal condition (47n), can easily 
bo shewn * by a reasoning familiar since tlie time of Maxwell and 
Stokes. Thus, T,, being given throughout space and time, 
can be found by quadratures, no matter how laborious, — whence, 
by inversion of (46), 

(49«) 

and finally 

(49^) 

the four coordinates being y/ - 1 («, y, g) and x^=ci. 

If, in particular, the material tensor, and therefore also the 
metrical field, is stationary, the retarded potential reduces to the 
ordinary potential, and 



Thus, for a mass-point, i,e. for a body whose dimensions are small 
compared with the contemplated distances r, 



The body being at rest in the adopted system, let the enci^ tensor 
wltliin it be as in Schwarzschild*s problem. Thus, neglecting in 
( 42 ^) tlie in g^, since these would ultimately give only terms 
of higher order, 

“ ^88 “ ^44 

* The accelerated potentials ^vould, by the way. stand this test as well. 
As a matter of fact, if the retarded potentials ^ono are retained In the 
solution, as a nilo, tlion tiie original iloid-equationa (III) may bo con- 
sidered as too broad for physical purposes, similarly os in Uio case of tho 
electron theory. Cf, W. Ritz, Phys, Z^itschHfi, vol. ix„ xgo8, pp. 903-907. 
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all other components being zero, With these values, and with F 
written for the volume of the body, 

yii^yfa^y9B”27rre** 

Whence, ultimately, by (4p«, &), returning to real coordinates (i.e. 
simply changing the signs of tiie gii}, and substituting the vduo 
of K, 

eu-i -pf(rD+^)y, 

whicli, up to second order terms, agrees with the previous (rigorous) 
Boiutioii (12) for n mass-point, viz. for 

Tims //tg graviiaiwnal mass measuring the virtue of matter 

to produce a field, originally an integration constant, is seen to be 
equal to 

which is the inertial mass of the body, such being the rOic of the 
hist expression in the bare equations of matter before and inde- 
pendently of the gravitational field equations. This equality holds, 
in the present connection, only ns an approximation. As we saw 
on p. 428, Sciiwarmhiid's 'substantial ' mass uiy, calculated with 
Pq as density, is, up to the fourth order, i H-o-3n®A* times as large 
as the gravitational mass m, and the ‘ inertial ’ mass, as here 
dclincd, which coincides with the previous m^ (p. 429), would even 
bear to m llie somewhat larger ratio i -l-o.4n»/\^. In all cases of 
actual astronomical interest, however, the conditions arc such as 
to ensure with amply suflicicnl approximation the equality 
The identity, or proportionality, of inert and 
heavy mass continues, of course, to liolcl rigorously, by an original 
assumption of tho theory, as has already been mentioned. 
Opportunities for other applications of tho approximate solution 

S.R. s X 
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(4g) may arise in the sequel. For its application to the p 
of emission and absorption of gravitational waves by ' mcci 
systems ' the reader must be referred to Einstein's paper c 
waves,* 

The representation of tlie gravitational field-equations as 
able from a variational principle will better be considered t( 
witli a similar derivation of the electromagnetic equations, 
latter, in tlicir generally covariant form, will occupy our at 
in the next cliapter. 


NOTES TO CHAPTER XIV. 


Note 1 (to p{^ 386). If ((K, Xfiv) bo the covariant derlvi 
Riemann's symbol (ik, Xu), tlio identical rolaliona discovc 
L. Biandiij- are 

(tK, Xtl‘V) + {t'K, tlvX)-¥ {iK, vA/i)“0, 
or, In virtue of tlio relations between tlie lUemann symbols, 
(iK, X^V) + {W, ftXK)’^{vK, VO* 

Multiply both sides by Tlien the first hvo terms \ 

tlio same products, and tliereforo 


gHyglH<{iK, Xfll). 

Now, B=girX(tK, Xu) and, since tlie covariant derivative 
vanishes identi^ly, 

■ifi/iii X}iv)t 

On the other liond, the covariant derivative or gradient of iZ = 


Thus, 






iZR 


which are tlio four identical relations quoted in the text ui 
The solenoidal property of - ^Rgi^ Is a direct conseq' 
those relations, as shown on p. 421. 


* A. Einstein, ' Xibor Gravitationswollcn,' Berlin Sitjnwgsbe 
pp. 154-167. 

t Lesioui di Geometria Diffevenxiale, igos, vol. 1 . § x6i. Bin 
tlicso roladons for a very simple proof of Scliur's theorem (n 
before) to the effect tliat isotropy of Biemannlan curvature orov 
point Implies also the constancy of curvature throughout the mai 
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Note 8 (to x>ago 412). By tho dlfforontiatlon rule of dotermlnanis, 
api5lIcclto^«|^w|, 

, (a) 

or also, 8incof''‘^iRS>4, 

Thus, 

Again, cllf[oi'cntiatinggiHg^'‘=Si^i wo liavo 

Si;- 

whonco 

(') 

Now, by tho doflnllioii of tho Christogol symbols, 

3ffKX„r«n . r^n 

^ LaJ+LkJ' 

which, combined witli (c), gives 


and, by {b), 


1 3 logff „ ^ f *al 

2 Vff "3^“ III/' 


wliich is tho rcquirad formula. 


Koto 3 (to page ^17). Tho readers dcsinnis of following the dis- 
cussion of this subjcci lip to ils rmtil stage, in siilto of ils largely 
formal naliii'O, may consult liinstein’s iiapcr in Berlin Sitsinigs- 
bcrichfe, iyi8, p. 4<|8, and F. Klein's paijora in GdWmgo»' iVffc/fnc/»/«/, 
math.-phys. secllon, XQiS, jip. 235, 3g<|, and, for a summary, section Oi 
of the article JielalivitStstheoyie, by W. Pauli, Jr,, in Uncykl. tier mafh, 
1Ft55., vol. V, ig, Toubner, ig2i. The latter roixirt is also available 
in a separate mprint. 
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ELEOTBOUAaNETISM AND OBAYITATION. 

\8 WO saw in Chapter VIII., tlio dilTorential equations of tlio 
electromagnetic field fitted into the scheme of the special relativity 
theory spontaneously, being (unintentionally) covariant with 
respect to Loren tz transformations. This special covariance was 
exhibited very concisely by the quatcrnionic form DL = C of these 
equations, p, 208, or equivalently by their Minkowsklan matrix 
iorm, p. 2^1. Either of these forms piTcred technical advantages 
lor special relativistic purposes, and it has therefore seemed well 
to retain them in the first part of this new edition of the book,* 
Neither, however, answers the purposes of generai relativity, whoso 
most appropriate language is manifestly the tensor calculus, as 
expounded in tho preceding chapters. This then will bo used in 
what follows. 

A generally covariani form of tho electromagnetic equations was 
fimt given by Kottlcrt as early as 1912, ready to be incorporated 
by Einstein into his general relativity and gravitation theory 
without any modification. Dr. Kottler can thus be considered 
as Einstein's electromagnetic precursor, the more so as he is fully 
conscious of tho r61o of the general differential form dx^ dx^ wliich 
ho uses from the outset, though not for gravitational purposes. 

To arrive at Kotllcr’s general form of tho equations, it will be 
well to rewrite in tensors their special and already familiar form, 
valid in an inertial frame. If O be tho electric (our-current, i.e, 

C^^^ppi, C^^p, 

* Other reasons for tho adoption of aiicli a plan aro givoii in tlio Preface. 

t F. Kottler. ' Kanmzeitlinlon dor Mlnkowski'aclion Welt.' Vienna 
Sifgimgsberiehlet math.-nat. Kl., vbl, cxxl, section ila. p. 1550, 
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and if bo a six-vcctor with llio following correlation to tlic 
Cartesian electric and magnetic components: 

i*a3 -^Sl -^14 -^84 

M, M, B, E, 

or briefly, 

then the second group of the electromagnetic equations (I), p. 205, 
will become, with Xi^ x^=>Xt y, 0, c/, 


37 »‘j 3 . 


— w+j: y Ar~.3?e3o etc 








83 . ai la. 


“dXi ?>x^ ' (ix^ 
and, if F** be the supplement of F^^^ so that 

the first group of equations, 

^7718 37718 37714 

+ZZ L— =771 etc 

7>xt ^ 9»a ^dx^ ^ 

077*1 3771a 37743 

dxi ^ 3 % ^ ^3 

or, by (he previous summation convention. 


’hx» ’ 

(lO) 

9f7„ 0^ 0J7xi „ 

dxj, dXt At, ” 

( 20 ) 


The left-hand members of both equations arc tensors, of first ond 
third rank respectively, covariant at any rale with respect to 
Lorents transformations. This then is the required form of the 
electromagnetic equations in an inertial frame, gravitation being 
absent or purposely disregarded.* 

Passing to any domain, generally in presence of gravitation, and 
with any coordinate system, notice in the first place that the left- 
hand member of (2*^) Is a generally covariant tensor f Ft^xt 
expansion of Fi^^ as in (13), Qiapter XII. But the left-hand 

* Rigorously, a domtUn will coaso to bo Goiiloian owing to tho very 
prcscnco of an oicctromagiiotic field, 
t Provided that P%% is goncrally covariant. 
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member of (i“) is not a generally covariant tensor. The first 
equation then calls for an amplification, while the second can be 
carried over to general relativity theory as it stands. To arrive 
at the proper amplification, let us start with Uie somewhat 
broader form of the electromagnetic equations, formally coin* 
elding with Maxwell's equations in a ponderable medium and 
containing four instead of two vectors, the magnetic and the 
electric polarizations and forces B, B and H, E respectively, that i^ 
to say, 

cwrlM-~=iipp, divD»p, {A) 


curIB+-^i 


divB' 


( 5 ) 


to hold, of course, only under special conditions, but to be 
generalized so as to become covariant with respect to any trans- 
formations of the four coordinates. Now, the group [B) will bo 
rendered by (2°) if be a general skew-symmetric tensor or 
six-vector embodying the magnetic polarization or induction and 
the electric force, with the (special) correlation 

and whicli may be called the mRgnQto-eleotrlo six-vector. Next, 
for (i4), let C be the generally contravariant four-current, further, 

the corresponding tensor-density, and the supplement of 
defined, as on p. 333, by the general formula 

whicli will embody the electric polarization (displacement) D and 
the magnetic forco M, and which may appropriately be called the 
(aeabro-iiiagaetio six-vector. Write also 


for the corresponding tensor density. Then, as in (42), p. 345, 


Div(F“) 




will bo a contravariant four-vector, which can now be put equal 
to the four-current C. 
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Thus ifie generally comriaiU eleciromagnelic equations will become 

5^ = S. (0 


ZxH ’^x^ 0 ** 


-o, 


( 2 ) 


where the six-vectors are related to each other by 


(3) 

the correlation of the corresponding tensor-density with D and 
yi being, in the ease of special relativity at least, 

IjO-Mt, 8 “=- 2 ?. 

The first equation can also be written Div(P'‘) =>C*, and tlio whole 
system of equations will read as follows : the expansion of the 
magneto-electric six-vector vanishes, and the divergence of the 
electro-magnetic six-vector, the supplement of the former, is equal 
to the four-current. For the latter, in any domain, and for any 
coordinate system, we may write 

( 4 ) 

SO that Pq will stand for the invariaiU density of electricity. This 
will reduce in a Galilcian field, or else in any field but in local 
geodesic coordinates (freely falling infinitesimal elevator) to 
C*’**ypQdxJcdt, where y = (i Thus, the system-density 
of charge p will be related to the invariant density by p»y/)oi ^nd 
since, in obvious symbols, BV the charge 8 e<^p 8 V=^PQBV^ 

will be an invariant, thus far only with respect to Lorents trans- 
formations, os we already know from special relativity. The general 
behaviour of electric charge will be discussed presently. 

It will be kept in mind that from the standpoint of the general 
relativity theory the master equations arc henceforth not the 
broadened Maxwellian equations (/i), (i?), but the set of generally 
covariant tensor equations (i), ( 2 ) with the link (3) between the 
two six-vectors, and with the meaning (4) of the four-current. 
The link (3) between the tensora of tlie clcctroinagnotic field is 
ossontialiy metrical,* and thus also dependent upon the coexisting 
gravitational field. 

* An Intorcsthig method of arriving at the oloctroms^notlc equations 
(x), (s) wtia recently given by F. KoUlor In ' MoxwoU'seho Glolohuitgen 
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In n OalilQiau Ooinoln (3) rcdiicosi in CarLosiniis, to 
niKlJ'<‘= -E4i,otc., and (i), (2} bccoino identical 

witli the usual fnndninontal equations of tlio electi'on theory. 

Since g'*+ 5 **‘=Of from (i), as a generalization of the 

familiar equation of continuity, 




-o, 


( 5 ) 


or, as in (43), Chapter XII., diw{C*)^o, which reads ; the scalar 
divergence of the four>currcnt vanishes. Multiply by dxi..,.dx^ 
an<l integrate over a portion of the worlcMubo of an electric 
' particle * (element of cleclric charge), contained between any two 
of its orthogonal, Lhrcc<diincnsional scollons a, b. Then, the time 
axis x^ being orthogonal to the ^2, ;ira*space * or along the tube, 


o “ dx^...dXi ^^JS^*dxidXf^dxs - 1 
te, 

dx^dx^dx^ ^ dXj dx^ dx^ » constant, {$0) 

-jthat is to say, invariable along the world -tube or in time. Now, 
a volume element of Uic;r|2iA;3-Bpacc is, with aiji=> 

dxi dx^ dxs •~gg*^dxi dx^ dx^ . 

Thus 

or, the involved magnitudes being sensibly constant throughout 
the volume SV of the particle, 

und Molrik/ Vienna SiUtuigsberich/e, vol. cxxxl., 1922, p. ixg. Dr, ICotUor, 
following upon the lines of R, Hargreaves, H. Dnteman, and F. D. 
Murniighan, writes Ant a pair of tensor equations, In dlAcrontlal as well 
ns in iiilcgrol form, Indepoiulent of any motrics of the manifold, containing 
two mutually Indopendont slx-vectors, and then only links up these six- 
vectors by a relation whlcli is oqulvalont to introducing motrics. The 
latter is thus directly shown to amount to monsnrlng the light velocity ; 
without any such relation, us (3), there Is no propagation of disturbances. 
In fact, no mutual reaction botwoon ' tho mngneto-clcctrio and the olectro- 
mognottc Aolds.’ Cf. also in tills connection Kottlor's analogous paper on 
* Newton's [gravitaUon] Law and Kotrlca,' ibidem, p, x. 

* This Implies that whicii Is, essentially, no restriction. 
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NoW| dl bcint; tho linc*clemcnt of Ihc contomphilccl UircQ>spacc, 
wc have 




and, since the space-axes can always be made ortliogonal to each 
other, g=igii...g44 and^«g44 = i. Thus, 






'Const. 


( 56 ) 


Hero /3 is the system-vciocity of the particle, with c as unit, and 
its local velocity. Thus, if the factor of pg, the local rest- 
volume of the particle (rest-volume in a freely falling elevator), he 
denoted by wc may write the last equation 


const., 

and read it : the charge of the particle remains invariable. That the 
charge so defined is also a general invariant or scalar, is seen at 
once from the original expression (5 a). In fact, pg is invariant by 
assumption, and so is ~~gdxy...dx^^ the volume of an iiifini* 
Icsimal slice of the particle's world -Lube. Our SFg is simply 
the four-dimensional volume of a slice divided by its thickness or, 
in rigorous language, the limit of this quotient for indclinilcly 
decreasing thickness. The three-volume thus defined is manifestly 
an invariant, and its product into the invariant density pg is, there- 
fore, again an invariant. 

Turning to the fundamental electromagnetic equations (i), (2), 
notice that the latter is, manifestly, satisfied identically if we put 






( 6 ) 


where is a covariant vector, the four-potential of the field, a 
generalisation of the special relativistic one, embodying Maxwell's 
vector potential and the electrostatic potential. As on p. 328, the 
magncLo-clcctric tensor field F,. may now be said to be the rotation 
of the four-potential. The second group of equations being thus 
satisfied identically, the group (1) gives 



which, assuming the metrical field g^* as well as the current to be 
known, are four difTcrential equations of the second order for as 
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many components of tiio potential. If tliese be found, and 
will follow by (6) and (3). Since the four-poicnlial enters only 
through its rotation, it con without loss to generality be subjected 
to a kind of solcnoidal condition in the following way. If 
be the associated, contravariant four- potential, its divergence, 
defined by (43), p. 345, is a general scalar, and the required formal 
restriction can be written 

( 8 ) 

Equations (7) and (8) arc tho covariant generalizations of the 
familiar equations for the potentials, 

□</>«-/!, divA-h-^^o, 

valid for Galileian (p, 218). In general, the equations (;r), con- 
taining in a complicated way tho metrical tensor components, 
cxliibit an entanglement of tlio electromagnetic with tlic metrical, 
and hcrcwitli also with tlic gravitational field. This metrical inter- 
play of the two fields appears most directly in formulao (3) giving 
the general linkage between the magneto -electric and tlio electro- 
magnetic six-vectors, which arc supplements of each other. 

The four-potential <h, being a covariaiit and dx^ a contravariant 
vector, their inner product is on invariant. This invariant 
linear differential form plays the same r 61 c in electromagnetism as 
the quadratic form g,K dx:, dx^ in gravitation. As the latter deter- 
mines the gravitational, so docs the former determine the electro- 
magnetic field, at least in part, namely tho tensor (while its 
indispensable supplement implies tho g,tf). This is only a dilTcrcnt 
way of stating that tlte ‘I\, the coefficients of tlic linear form, 
determine the F,K-ficld, similarly as the determine the gravita- 
tional field together with tlio Riemannian metrical properties of the 
manifold, and in essence the tensor is superimposed, casually 
as it wore, upon tlic tensor g,„ impressing metrics upon the 
manifold. Of late, however, an insatiable tendency to geometrizo 
all physics made itself felt among tho mathematicians. Thus, 
about 1920, with tho object of representing both the electro^ 
magnetic and the gravitational field as metrical features of space- 
time, a dillcrcntial geometry somewhat broader than- RIemann's 
was proposed by Weyl, who attributes to the linear form 
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an equally fundamental metrical, namely gauging, r 61 e as to the 
quadratic dilTcrcntla! form. This amplihcalion of Riemannian 
theory was certainly a natural and desirable stop from the pure 
geometer’s point of view, but since for the physicist it has the 
disadvantage of making, say, the dimensions of electrons and the 
spectral wavelengths emitted by atoms dependent upon the whole 
of their previous history, and since otherwise not much is gained 
through it, Wcyl’s theory need not detain us here.* An entirely 
different plan for a ' Unification of Physics,’ i.e, for spelling 
electromagnetism and gravitation in one bi'cath, is proposed by 
Th. Kaluza,t who suspects in 


a kind of * crippled threedndox symbol ’ and to provide for 


the requisite material summons a fifth world-dimension to his aid. 
But here again, apart from serious special dilBcuItics pointed out 
by the author himself, thcro is not much gained for the physicist,:]: 
and Kaluga’s ingenious speculations need not bo entered upon in 
a book of the present type. Yet another unification scheme has 
been recently developed by Einstein (Berlin SUzhar. for February, 
April and May, 1923, pp. 32, 76, 137), but even this seems scarcely 
promising, especially ns it leaves the problem of matter (electrons) 
unsolved. It is a sequel to Eddington’s ‘ generalized,’ affine field 
theory, outlined in his book and opening the era of what would 
seem a mathematical hypertrophy of the Theory of Relativity. 

Let us return to the fundamental electromagnetic equations 
themselves, condensed in forftiulac (i) to (4). Before proceeding 
to supplement them by the expressions for the pondcro-motivc 
action mid the corresponding 8lms8<encrgy tensor, it will be 
well to donsider the relation between the six-vector F,. embody- 
ing B, E and its supplement embodying B, M, in a comparatively 
simple case which, besides being instructive in a general way, will 


* For rufcronccs boo Noto 1. 

t " Zttitt Unltaisproblcm ilor rhyallc,” Dorllii SiiXimgsbirichU, vol. llv., 
1921, p. gOG. 

t Einstein's own o[4nion about botii Woyl’s gauging, and Kaluza’s Avo- 
dlmonslonal, theories is : " Conconilng thorn, 1 am convinced that they do 
not bring ns nearer to the true sulution of tho fundamental problem, " 
Princeton Lectures, p. xo8. 
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also cxliibil: how tlio propagalioii of clcclromagncLic waves is 
affected by gravitation. 

Let our system of coordinates be such that 

Then the general relation (3) will give, after some straightfoi*wnrd 
simplifications, 

•=> {gn Pa +git Pii +fts ^12)1 

s 

and similar expressions for P^^, Further, 


^41 gifi P’^^ ^‘gM gM P*^t 

PAi-gAi 

and similar expressions for ^4*, F43. Now, in a weak gravitation 
field at least, and in quasi'Cartcsians, we can write 


Pa-Bi, F»=-^, etc.; Pn-’-E^, = "tc., 

v-g v-g 

and, therefore, 

Afj “ —j=s! (flju-Bj + ^22^2 I 

-J-g 


+^13^3)1 

v-g 

where n{jb>= -g^it, corresponding, that is, to tho linc>clcmcnt 


dS® "g44 ^ ■ 


Tims M is precisely the same linear vector function of B as is B 
of D. If ?? bo tho symmetrical linear vector operator, whose 
constituents arc tho we can write briefly 


where 


B=juM, D>>ii:B, 


I 

/* 


I 

K 



or, since in our case g^*“i/g44, 

— gg**0“^. 


( 9 ) 


(10) 


In absence of gravitation 0 becomes rigorously an idomfactor, 
= i and making B»H, D“E. Thus, from the 

system point of view,* the vacuum is transformed by gravitation, 

* From tho ' local ' point of view, of courso, Isotropy continues to prevail. 
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it were, into a crystalline medium with anisotropic permittivity 
K and permeability /*. By (lo), however, these operators have 
everywhere coinciding principal axes and the same principal values. 
Owing to this peculiarity the system-velocity of propagation of 
electroms^netic waves, though varying from point to point and 
dependent upon the direction of tlie wave-normal, will prove 
to be entirely independent of the orientation of, say, D, the 
light vector. In other words, although the medium is thus made 
anisotropic, there should be no double refraction due to a gravita- 
tional field.* In fact, if n be the wave-normal and D the system- 
velocity of propagation along the wave-normal, we have from the 
electromagnetic equations, by considering, say, a Wave of discon- 
tinuity, applying the compatibility conditions (Note s to Chapter 
II.), and making use of the identity of the operators K and /u, 

^iai+Vn^^VnE)-o, 


or, if Kn etc., be the principal permittivities and »i, etc., the 
components of n along the principal axes, 

to* nKn 


exhibiting the propagation velocity as independent of the orienta- 
tion of the light vector, which was to be proved. If are 

the principal values of the operator cr, we have, by (lO) and since 




71 "^44 


\«i 



(n) 


the line-clcmcnl now being ds^^g/^^dx^^-‘{ai^dx^+a2dx^+aydx^^^ 
To compare this formula, derived from the electromagnetic theory 
of light, with tliat for the velocity v yielded directly by Einstein’s 
fundamental equation ds—o, notice that the latter velocity is taken 
along the ray instead of tlie wave-normal. Thus, if u be a unit 
vector along the ray, ds =o gives 

(* 2 ) 

If the wave-normal n happens to coincide with a principal axis, we 

* In harmony wltli iliis, no trace of sudi an effect could bo dotectod in 
tho terrestrial iiold. Cf, ‘ X’ropagation of Light in a Gravitational Field,’ 
by A. O Ranldno and L. Silborstoin, PhU. Mag,t vd. xxxix., xgso, p, 586. 
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havo, by (n), \liye^=gjai, and by (12), «■/»*“ «•»!), 

as it should be ; for then the ray coincides v^itli the wave-normal. 
Li general, however, the ray docs not fall into the wave-normal, 
and so does v differ from t). The proof that the two equations aro 
always compatible with eacli otiior may be left to the care of the 
reader. If the ray be defined, as usual, its direction will be that 
of the vector product VEM (in these, quasi-galileian conditions, 
at least), and all properties of the light ray will follow from 
yiiCE -ffVMn, DjSlM -fiVnB with K determined by (10). 

Now for the ponderomotive action of the electromagnetic field. 
This has been incorporated into general relativity with equal ease, 
nay, by exactly the same expression as into special relativity. In 
fact, the structure of the corresponding formula is wholly indopen- 
dent of the metrics of tlic manifold, apart from what enters into 
the definition of itself. The generally covariant four-foree, 
representing the ponderomotive force on a charge, per unit volume, 
together with its activity, is given by the inner product of tho 
magneto-electric six-vector and the four-current. 






(13) 


We may as well say tliat this product represents the momentum 
and the energy transferred, per unit time and volume, from tho 
field upon the electric charges. In fact, with the previous correla- 
tion the first three components of (13) give, in quasi-galileian 


conditions, the familiar force 


’B+iVpB], 


and the fourth 


component multiplied by c, its activity, cP^^pEp^Pp, since 
pVpBao. Bui, 08 in the case of the electromagnetic field 
equations, it will be understood that from tlie relativistic stand- 
point tho master formula is (13), which is generally covariant.* 
Somewhat more explicitly, by (4), tho four-force may be written 


P. 


17 


(I3») 


Next, for the corresponding stress, and momentum and energy 
density. For the determination of these the particular form 
of the four-current is irrelevant. In fact, whatever tho vector C*, 
tho four-force (13) con, by means of tho field equations (i) and (2), 

* Tills does not differ from Miiilcowsld's jproduct of matiicos sh, p. 231, 
apart from the drcumstonco that now tho factors, C* and Ft oro, by assnmp- 
tion, contra- and co-variant with respect to any transformations. 
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bo represented as the contracted covariant derivative or the 
divergence* of a mixed second^rank tensor ^ a generalization of that 
embodying the Maxwellian stress components and the densities of 
momentum and of energy, already familiar from special, nay, 
pro-rolaUvistic electromagnetism. In fact, by (i) or (la), formula 
(13) becomes 


and if the group (2) of the electromagnetic equations be used, tliis 
can bo shown f to be oquivalent to 

(M) 

whore 

(15) 

is the required onergy-toiuor of tlie eloobromognotlo field. Here 
FF (read F squared^ is the scalar or invariant F^^P * ; it is the 
generalization of L*, the square of the bivcctor of Chapter VIII. ; 
thus also the covariant definition of pure electromagnetic waves 
Will 4 )C FF^o. In general, however, the field invariant FF may 
have anV‘'-;^lue. To recognize in (15) an old friend, let us con- 
.aider a Galilbian. domain (which implies the very field Ft^ to be 
weak) and use Cartesianfl, Then, as before, etc., 

jmIbs -Fii^Ei, etc., BO that 

FF=2{M^--E^), 

and 

etc., 

which arc Maxwell's stress components, tensions proper being 
counted positive. Further, 

etc., 

whicli arc the components of electromagnetic momentum per unit 
volume, and, lastly, 

the density of electromagnetic energy. 

If, as in Max Abraham's world scheme, the electric chai'gcs are 
under the sole control of the electromagnetic field, the total four- 


* As doflnod by (s3)i P* 


t See Note s. 
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force Pt vanishes, and we have to claim for the encrgy«tensor of the 
electromagnetic hold the four equations 

a = o, (l6) 

which arc only a special case of ' the equations of matter ’ of the 
preceding chapter, expressing the principles of energy and of 
momentum, the present tensor (15) being but a special case of the 
cncrgy^lensor of matter. For, as already explained, Einstein's 
' matter ’ stands also, among other things (if there bo any), for 
the electromagnetic held. Thus also the energy-tensor of the 
latter, t.£. the covariant associated with (15), must be included 
in the right-hand member of Einstein’s gravitational held- 
equations (III), p. 421, Consequently, tlie electromagnetic 
stresses, enoi*gy, etc., will also contribute their share to.tlio curva- 
ture tensor and through it co-determine metrics or gravitation. 
These contributions arc, of course, for all technically obtainable 
electromagnetic fields, extremely small* as compared with those 
duo to matter in the usual sense of the word, such as a globe of 
water or even of hydrogen in anything approaching normal con- 
ditions, Such will, clearly, be the case only from the tacitly- 
accepted macroscopic view-point on material bodies. The situa- 
tion, however, becomes entirely different, if we are to adhere to 
modern electro-atomism which tends to represent all known kinds 
of atoms as built up wholly of spccl<s of electricity of both signs, 
electrons and ' protons.' It is true that this programme is as yet 
veiy far from its completion. Yet, if following the general 
tendency of the day one desires to adhere to it radically, aiul is 
ready to. admit the validity of the electromagnetic equations also 
within the electrons and protons, then the whole ' energy tensor of 
matter' to be substituted for T,, on the right hand of the held 
equations (111) will be the electrom^nelic tensor,']' that is to say, 

where is as in (15). Such a radical standpoint would lead to 
two consequences. In the first place, since the left hand of ( 111 ) 

* l^or, to sponk only of tho compoiionti one erg of olcctromagnolic 
energy Is, as we know, equivalent to littlo more than xo-°' gr. of Inert, and 
tlioroforo also, roughly, of gravitational (ilcld-produclng) moss. 

f Divided by c', in order to convert, 0 .g., Su er energy density into mass 
density, such as tho previous Tm, 
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is solcnoidal, so also would be the clectromagnclic which 
property is equivalent to the four equations (id) derived from, 
Abraham’s assumption. Such also should be the ease. For a 
purely cleclromagnctic energy-tensor means the same thing as 
’all charges under the exclusive control of the electromagnetic 
liehl.' In the second place, the peculiar nature of the energy- 
tensor in question would once for all simplify Einstein’s field 
equations (III), In fact, the invariant of the tensor (15) is 

which is nil.* In fine, the scalar of the elecironiagnelie energy-tensor 
vanishes identically, ns mentioned before. Thus also, from the 
standpoint of purely electric world architecture, the scalar of any 
cnergyrtensor of matter would bo nil, and the gravitational field- 
equations would become, by (IIIo), p. 421, 

(17) 

Thus also the curvature invariant R would vanish throughout the 
world, outside as well as within the atoms. 

It is scarcely necessary to say that our modern Physics is vciy 
far from being able to accept or try to defend any such equation 
as (17) as its universal formula. Not that there is any dilHculty 
about the vanishing Of the scalar .Sand its geometrical implications, 
lint, unless the accepted electromagnetic equations are lliorouglily 
modified for the interior of the electrons and their positive partners, 
the electromagnetic fields associated with them would be utterly 
inadequate to give anything resembling the known gravitational 
effects, either quantitatively or (pialitalively. Heforc any such 
progrc.ss is made we rccpiire what is in recent times meant by a 
' theory of matter,’ of electrons and protons, that is. An attempt 
at such a theory has been made by G. Mic (and incorporated 
ofiicially by Weyl and T.auc into their text-boolcs on relativity) , 
Yet even Mie’s theory, though possibly a useful hint for future 
builders, is far from covering the fundamental facts relating to 
our experience with atomixed matter. At any rate this tempting 
subject cannot here be profitably discussed any further. Nay, for 
all we know, many generations may pass before science will have a 
chance of attacking this problem successfully. 

* Notice that S as hero dofined is Idoniical wlUi For Uio latter 

Is 

S.R. 2 V 
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In tlio meantime we have to be content with describing the 
contributions of ordinary matter to gravitation by a macroscopic 
energy-tensor, consisting of the usual density, pressures and so on, 
without inquiring how these are produced by the interplay of the 
subatomic corpuscles. This means giving up formulae (17) 
universally valid field-equations. 

Outside of such matter, however, namely in an electromagnetic 
field extending in otherwise empty space, but with or without 
electric charges, the equations (17) may well be applied — for solving, 
that is, electro-gravitational problems of a more or less purely 
academic interest, Tlie only problem of this kind worthy of con- 
sideration is the determination of the gravitation field generated 
by, or associated with, a radially symmetrical electrostatic field, 
with either a finite spherical distribution of electricity or only a 
point charge (singular point) in the centre of symmetry, This may 
be referred to briefly as the gramtation field of an electric particle.* 

Owing to the assumed symmetry, the metrical field around tlic 
particle will, at any rate, be also radially symmetrical, so Uiat in 
orthogonal, say, polar coordinates only the gn^gi will survive, 
reducing (17) to 

and the relation (3) to 



If Xi^^r be the radial coordinate and E the intensity of electric 
force, 

“ ’ gig* 

all other components of the six-vectors being zero, and 


* This simple problem, avoiding always the Interior ol tho charge, was 
first solved by H, Roissner, Annalm der Physih, vol.l., 19x6, p, 106, by a 
direct integration of the field-equations. PI. Wcyl, Ann, dw Physih, vol, 
liv., 1917, p. 117. and G. Nordstrom, Pros. Acad, Amsterdam, vol. xx., 1918, 
p. 1236, arrivad at tho same solution by means of a variation principle 
(Hamiltonian principle) ; cf. infra, Carlotta Longo, Nnovo Cimento, vol, 
XV,, 1918, p. 191, investigated the problem from a more goomotrical view- 
point. 
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Thus 

Rn 



and 



/?33 =3 




Rn 


«£* 

“2^V? 


{a) 


Rui^Of for tif «, 


(^) 


Now, by assumpUon, gi, g^ arc functions of r alone and, in polar 
coordinates, ie. with -r®, ->^sin®0, the arc as in (u), 

p. 390, while all romaiiiing vanish. Thus tho field-equations 
(b) are satisfied identically, and since R93: (^} 

reduces to three equations, say with Ru,^i R44, . But, ns we Icnow, 
S^Of for evciy electromagnetic energy-tensor, and therefore, 

which, in fact, is borne out by (rt). Thus we have 

£i 

ultimately but two dilTcrcntial equations for the two unknown 
functions gi(r), ^^(r). 


Rn 


Ru 






where Ai^logg,. The latter gives at once, by the first of (a), 
h^+h^'^o, ■=const., as in previous radially symmetrical 
examples, and since ^4(00 ) ■» -gi{ 00 ) = I, 

(iS) 


Thus also, = •-F'i 4= -Z?. It remains, for the completion of 
the line-element 


di'* +sin®c/></(?®), 


to find g,i from the Rag'^^ioation which, by (18) and since 
becomes 


gi - 1 +^‘^ 4 ' 


2C*~' 




> 


The electric intensity has to be determined by the general 

electromagnetic equation (i), which in the present case, first outside 
the charge, reduces to 
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Now,,by{l8),g=< 

and 


~ gjgg “ - sill *</>, Thus y®2? = const. “ e/4jr, say, 


E 



(19) 


which, no matter what the precise meaning of e, is at any rale the 
usual electrostatic inverse-square law in terms of r. Thus the 
equalion for £4 becomes 

d , \ / fl \s K 

Its general integral, adapted to the sole requirement ^4(00) >=1, is 
seen at a glance to bo 

+ (“) 


where L is, thus far, a perfectly arbitrary constant. This, togclhcr 
with is, in essence, the required solution, corresponding 

to any spherical distribution of elcctricily, but valid only outside 

the charge. The ~-lcrm is the already familiar equivalent of 

(twice) Ihe Newtonian potential, giving an invcrsc-squat'c attrac- 
tion (should L turn out to be positive) towards the origin. The 


r“' 


term gives an inverse-cube central force which is repulsive, since 


its coefficient is essentially positive. 

It remains to say a few words about Ihc meaning of Ihc constant e, 
and to settle the value lo be attributed to the constant 2L, thus 
far wholly undelermincd. 

The constant e was introduced through (19). Now, since the 
line-element on a surface rn const, is given by 


an element of area of this surface is d<r»r^sin^d^(fd, and since 
J|sin0d^df?»4ir, the constant e is, by (ip), simply the surface 
integral \E dv extended over any sphere outside the electric particle, 
or also \F*^da-^ and may therefore, without any further niceties, 
be considered as the total charge of the particle. 

The second point, however, requires some attention, the more 
so as the writers on the subject, from Reissner onwards, have, 
curiously enough, left it in an unsatisfactory slate by avoiding to 
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pcncLralc into the inlcriof of tho particle, Yet tlicrc arc no 
(analytical) diflicultics in doing so ; nor is there any other way of 
fixing tho constant L, for tho f'^'term in (20) is a solution of the 
reduced equation (for «»o), and its coefficient remains, therefore, 
wholly free and unrelated to s, as far as the preceding R^g’Cquation, 
outside the particle, is concerned. To determine that coefficient, 
it is manifestly necessary to prescribe the distribution of the charge 
say within a sphere and to consider the conditions inside 
or, in a special ease, at the surface of the particle. Botii, volume 
and surface distribution of electricity, can easily be treated. 

Volume charge. If bo the invariant, but not necessarily 
constant, density of charge, we have, by (i), and since 

I^t us assume, for simplicity, that what is constant within the 
sphere rnft is not pg but its product into dxjds, 

edi . 

Po-^^^const.^p, say. 

d 

Then, since sZ-jf =f® 8 in 0 , by (i 8 ),* ^ — 

Thus, 

- 1 H* rg^ *- - , 


whence, if ^.1 = 1 at tho centre. 


y ,.4 


r ^ a. 


To express the constant p in terms of the previous constant e, 
nollee that, E being contiiuious across the boundary, 


e=i[va*E^ = 


4irfflp 


as if p were the uniform <lensity of e/f TJiis, at any rate, is the 
relation between the two constants, reducing the internal solution to 


M-* / fl Y 
lOfl® ^4jrr/ ’ 




(20O 


* Which continues to hold, Independently of tho value of IS. 
t Hiough <|ira*/3 is by no means the volume of the sphere; whose geometry 
is noibouclidcnn. 
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Ic (20) holds outside the sphere. Thus, if wo require 
:efore also g^, to be continuous across the boundary, the hitherto 
itrary constant of integration will become 

50 \4jrc/ 

the corresponding (attracting) gravitational mass mg » BvLjKf 

3rc V^^E^dV is the total energy of the electric field and mi 
inertial electromagnetic moss of a uniform volume charge, 
liliar from special relativistic,* and older, investigations, 
lurfaco charge. This Is still simpler. There being no electric 
and thus no energy-tensor of matter inside the sphere, we 

luclidcan oasis, as it were, in the midst of a non-cuclidean space 
:d by (20), which still holds for r'^a. Thus, in the name of 
itinuity, at a, 



Qnce, the attracting gravitational mass of the electric bubble, 



ere U is again the total electric energy and mi the Inert clcctro- 
gnctic mass of a uniform surface charge, with the same clause 
1 reference as before. 

[n fine, whether with surface or volume distribution, the electric 
‘tide acts, attractively, as a gravitational mass equal to the 
ole inert mass of the electric energy, Af •> U/c^, but only to Ihrcc- 

' Cf. pngo 315. A recalculation of »i| by moans of the olcctromngnoUc 
moninm in Uio prosonl non-galilelan conditions would bo a BUporflnons 
Dfcy which, at tho utmost, might ofloct tlio old value only to a nogligililo 
oat. As to tho value of U, tlio interior of tlio sphere gives Uio conlribn- 
1 and tho external iiold, airaV/45 e^^ojra, making a total 

flora, as above. In tiio case of uniform surface distribution wo have 
ply t^e*IBva, as in tho following equation. Notice Umt, 

lithor case, U is only appro)Himfefy equal to the rigorous value 

the latter being lr^EK}g^f*df, Tiio extra factor ^/^ difTora, of course, 
little from unity. 
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({iiartcrs of tho total olcctroraagnetic mass, There 

is nothing surprising in the latter result For, as was first pointed 
out by Abraham (1904), in his welMcnown objections against the 
Lorentss electron,* the latter must have, beside the usual electro- 
magnetic energy, an energy of some different kind, which, i.g. in 
the case of surface charge, amounts to 




and, for the rest-system, to <?®/247ra. This is one- third of the purely 
electric energy t/, and is the Inertia of both U and C 7 ', so that 
U alone accounts just for three-quarlers of mi^ the mass as deduced 
from the electromagnetic momentum on the Lorentz or the special 
relativistic treatment. Now, since in the preceding treatment 
only the electromagnetic energy-tensor, (15), has been taken into 
account, the resulting gravitational mass mg could not be expected 
to cover moro than three-quarters of the inert mass mi. To cover 
the whole, one would have to superpose over (15) an appropriate 
noiheleclromagnetic energy-tensor, of which u\ the density of U\ 
should be the 44-componcnt, and of which other components 
(stresses) would at the same time prevent the electric particle 
from exploding. Such, in fact, is one of the purposes of Mie's 
theory, with Poincard as precursor. But no satisfactory solution 
is in sight, and the whole problem, of an electric theory of matter, 
is not ripe enough to be profitably discussed in this place. 

In addition to the aforesaid attraction, the electric particle 
exerts a gravilalioml repulsion, so to speak, corresponding to the 
last term in (20). The attractive and the repulsive potentials, of 
which the latter decreases more rapidly with distance, just balance 
each other at the boundary, in the case of a surface charge, that 
is, ]<'or this kind of charge distribution the Newtonian potential, j* 
i.e. will now be, by {20) and (21), 



* Koodors who have not followod that pro-rcIativistic polemic may 
consult Loroiilz's Columbia UnivomiLy Lcctiiros on 'The Theory of EletArons, 
especially pp. 313-215 (2nd cd., igi 6 ). 

tCorrospondlng, of course, to tho approximate form, d*;r</d/‘= 3 £l/a#i, 
of tho equations of motion, or else to what Einstein's equations become 
in tho rest-system of a particle immersed in this gravitation Held. 
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or, ill terms of the electric energy IJ =»c®/8?rrt, since 

(-) 

whence, the corrcBponcting central acccleralioii, 



outside, and vanisliing inside, the electric bubble. For a ^ r< 2 a 
the repulsion prevails over the attraction. For r=>2fl they arc 
just balancing each other, while for distances large us compared with 
the diameter of the bubble we have sensibly the Newtonian inverse- 
square law of attraction. Such then would certainly be the case 
even in atomic distances, cm,, if the bubble were of dimen- 
sions commonly ascribed to the electron or to the hydrogen nucleus. 
Notice that this solution has nowhere a singularity. Similarly, 
for the case of volume charge, 



and 

^ ^ / 5fl\ 

rfr “ " r* V 

outside, and k/dV/ 45 inside, the electrified sphere. 

To close this subject, notice tliat the result ntg^m=’Ufc' I’cprc- 
Bcnts only an approximate ccj[uality of gravitatinnal and iiiort masses 
(quite apart from the missing one-quarter of nnn-cloctromagnctic 
origin). For, as montionod in a footnote, U dilTors slightly from the 
volume integral of Su> A similar, small* dincronco lictwcen inert 
and gravitational mass occun'od also in Schwarsschild’s xiroblom of 
a liquid globe, Tlio equality of tho hvo ‘ masses ’ lias thus, in spite 
of Wcyl’s over-ompliasizcd assertion {l.c„ p. 275), only apjiroxiniatc 
validity, unless one Is willing to re-dclinc olthcr kind of mass in 
particular classes of pi-oblcms, Tliis, however, seems scarcely wortli 
the pain. For tho physicist it is enough tliat Einstein's tlicory yickls 
the equality of inert and gravitational mass, nt any rale, to a close 
api>roximaUon, and, as far as wo saw, a very close one indccil. 

Thus far the electric sphere. Other similar pi*oblonis, of an axially 
symmetric typo, invosUgatod by Lovi-Civila {lieiul. Accad. Lincei, 
vol. xxvl., It) 1 7, p. 319), offer 8cax*cely more than tho intci*cst of 
mathematical curiosities. Such Is tlio gravitation flold duo to a 
uniform electric or magnetic field. In tho case of the latter, for 
instance, the mimitoncss of non-oticlideanism wixuight into tho 
otherwise Euclidean space may bo judged from the result that Ibc 
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()£ a ' piano ' (goodcsic sui'Xaco) normal lo Iho umgnolic field, 
of Inlciifiity H, is kll*lc*, which means, for n field of 40,000 gauss, 
a curvature mdlus but' littlo less than io*<’ kilomoti-cs. 

The subject next to occupy our attention does not contain any 
substantial contribution lo Einstein’s theory, but is purely formal, 
and may therefore be treated with comparative terseness. It 
concerns the building up, in connection with general relativity, of 
what commonly goes under the olden name of principle of Least 
Action, or Hamiltonian principle, but what more appropriately 
may lie designated by the plain name of a Vnriaiional Principle. 
That the generally covariant electromagnetic equations, together 
with the gravitational field-equations, can bo deduced from, or 
represented by, a single variational principle, was first shown by 
Lorentz and Hilbert, and a little later by Einstein.'^'' A true dihige 
of papers, by Klein, Wcyl, and others, followed closely, but their 
enumeration need not detain us. One cannot help remarking, 
however, that the importance of the principle in question seems 
greatly over-estimated in some of these publications f and in their 
reverberation in one or two treatises. 

To deal hrsL with the electromagnetic equations, and to have 
a rather familiar ascent to the variational principle for their 
generally covariant form, let us recall from pre-rclalivistic jdiysics 
that the fundamental vacuum equations were represented by a 
variational principle in which tlie rAIe of the Lagrangian function 
was played, mainly, by the difTerenco of the magnetic and the 
electric energies or half the volume -integral of In the 

presence of moving charges, had lo be supplemented by 

twice the product of charge density into .Schwarzschild's clcctro- 

kinelic potent ial,f P‘‘^vlou8 symbols. Now, the 

generalization of the latter is the inner product and that 

of as we saw on p. 447, is the invariant of the 

field. This suggested for the integrand the generally invariant 

* II. A. T^irontz, Amslerdam Versl.. vol. xxiii,, Kjij, p. 1073, with four 
inoro pnpura in vols. xxlv., xxv. 13 . Ilitbort, ' Dlu (triaullRgen dor Physik/ 
I., GMingar Naehr., 1915, followed by part II. in 1917. A. Kinstcin, llorlin 
Sitziiugshor,, vol. xlii., kjiG. p. 1111. 

f KetuI, for instance, the flint and the Inst pages of Ililhurl's first com- 
nuinlcallon, quoted above. 

.’t K. Scliwarzschild, ' Zwcl Forinen dcs Prinzips dor hleinsten Aklion 
In dor Klnktninnnthcorlo,' Unit. Naehr,, tij03, p. izj. 
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combinalion ^FP and thus, in view of the inlugral iuvari* 
ance of ^Jgdx^^/gdxi the required variational principle 
naturally became 

- 2C^\)dx^o, (23) 

the integral to be extended over any closed world ‘domain. Here 
entering into the first Lorin, is assumed to be the rotation of 
a four-vector (the four-potential), which amounts to assuming nt 
the outset the group (2) of equations. Then the principle yields, 
readily enough, tlie first group of clcclromagnctic equations, to 
wit, when the potential alone Is subjected to a variation vanishing 
at the boundary. In fact, from the value of FF, 





/35 p 

dxJ\dXa 


dXpJ 


follows, on partial integration, and sinee at the boundary, 


« ^FFsJ ^gdx^-j S'b. - a, /3 J dx, 


or, the denomination of the indices (to be summed over) being 
irrelevant, and being antisymmetric, 


Thus the principle (23) gives at onco 


(24) 


OJfi, 


which is the required group (i) of electromagnetic equations. 

Before passing to the ease of gravitation, let us notice the follow- 
ing capital property of the first term in (23). If the metrical tensor 
only is subjected to variations Sg«P, while S4 »,bio, and therefore 
also 8/?,*=o, we have 


^^/g FP) ^FapF»&Ug = Jb [“ PiK r • 
or, since 

ms/iPP)^MP^^P^. “ IPP] 

whence, the announced property. 


(25) 
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and therefore also 






(25«/ 


exhibiting the olcctromagnoUc' energy 'tensor, (15), in terms of 
derivatives of ^gFF with respect to the metrical tensor com- 
ponents.* 

Now for the variational principle representing Einstein’s general 
field'Cquations (HI). If, as before, be the curvature 

invariant, and M another invariant relating to matter and con- 
taining (apart from some space-time functions and their derivatives 
with respect to the coordinates) Uic g** only, and not their deriva- 
tives, the principle in question can bo written 




+«M)d»=o, 


(26) 


the integral, Itself an invariant, to be extended over any closed 
world-domain. Since R is linear in coefficients 

containing only the a partial integration will give 


pg Rdx - + JPder, 


(«) 


where tho second integral extends over the boundary ir of the 
domain, and R* contains the g'* and their first derivatives only. 
The same, of course, is true of P (whose value docs not interest 
us). Thus, if it be required that the variations of the g"^ and the 
should vanish at the boundary, SjPder = o, and the 
printiple (26) is reduced to 


S) >/g{P* + icM) rir = o. 


(26^) 


The variation of the g‘* gives now at once the Lagrangian cciuations 

^g'* * ^ 

ten in number, of which, however, by a very general theorem due 
to Hilbert, f four are a consequence of the remaining six. On 


* Tho quatornionic oqnivalont of (25), for special relativistic conditions, 
is (8) or (4) and (7) of CItaplor IX., wlioro tlio part of FF is played by it[]L. 

t If / Im on invariant containing »» magnitudes and tlioir derivatives, 
then of llio m Lagrangiaii vaTialimial equations derived from 
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actually performing llio partial iiUogration iiulicalcd in (a) it will 
be found that R* which, unlike the wliole R, is no more an invariant, 
has the value 

With this value of R* Ihcjcft-hand member of (27) turns out to be 
identically. Thus the Lagrangian equations (27) 
become idenlical with Einstein's gravitational iicUNequations (III), 

provided that the cnorgy*tcnsor of matter is related to the scalai' 
M appearing in the variational principle (26) by 

Equivalently, since fi (>/gM) *= - s/gT^w Sg** « yjg 7 ^" ^^g, we may write 

( 29 «) 

In particular, if ' matter ' stands for an electromagnetic field, 
when we sec by comparing (29) with (25), that the rdlc 

of M is taken over by the invariant of such a held which 
already made its appearance in the principle (23). Thus, inserting 
in the integrand of the latter the constant factor k/c^ and adding 
the curvature invariant R, we arrive at the variational principle 

(30) 

which represents both the electromagnetic and the gravitational 
ncld-cquations, the former corresponding to a variation of the four- 
potential, and the latter to a variation of the metrical tensor 
components. If, in our present incapacity of constructing an 
electric theory of matter, any macroscopic energy- tensor is super- 
posed over the electromagnetic oncj the corresponding scalar 
function kM is to be added to the bracketed terms, 

with respect to those in magnitudes, four are always a ccmsequcnco of the 
remaining m -4, 

Tints the variational principle (26) yields the provloiis ' equaiions of 
maltw* automatically. Tito left-hand number of (27), divided by ^/g, 
is, owing to the way it was derived from R, a stHenoidal tensor. Tills gives a 
now proof of the solonoidal property of which turns out to ho 

the value of the latter tensor. 
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Since 0|gf/3g»«s» -ggi*, (29) can be wrillcn 
whence also, ihe scalar of Iho energy-tensor, 


(296) 




If M happens to bo homogeneous in the g»*, of any degree », the 
second term becomes, by Euler’s theorem, «M, and therefore. 


r = (2-»)M. 

In particular, if «=2, ns for FF, the scalar T^S vanishes, which 
we already know to be the case for the electromagnetic cnergy- 
Icnsor, As another, more interesting example consider a homo- 
geneous energy-tensor of matter, whose scalar is pg, the macroscopic 
rest-density of matter in the common sense of the word. To 
construct the corresponding Lagrangian function 


M 


2 -n 


it remains to find n. Now, as before, in the case of electric charge, 

Po may be defined by 

Pqs! - gdx^dm,ds, (31) 

where din is the invariant mass of an element of matter, and 
ds^=»g^^dx^d»^, Thus the degree of homogeneity of is that of 
dsjyjg or of >Jg^,jg which is n = 1(4 - 1) = §, Hence 2 - w => 1 , and 

M«2po. (32) 

The corresponding contribution, or ' action ’ of matter, to be added 
with the factor k, to the integral in (30}, is 

2 dx">2 d$^2 |w ds^ 

in agreement with LorenU's treatment of a particle (reference in 
footnote, p. 457). Using the general formula (29®), wo have from 
(31) and (32) 


/ — 'THic - dm 3(rfr) dm dx^ 
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wJiich gives to tlio corresponding energy-tensor of matter the form 

familiar from previous examples. 

Wo will content ourselves with these few Indications on the 
variational principle and, having thus far treated only the vacuum 
equations or the fundamental equations of the electron theory, (l), 
(2), wo shall close this chapter by considering a generally covarianl 
form of the (macroscopic) equations in scmi-conducllng dielectrics, 
i,a, of the Maxwellian equations of page 261. Such a form may 
be obtained at once by generalizing Minkowski’s electromagnetic 
equations for ponderable media, treated in Chapter X. from the 
special relativistic standpoint. To adapt tlioso equations to the 
requirements of the general relativity principle but a slight modiiica- 
tion is needed, amounting to scarcely more than the insertion of 
sjg in.tlio broadened definition of the dual of a six-vector. 

If F^f be a six- vector embodying, in the notation of that chapter, 
the vectors 102 and E, the covariant generalization of the equations 

diSfl/dl « - . curl B, div 2R = o, 

will again bo rendered by formula (2) of the present chapter. If 
IF* be another six-vector embodying @ and M, and if C be the four- 
current, now consisting of a convection and a conduction current, 
the equations 

+ 1 = c . curl M, div 6 = p, 

again independent of the properties of the particular medium, will 
be covered by the generally covariant equations 

exactly of the form of the vacuum equations (i), with the only 
difference that IF* is no longer identical with i'**, tlie contra- 
variant associate of It remains, therefore, to take care of the 
material relations 

that is to say, to write down three generally covariant relations 
between the lensoi’s IF*, O and F,,,, containing as cocfificionls 
K, p, cr, which will be considered as general invariants, and the 
four- velocity, say, 


p* = dxjds, 
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defining Uie motion of the dlelcclric medium. Now, two of the 
rolations can simply bo taken over from Chapter X, That implyi 
X, and expressed either by the first of (2<() or by Minkowsk 
matrix-form (p, 266}, is seen at once to be rendered by the tens 
formula 

where N^K is the covariant associate of IP*, The right-ha 
member of the conductivity relation will again contain p*F 
the generalized equivalent of our previous PL-RF, and, as 
Chapter X,, we will make proportional to it not the whole foi 
current, but its part normal to the four-velocity, which is 

for, since wo have ?,/>•*» o, which is the required ortl 

gonality. Thus the generally covariant current equation will be 

The remaining relation, involving the permeability fi, contain 
yL+RF, etc., or the products of the four-velocity into the ‘ dua 
of Pm, Hm, a concept which now calls for a proper gcncralizatk 
As stated previously, in matrix form (p. 230), the dual of a spec 
relativistic six-vector 

^aii f'x*! ^Ui 

has the components 

^Ui ^84 5 ^831 ^01> ^'la 

respectively, and is again such a six-vector, but not a gener: 
covariant one, and cannot therefore be used in the present c 
ncction. The perfectly general concept of the dual of a six-vee 
can be arrived at either by considering paira of iiuitually orl 
gonal surface-elements or, more rapidly, in the following way. 

Let stand for -n or — i, according as iKkjjL follows fr 
1234 by an even or an odd number of permutations of ncighb 
elements, and for zero if any two of the indices arc cciual. Tliei 
can be proved * that [*«A/A]/>/g is a contravariant tensor, of n 
four and, by its very definition, antisymmetric in all pairs 
indices. Such being the ease, let be a six-vector ; then 
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vrill again bo a six-vcctor, having, manifestly, llic components 

Ah ' (w„, A„, A„), 

V-g 

A A, A— ^b)- 

This is the generally contravariant dual of A^K. Similarly, since 
is a covariant tensor, 

( 33 ») 

will be the covariant dual of A*^, 

If now IJ*^ be the duals of the required, generally 

covariant form of the outstanding relation can be written 

This dillcrs from the Minkowskian relation, p. 266, only by the dc> 
terminant g entering into the duality relations ’'g^*t etc. 

Gathering together the scattered formulae, the complete set of 
the generally covariant electromagnetic equations for an arbitrarily 
moving ponderable medium will now bo 


■Jg ’ dxx dx^ ’ 


( 34 «) 




The pondero motive force, and its activity, can again be repre- 
sented, at least in the ease of a homogeneous medium, by the four- 
vector as in (13). A detailed interpretation of the several 
terms of tJicsc equations for the general ease of any metrical field 
would scarcely reveal anything of interest for the physicist, and need 
not, therefore, detain us here. It will suifice to add that in quasi- 
galilcian conditions, and with the correlation 


the equations (346), with 

^ 77 s ' 

assume at once the form 

(£ + ? VvM - iif (b + ~ VvSD?), etc., 


WEYL’S GEOMETRY 


465 


as on p, 265. On the othor hand, for <r » o, iC i, and with any 

metrical field, the relations (346) give //,*« the four- current 

becomes purely convective, and (344) become identical with the 
sot, (i), (2), of the fundamental electromagnetic equations. 


NOTJiS TO CHAPTER XV, 


Note 1 (to page 443). The gcnoi'allzation of Ricmamiian geo- 
metry and tiio interpretation of tlio coefficients of tlie supplomontary, 
gauging, linear form os the comiwnents of the cloctromag- 

notic four-potential, togcthoi* with some attempts at the construction 
of a universal Action Principle (variational principle), wore described 
by H. Weyl, after two jn-eliminary publications, at some length in 
his paper on ' Eino iieue Erweitorung dor Rolativitittsthcoric,' 
Awialen dor l^hy&ik, vol, lix., 1919, pp. 101-133, and then embodied, 
with amplifications, into the third and the two following editions 
of his book, Ratm-Zeit-Maferie. Tlie 4th edition is translated by 
11. L. Erosc into English. Unfortunately, liowevcr, this version is 
marred by numerous slij[)s and misprints. (A helpful list of errata 
and remarks will bo found in F. D. Murnaglmn's review, Amer. 
Math. Monthly, Math. Assoc, of America, vol. xxx., 1923. p. 141. 
For the unnecessary 'diificultics due to the mode of presentation,’ 
of which Dr. Muriiaghan justly complains and which will be felt 
throughout the book, the translator, of course, cannot be made 
responsible.) Objections against Wcyl’s ttreory, or mthor against its 
physical applications, were raised by Einstein in SUzniifusbericMe of 
the Ucrlin Acmlcmy for 1918, p. 478, Weyl’s rejoinder being 
appended. These wore followctl by Einstein's further, 1o.sh adverse 
and more rcscrvc<l comments, ibidem, 192 1, pp. 261-264. Perhaps 
the best, ami clearest, presentation of VVcyl's ideas, an<l especially of 
the physical di8a<l vantages of his theory, is that given in tlio Rncyclo- 
p&die article, ' KclntiviUltstheorio,’ of 1921, by W. Ihudi, jr., quoted 
before, section O5. Throe more recent papers by Einstein, llorlin 
Silenngsher., 1923, pp. 32, 76, 137, which provide for a less objection- 
able goometrization of clccti-omagncllsm along with gravitation, 
may Im recommended to the reader's attention. 


Note 2 (to page 447). It will be cnougii to verify tlio general 
equivalence of 

and(M), ».«. (i) 

2 O 


8.R. 
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in tho special case of coordinate systeins for which g is constant, anil 
tlieroforo, 

P Ea 7? ^ IP I7®*\ — 

Now, by the electromagnetic cqttaiions (a), tho last term con bo 
redticod, without trouble, to 

- - i***^^. 

and tho lost term of this expression can bo reduced to 
4i5^^F**gap3gPT/cl^l. 

Thus, 

On the other hand, since for constant g 
the first term in (6) is 

identical with tho first term in (a'). Again, 


M 


the first of these terms is identical with the second of (a'), and tho 
second can readily be transformed into tire third term of (a'). Thus 
tlie whole expression {a*) and, tlierefore, also (») is covered by (6), or 

Pi=®.S.“, 

whicii was to be proved. 

Another, more elegant method of establishing this formula, for any 
coordinates, is bas^ upon the variation principle (23) and tho 
identity (25), given in the latter part of tliis cliaptcr, by which tho 
electromagnetic energy-tensor is expressed in terms of derivatives of 
•JgFF with respect to tire g‘«. Tire desired representation of m 
tho divergence of this energy-tensor follows from the xirinci2)Ic when 
tho variations fi'E. SgtH are generated by an appro jirialo iiifinilosiinal 
transformation of tlie coordinates. For tho lino of reasoning and 
tho technical details concerning this method the reader may cunsiilt 
Pauli's article, ho. cit., section 23. 


Hote 8 (to page 463). Any contravariant fourth-rank tensor, anti- 
symmetrical In all pairs of indices, can manifestly bo written 


AN AUXILIARY TENSOR 


whoro and tlie moaning of tho bracketed symbol is os 

p. 463. Now, by tho general transformation nile, 




Multiply botli sldos of this oquation by [ikA/a]. Xlioii Iho loft-hand 
momlMr will become 4 1 a' and tlie coelHcicnt of a in tlio right-hand 
member 4I times tho Jacobian in our provioiis 

notation. Thus a*J «a and, by (8«), p. 337, 

a an Invariant. (i») 

Consequently, by (a), 

[(K Afi] ^ eoutravariani tensor, 


which was to bo proved. 

Such being the case, start fi*om a covariant antisymmotric tensor 
Since its inner product into (a) is an invariant, so 
is ttjS, and tlioreforo, by (b), also P}\/g, Thus, Is a covariant 

tensor. 
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aOBMOLOOIOAL SPEOULATIOKB. 

Not unlike the oldest natural philosophers, Einstcii 
withstand the temptation to speculate about tho 
universe as a whole. There is perhaps this diScreiicc, d 
of our age, that while the ancient philosophers and 
therein some vague though powerful longing for a cosr 
and set out to satisfy it with the ingenuity and prom 
child, Einstein was driven on the path of world at*c:l 
reasons at once more definite and thoroughly tcclm 
reducible, in fact, to the difficulty of building up, for 
of his field'Cquations, a satisfactory set of condUiou. 
It will be noted that his world of 1916 was, in all its fo u 1 
infinite. Other reasons, no doubt, such especially siB 
ment of a complete relativity of inertia, cooperated, 
having confessed his inability to find tliosc condition 
infinity, Einstein cut the Gordian knot by making tlio 
that is, in his own words, closed in ils space exiettJFto 
be admissible, no such conditions were needed. In 
hypothesis, already contemplated by others before: t' 
Relativity, to bo fitted into the whole scheme of Llic: 
required but a slight modification of the original Jli: 
( 111 ), Chap. XII. This Einstein did accordingly, in 
1917 just quoted, without, of course, impairin}r \ 
covariance. The field-equations thus amplified, t<>]^u I 
speculations on the world as a whole, duo to Eiiistoii 
will be the subject of the present chapter. Son 
topics may be touched upon, as the opportunity tiri 

* A. Einstein, ' Kosmologischo Botrachtungon zur allgoiii 
tfttsthcorlo,’ Berlin SiUmgsberickU, 1917, iip. 142-1 isa. 
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To begin with Einstein's own cosmology and his new Hcld- 
equations, let us lirst look into his difficulties ' at infinity ' hinted 
at in the preamble. 

Without yet prejudicing the question as to the total amount of 
matter actually present in the universe, finite or infinite,* let us 
contemplate, in our mind only, the existence of a single mass«centre 
or a body of finite extension, outside of which the energy-tensor is 
nil. To fix the ideas, let the * body ' or domain of non -vanishing 
TtK bo characterised as a whole by a definite gravitation radius L, 
The tensor Tik being given tliroughout the body, the metrical field 
g,K within and around it is not determined completely by the field- 
equations (III) alone. Such in fact would also be the case with 
any other difiorential equations in infinite space-time. Very much 
os with Laplacc-Poisson's equation, a necessary f supplement of 
the data in Einstein's case consisted in prescribing the behaviour 
of the at Infinity. As will bo seen cither from the rigorous 
example of the radially symmetrical field or from Einstein's general 
approximate solution in terms of retarded potentials (pp. 390, 433), 
the gu were, without much ado, assumed to tend at infinity, that 
is to say, for large and indefinitely growing r/L, to their Galileian 
values In fact, in the former case the product which 
according to the field-equation + might have been any 
constant, was given explicitly the value 

which, in llie adopted coordinates, belongs to a Galileian domain.j: 
And in the latter case the said assumption was made tacitly in 
passing from the equation 

unceremoniously, to 

-2Kpot7\,U.f/fl), 

the integrations in the relurdcd potential to be extended over the 
volume of the body. Now, the latter is, in general, by no means 
a solution of the former. Write «/» summarily for any and / 
for and let (r be a surface enclosing the region of /-/ 0. 

* Which question by itself gives rise to dlfncuUlos of n dllTorent kind. 

■)■ Formally, at least. Cf, infra, 

t 'iltough no use was actually made of the values - t, |f,(co) <=1 

soparaloly. 
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Moreover, Icl t/> be assumed lo be coiilinuous logeUier wilh iU 
first derivatives. Then, what is well known as the solution * of 
-/, is the retarded potential oif plus the surface integral 


47rJLf “dn 



cr ol 


where n is the outward normal of a-. Thus, Einstein’s solution is 
based upon the tacit assumption that all the and therefore 
also the y,Kt tend to zero, so rapidly at least as to make the limit 
of this integral (for indefinitely expanding cr) vanish, which at any 
rate means again tending to gix. 

In fine, in these and, more or less explicitly, in all other instances 
the metrical tensor was assumed to degenerate at infinity into 
the Galileian tensor 


•>10 0 0 



o O 0 I 


Now, such boundary or limit conditions, formally not independent 
of the choice of the coordinates, have, in Einstein's own words, 
seemed 'repugnant to the spirit of the relativity principle.’ To 
retain its form in all coordinates, the limit tensor would have to 
be an array of sixteen zcroes.f 

As a matter of fact one fails to understand how this dependence 
of the tensor form on the coordinate choice can be seriously ' re- 
pugnant ’ to the aforesaid spirit. In fact, to adopt (f,«) means 
nothing more or less than to assume homaloidal or Galileian con- 
ditions ai infinUy. The particular tensor f,., written out in Car- 
tcsiims, docs not, of course, retain its form, but a Galileian or flat 
world-domain remains so in all coordinate systems. This then is 
an invariant or a co variant feature, perfectly agreeable to the 
relativity principle. Moreover, to save the face of relativistic 
formalism, it is enough to express this behaviour at infinity dif- 
ferentially, i.e, in terms of the non-contraclcd curvature tensor, 
requiring all its components to tend at infinity to zero, 


*For its deduction see, for instance, K. Boltrainl, Rend, Accad. Lincei, 
Horios V. vol 1 . som. i, 1892, p; 99. 
t As pnrliciilarly insisted upon by do Sitter. 
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or, cquivalcnlly, all tlic Kioniaiin symbols {w, Aa) to vanish* at 
infiiiily.* These arc generally covariant conditions (twonty indc- 
pendent ones in number), and they express physically just the 
same thing as Galilcian,' namely the holonomous trans* 
formability of ds* into a form with constant cocfhclonls, repre- 
senting the known simple behaviour of free particles and of light. 
This tlicn seems an unobjectionable form of the conditions. Nor 
is there any other way, than the dilTercntial one, of expressing 
covariantly the tendency to flatness in a manifold, and this only 
is actually required. In line, the said circumstance affords no 
reason at all for rejecting the discussed conditions at infinity, 
although it Is given by Einstein [loc, cU.^ p. 147) as his first reason. 

Some years later Einstein himself seems to liave recognised the 
true natuixs of such a limit condition. For, in his Princeton 
Lectures (p. l lO) he spcalcs of it as the hypothesis of the universe 
being Euclidean at infinity and as expressible by the vanishing 
of the tensor /?,«ai»* Yet, though no longer ' repugnant,' it seems 
to him from the relativistic standpoint a ' complicated hypothesis,' 
because it furnishes twenty independent conditions, while only ten 
enter into the field-equations, and his conclusion now is that 
*il is certainly unsatisfactory to postulate such a far-reaching 
limitation ivithoul any physical basis for it.’ liut, in the first 
place, few things have a better physical basis than our belief or 
knowledge that Galileian behaviour sets in while we arc receding 
from a massive body. And, in the second place, since before 
travelling to infinity we have, outside but near the body, the 
field-equations 

'K..+^u< = o, 

ten of those twenty conditions arc already taken care of, and but 
ten more conditions remain to be satisfied by the limiting values 
of ns many Even these surviving conditions might perhaps, 
hut actually do not, engender any difliculty or complication. In 
fact, in the fundamentally important case of radial symmetry t all 
these conditions arc easily complied with. Nay, it so happens that 
they are satisfied automatically even by the most general radially 

* 'J'hia form of tlio conditions was ndvocatod by the author some time 
ago; M,N. e/fl.A.S., vol. IkxvIH., 1918, p. 366. 

t Which suits not only on abstract 'point-mass' but also any finite 
body, provided ono recodes from it far enough. 
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symmetrical solution of the field-equations i?,K'=o, So much so 
that these equations yield by themselves a solution whicli, to all 
physical purposes, is indistinguishable from Scliwarzschild's solu- 
tion. In fact, returning to the throe differential equations (at the 
bottom of p. 390), to which all the field-equations in the caso of 
radial symmetry reduce, and making no assumptions as to the 
behaviour of gi, g* at infinity or elsewhere (apart from continuity), 
we have, as the most general solution of the third equation, 

where a is an arbitrary constant. Tlie second equation now becomes 

a; log [<•(?. 

and the first is again satisfied identically, Thus, if -2aZ,, say, bo 
anotlier constant, characterizing the mass-centre or the body at 
the origin, the most general radially symmetrical solution of the 
field-equations outside matter will be 

« a (i - 2L/r) A* - (l - 2l./r)“‘ dr* - r* (rf^* +ain“ <f> dO’), 

and since the constant factor s/a can be thrown upon f, this is to 
ail purposes identical with Schwarzschild's solution (12), p. 391. 
The only use there made of the conditions at infinity consisted in 
making a B I, which, however, is pure formalism, entirely irrelevant. 
Tlie solution of the field-equations is made physically determinate 
by the mere requirement of radial symmetiy.* That the con- 
tained in the last line-element will satisfy, for evanescent L/r, all 
those conditions, is now manifest ; but if the reader desires an 
exercise in computing Ricmann symbols, he will readily verify 
this statement and find, moreover, that all (t«, A/a) tend to zero 
automatically,! i,e. without enabling us to determine the constant 
a, as might have been expected. 

* Such also is the caso witli the classical fiold-oquation of Laplace, which 

with radial symmetry, becomes ^ (r* «o and yields, as the most goneml 

solution, 0=^+fl, where the arbitrary constant B is again physically 

irrelevant. It is true that in Einstein’s theory the ' potentials * them- 
selves, and not only their derivatives, are attributed a physical rftlo. Yet, 
in the present case, the only arbitrary factor a could bo thrown upon the 
time unit, and is thus devoid of any importance. 

t As, for example, (la, ai) = ~;^i (13, ia)ao, and so on. 
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There is thus iiolliing rclaHvislically repugnanL or embarrassing 
about the discussed condition, a world tending to flatness at 
infinity, — ^inasmuch, at least, as the motrlcal fleld surrounding a 
solitary limited body is concerned. 

In his eagerness, however, to abandon tliat limit condition and 
with it the infinity of the universe, Einstoin adduces another reason 
which, being connected with the actual amount and distribution 
of matter, is of an altogether diilcrcnt kind. It can be traced back 
to Ernst Mach’s ideas,* and may be briefly characterized as the 
requirement of relalivity of inertia, pushed to the extreme, a poslu* 
late referred to by Einstein ns Mach's principle and claiming 
that the inertia of a particle should be not only ‘ influenced ' 
but ' conditioned ' by, i,e. entirely due to, all the remaining 
matter in the universe, — a joint gravitational ciTcct of all this 
mutter. 

The adoption of flatness or the Galilcian tensor at infinity would 
then amount to giving up this radical and, in Einstein’s opinion, 
most desirable postulate of the relativity of inertia. For, although 
the inert mass of a particle would still depend upon the being 
approximately increased from unity to +^/c% yet, since 

the am even at the very surface of the sun but slightly didcrent 
from their Ciatilcian values, the mass of the particle at infinity 
would be but very lidle smaller than near the sun or other celestial 
bodies. In short, the bulk of the particle’s inert mass would be 
indopcndeiit of the rcinaiiiing bodies, and if it existed alone in the 
whole universe, it would still retain practically all its inertia, 
instead of becoming a massless phantom, as required by the said 
postulate. As a matter of fact there is nothing in our experience 
enabling us to deny that the former would exactly be the ease. 
Ihit somehow Einstein inclines to the belief that a solitary particle 
would have no miuis.f If a few of the actual stars were left in 
existence, just to serve as a reference frame, the ' particle,’ say our 
sun, would still have no inert mass worth speaking of. .Such is 

* TIicho are boaullfiilly oxpouiidod in Mach’s famous addrcHs of 1871 on 
' Itrlinltnng dor Arlxilt,* Prog, 1872, Note i, oflpocinUy and In his 
inomunontnl MccUmih in Hirer Enlwlckelmg, srd ud., Leipsic, 1897, 
chnxi. il. HCcUon 6, osxiociany x>p. 226 et seq, Thoro is an Kiiglish version 
of the latter work. 

I No inert mass, that is. but (if wo righUy tmdorsland him) it would 
rolatn its gravitational or (lcId-x)roditcing innss. 
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the new requircmcnl, and the cosniologist, if anybody, must be 
given full freedom in choosing his postulates. By accepting the 
postulate in question, Einstein ruled out the possibility of 
at infinity, but wlictlicr he succeeded in satisfying this postulate 
itself, i,e. in actually representing the bulk of inertia os the gravi> 
Lationol effect of all existing matter, remains doubtful. To say 
the least, we do not know whether there is nearly enough matter, 
suitably distributed, for that purpose. But questions of this kind 
can be more profitably relegated to the end of the cosmological 
scheme yet to be expounded. 

So much about the claimed relativity of all inertia as Einstein’s 
second reason. Yet anotlier reason against Gnlilcian behaviour at 
infinity is given, which is based on statistical considerations 
borrowed from the kinetic theory of gases, and which would 
equally apply to Newtonian theory, with the usual inverse-square 
law. But this aspect of the question need not interfere with our 
present line of reasoning. Moreover, the corresponding difficulties, 
derivable from Boltzmann's distribution law, and those arising in 
connection with matter spread out to infinity, can all be removed 
on classical lines by a slight modification of the Newtonian potential, 
which it will be more expedient to mention later. 

In conclusion, Einstein admits his inability to build up satis- 
factory conditions at infinity, in space, that is.* At this stage, 
however, a surprisingly simple way out suggested itself. The 
conditions at infinity being hard or perhaps impossible to find, let 
the world be finite, i.e. closed in all ils space extensions. If this 
be compatible with other requirements, no boundary conditions 
were needed. Thus Einstein comes to assume space, or ratlicr a 
space as a certain cross-section of the world, to be a finite, closed 
three-fold, on the whole of constant positive curvature, in fine, an 
elliptic space either of the antipodal or the polar kind. To fix the 
ideas, and to avoid antipodal alter-ego’s of light sources and so on, 
let us decide for the latter or the properly elliptic kind of space. 
Of constant curvature ' on the whole,' since, as we saw before, the 
curvature properties of space-time arc modified within and around 
matter, the world-invariant R, for instance, being proportional to 

*Loe. cH., p. 1.18, Tlioro is no mention in the paper of the behaviour 
at an infinite past or fiitnro, such questions witli rogard to time not being, 
perhaps, urgent enough for the usual, more or less stationary typo of 
problems. 
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the clenBifcy of lunlLur. The curvaluru of space, as a certaia section 
of the world, can thus be only approximately constant and isotropic. 
Accordingly, Einstein assumes that his space is eiliptic or. very 
nearly so on the whole, departing here and there only, within 
condensed matter or around the celestial giants, from the average 
value, i/n* say, of its curvature and also from its general isotropy, 
solnc^yhal as, in a two-dimensional analogy, a slightly corrugated 
or wrinkled spherical surface. As the reader already knows, the 
line-element of such a space is, in polar coordinates, 

rf/* »« dr* -I- o® sin* ^ + sin* dd®) , (15) 

and Einstein arrives nt the line element which is to determine 
the world on the whole by subtracting the latter element from 
This amounts to laying the <-axis perpendicularly 
to tliat space as a world section. 

Thus, far enough from coiulcnscd matter, in interstellar, and 
perhaps inoro so in iiiLergalactic regions, Einstein's world or space- 
time is characterised by the line-element 

rfs® - dr® - a® sin® ^ (d^>® -l-sin^^^ d(P), (i) 

or by the tensor 

/rii=-J. /raa=^ (0 

Such then is the metrical tensor on the whole. Is this a generally 
uo variant expression of an assuinplion ? By no iiicans. This 
(ensor, of couise, will not retain its form in dilTcrciit coordinates 
any nM>rc lliaii / 7 „, and sliould therefore be as ' repugnant to the 
spirit of rehilivity ' sis was the older condition at infinity. But 
as ii matter of fact, it ilid not appear to Einstein in such a light. 
And with good reason. 1 ‘or to repel all pedantic objections 
against the non-covariancy of such an expression of the assump- 
tion (or of its original wording : ‘ space is elliptic ’) it is enough to 
rc-slalc Einstein's hypothesis by saying that on the whole it is 
possible to choose a coordinate system for which g,* assumes 
the form (i) ; more simply, that the metrical tensor at large is 
holoiiomously transformable into (i). There is thus left^ no 
doubt about the aignificanco of, or room for formal objections 
against, Einstoin's assumption. Wo may, therefore, proceed with 
the subject. 
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Our next qucslion is, whclhur (i), lliu nictrieal lensor at large, 
is compatible with Einstein's original AclcNcqualions of 1916. 
The answer, as given in his paper of 1917, is in the negative. But it 
need not necessarily be so. This depends upon the choice of the 
energy-tensor to be attributed to the universe on the whole. Let 
this material tensor at large, i.e. outside of condensed matter, be 
denoted by t,K. 

Now, for tlie granular structure of the universe, the grains 
being planets, stars and nebulae, Einstein proposes to siibstitutc, 
if only for tlic sake of simplicity, a macroscopically hontogeneous 
distribution of matter, very much as the concept of a homogeneous 
continuous medium is often substituted for an assemblage of 
atoms or molecules. It is this coarsely homogeneous distribution 
which is to be characterized by the tensor t,K. The total volume 
of the universe being V and the total mass contained in it, 
say in astronomical units, M, the uniform density prevailing on 
the whole is 

Po-M/F. 

Only here and there, within celestial bodies, the density exceeds 
Pq considerably, and may perhaps be somewhat larger in inter- 
stellar spaces witliin our galaxy than half-way between this and 
another galaxy, a million or more light years apart. Further, 
basing himself upon tho known fact of the small relative velocities 
of tlie stars, Einstein introduces the approximate assumption that 
there is a reference frame, relatively to which mallef is on the 
whole at mi, so that in this frame and with a proper coordinate 
system, which is identihed with that belonging to (i), tho material 
tensor t,* is reduced to its 44-componcnt. This means absence of 
pressure, as in a cloud of particles. Under such circumstances we 
have ultimately, in the said system, 

hi^pQ^consl.* ( 3 ) 

as the only surviving component of the material tensor on the 
whole, Tho cosmology under consideration is thus characterized 
by (i) and (2), 

Now, (i) and (2) as tho metrical and the material tensors at 
large are incompatible with Einstein's original equations, (III) 

* With 1, 08 In (1), that is. More gonerolly, = /i, 

and Ihorcforo, in orlhogonnt coord tnolos, t=:/)g. 
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or (Ilia), of 1916.* In fact, the contracted curvature i 
corresponding to (i) is readily found to be 

’Kdd-o; (3) 

all other components vanish. Whence also the invariant 
or, since g« = i/g«, 

( 30 ) 

Thus, lha world'Cttrvaltire as deflned on p. 422, i.e. onc-sixlh of 
the negatived invariant R, is 

K--~i {3l>) 

or equal to the negatived curvature of the elliplic thrcc*spacc. 
But, to proceed with our argument, let us introduce the values 
(3) into the hold-equations (Ilia), p. 421, with t,K written for the 
general T^g. Then the result will be 



But since, by (2), the t{( arc to vanish, the hi*sL tiirce of these 
equations arc manifestly incompatible with the metrical tensor (1), 
unless a is inhnitc and pg nil, which would frustrate the whole 
new plan. 

To secure, therefore, a closed universe, Einstein had to modify 
his original hcld-cqualions (III), 'j'hc required change was but a 
slight one, and it was actually suggested to him by the modificalion 
of the Newton iiui potential, 

11 =- A= const,, 

which, having been already used by Carl Neumann, was discussed 
by Secligcrf in connection with, and as an elheienL remedy against, 
the classical difhculties of an inriniluly extended distributiun of 
matter. With this potential the density of matter needed no 

* Tho broader altornallvo, whicit Includes a hydrostatic pressure in tix, 
mnkos the metrical tensor (i) compatible wiUi tlioso ilcld ocpmlionB, See 
Note 1 at tho end of tlio chapter. 

t I'L Socligor, Munich Beriehh, vol. xxvi., i8(j6, p. 373. Cl, also tlie 
article ' Gravitation ' by }. Zennede in liueykhpUdia d, malb. Wiss., vol, v^., 

1903. p. 51. 
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longer lo decrease (more rapidly than at inlinily, as was neces- 
sary for the potential i/r, but could indefinilcly retain a constant 
mean value. Also the difficulty derivable from Boltamann's 
statistical theorem was thus removed, enabling a distribution of 
matter of a non-vanishing, though very small mean density, to 
maintain its equilibrium without an extra pressure. Now, the 
adoption of this modified potential amounted to replacing the 
Lapiace-Poisson equation by 

- Afl — ^rrkp, 

and guided by this alteration, Einstein modifies his older field 
equations (Ille) simply by subtracting from their left-hand 
members the terms Ag,,, where A is a constant to bo qualified 
presently. 

Thus, Einstein’s new field equations are 

Rxm - “ « (^11. ~ (4«) 

and since tiiesc give at once iR~4A>»K7', they can also be written 

{A) 

The supplementary term Ag,^ is often referred to as the cosmo- 
logical term. Since the covariant derivative of g,, vanishes identi- 
cally, the left-hand member of (4) is again a solenoidal tensor.’*' 
The four equations of matter, are thus ensured auto- 

matically, as with the older field-equations. It remains to show 
that the new equations (4) are compatible with the metrical tensor 
(i) and the material tensor (2), and at the same time to evaluate 
the constant A in terms of the world-curvature or the mean density 
of matter. Now, substituting in (4) the values (3), (3a) of A*,., R 
and the value (2) of t^ for the material tensor 7 \k, we have the 
four equations 

^A “ Sa 4 ■* (do) 

where the g's ore as in (i). The first three are all satisfied by 
Aei/a^, and since g^^i, the fourth equation gives 2(0^ 

*Thls is also, by Vorinoil-Weyrs thoorom (c(. footnote on p. 420), tlio 
most gonoral solenoidal tensor, Hnoar In tho socond derivatives of tlio . 
Thus the knowledge of that theorem might have suggested to Klnstcln 
tills broader form of the Acid equations. As a ninitor of foot, however, 
Einstein was guided by the modified Lapiace-Poisson equation nionUoncil 
above. Cf. Kosmologische BefracbhmgffU, p. 1.14. 
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Thus the constant A is the negatived world-curvature -Kf which, 
by (3^)» 13 also the curvature of the elliptic space. 

Ultimately, therefore, Einstein’s neiv fieU'^quMions (4) assume 
the form 




( 5 ) 

or 


W 


and the wurld-curvature or the curvature of the elliptic space is 
proportional to the uniform density of matter in the universe, 
prevailing on the whole, 


I if/ifl 4ir^ 

,8 Po 


( 6 ) 


As we saw, the latter is an unavoidable consequence of Einstein's 
assumptions, (i), (2), (4). Notice that, if we assumed that outside 
of condensed matter there is strictly no matter, i,e. that ail t,K, 
including t44 or p^, vanish, the field-equations (4o) would clash 
with each other for any finite a; the first three giving 
while the fourth calls for A^s/n^ Thus the absence of matter 
on the whole or, from the approximate macroscopic standpoint, a 
vanishing mean density would necessarily, by (i) and (4) them- 
selves, imply^naco or an infinite space. This is exhibited expli- 
citly in the final formula (6), which reads : the curvature radius 
of the elliptic space is inversely proportional to the siiuarc-root of 
the density. 

The volume of the whole elliptic space being the total mass 
of the universe, in astronomical units, will be or, by 

the last formula, 

( 7 ) 

an interesting relation which elicited from an enthusiastic breast 
the paradoxically sounding exclamation : ‘ The more matter the 
more room.’ The gravitation radius of the whole universe 
would be 

(7a) 

or just a quarter of the total length of an elliptic straight line 
which, ns wc know, is rt?.* Thus the largest possible distance 


* Kinslcin, he. ciL, has in mind Iho antipodal or sphorical kind of spneo, 
for wliidi Iho length of a straight lino is 2ra. Tlio voluino of sncli a spaco 
being 2ir*a*, Iho total mass givon In Bliwloln's papor is twice Umt in {7). 
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between two points, which is one-half the latter length, is of the 
same order as the gravitation radius of the universe, namely 
twice as large onIy» Eliminating the curvature radius between 
(6) and (7), we have still the interesting relation 

The smaller tlio density on the whole, the larger the required total 
mass of the universe. An evanescent density would on this 
scheme call for an infinite total mass, making at the same time the 
space Euclidean. Until, therefore, a lower limit to pq is actually 
established, Einstein's world is to all purposes indistinguishable 
from the old homaloidal one. 

According to Shaplcy's recent estimate the diameter of our 
galaxy amounts at least to 300,000 light-years,'*' i.e. roughly 3 . 
kilometres or 2 . lo^** astronomical units, the latter unit of length 
being the mean distance of the earth from the sun. Under these 
circumstances, and since, to say the least, it is hardly possible to 
deny the existence of extra-galactic objects, one cannot believe in 
a curvature radius of space smaller than some 10^^ astr. units or, 
in round figures, 10*® km, This would mean, by (70), a total imiss 
of the universe amounting in bary-optical units (so to call a unit 
of M/c^ to or again to almost kilometres. To this 

enormous, and yet rather underestimated total our own sun con- 
tributes only 1*5 km., and all the stars of our galaxy f hardly 
more than km. The total would thus require 10^** such 
galaxies. This multitude of stellar systems may perhaps be found 
among Curtis’s 'ishuid uiiivcrscs,' which, according to his view, 

* H. Siiaploy aiul li. D. Curtis, * Hio Scale of the Univonio,' liulMtu 
Nat. Km, Council, No. ii, Washington, 1921. Dr. Curtis, who adheres 
to Uio views hold a doendo or two ago by Newcomb, Charllor, ISddloglont 
and otiior leading stellar astronoinars, assumes a maximum galactic dia- 
meter of 30,000 Ught-ycnrs, All points of agrooment and discrepancy 
botwoon Shaploy and Curtis are sot out in tlio said Bulletin. 

t According to Chapman and Molotto the total number of stars is not 
loss than lo* and does not greatly exceed 3.1 o'*. Moreover, Itio average 
mass of a star is perhaps only one-third or loss of that of the sun. Cf, 
A. S. Kddington's * Stellar Movomonts and Uio StrncUiro of the Universe,’ 
Macmillan, London, 191^, p, 195. According to Kaptoyn, as quoted by 
do Sitter, M.N,Jt.A.S., vol. Ixxvlli., 1917, p. 34, the mass of our galactic 
system may bo estimated at i . lo*** sun mosses or, bary-opUcally, 1 .lo** km. 
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contested by Shaplcy and others, arc represented by the spiral 
nebulae. But if Dr, Curtis's own estimate is materially correct, 
these island universes are from 5 • 10 *’ to 10^ light-years or from 
j . to 10 ^ kilometres apart, and tlien tlic last mentioned space 
will not be ample enough to accommodate all of them. Yet it would 
certainly bo puerile to rule out tlic possibility of a much larger 
curvature radius a and of the existence of many more island uni- 
verses resembling somewhat our own galaxy and spaced more 
favourably for Einstein's cosmological scheme. That his require- 
ment can at any rate be satished, at least in the present state of 
astronomical knowtedgo or ratlicr ignorance of extra-galactic 
regions, is perhaps best seen from its original form (d) ; for this is 
compatible with as small a density po os we please, and alTords at 
the samo time the best reason for sending the opponents to look 
after the indtspcnsablo tnasscs farther and farther into unknown 
regions of space. It is thus entirely elusive and, for all we know, 
may remain so for ever. 

An inlcrcHling aspect of Einstein's cosmology is obtained by 
associating it with L. V. King's results concerning the amount of 
.stray molecules in interstellar space. In view of these results, the 
uniform distribution of matter or const., assumed by Einstein 
only in way of a gigantically macroscopic approximation, might 
even bo almost literally true. In fact, while the density of visible 
.stars within our galaxy, or at least in the neighbourhood of the solar 
system, is estimated at o *02 HUii-ma.S8 per cubic parsec,* King, 
considering certain selective attenuation elTecls on slarliglit as due 
to molecular scattering, believes to have good reasons for asserting 
that there arc in interstellar space as many as molecules 

of hydrogen (the latter for the sake of his argument only) per cubic 
c(mLimelrc; in other words, that the density of in Icrstcllar residual 
gas amounts to 6300 suns per cubic parsec.t The density of 
' residual * matter in interstellar space is thus 3 i 5 i <500 limes Unit 
cunlribuled by condei]scd matter or the stars. ]!'.vcn if, as claimed 
by K. A. IJiKicmaiin, the dark stars arc several thousand times as 
numerous ns the visible ones, the contribution to pg due to stray 

* i’ar50c»ilistanco corrosiMinding (on clcishknl lines) tn a parallax of 
I* or a-oO.io* nstr. unllSB>3>o8.io**km. ' Smi-inass,' or Ijrlofly ‘sun,* 
will Htiuul for tho mass of unr own sun. 

t I.ouis V, King, ' On tbo Uonsily of Molcciilos in Interstellar Space,' 
7 ’nfus, Jiay. .See. oj CaMda, vol. lx., pp. 99-103. 
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molecules would be a hundred times that due to all tlie stars. 
Thus the bulk of matter, at least in our galaxy, would be dislri< 
buted pretty uniformly, ' the residual gas ' making up the larger 
part of Einstein’s p^, while the contribution due to stars would sink 
to a subordinate importance. 

If King's density prevailed throughout the universe, wo should 
have 


feflo 6300. i»5 km, 
” parsec* 


== lO”®® km,*”® 


and therefore, by (6), a = 3, 10^’ km, or only 2,10® astronomical 
units. According to Shapley the selective absorption in inter* 
stellar space and, therefore, also tire density of residual gas is only 
one'fiftietli of that found by King, If this smaller density pro* 
vailed tliroughout the universe, we should have a curvature radius 
seven times as large or 

aai>4,ioU) astr, units, 

which still would seem not largo enough. But here again, since 
there is no shadow of a reason for extending King's or even Simp* 
ley's result to extra-galactic regions, the difficulty may be evaded 
by allowing but one or less stray molecules per cm,® on the whole 
and thus broadening the universe a thousandfold or more. In fine, 
the cosmological relation (6) is obstinately elusive. Neither its 
right- nor its left-hand member being ascertainable, the relation in 
itself is, for the physicist or the astronomer, neither true nor false, 
but irrelevant. In fact, of the radius a we know only that it 
cannot be smaller than, say, the diameter of our galaxy, but cer- 
tainly not any upper limit ; of /jq wc know positively nothing, not 
even its lower limit, unless it be zero itself. For, no matter how 
low the mean density estimate in intcmtcllar space witliin our 
galaxy, wc can make it arbitrarily smaller for oxlra*galactic regions, 
whether wo do believe or not in a plurality of Curtis’s island 
universes. 

Such then is the present position of the relation (6) or that 
between the size and Llic total mass of the universe. No matter 
how fascinating by its unusual nature, for the physicist it Is undis- 
cussiblc, and may remain so for ever. But enough has now been 
said about this formula, which, after all, is only one of tho im- 
mediate consoqucuccs of Einstein's cosmological assumptions, a 
consequence obtained by a comparison of the tensors (i) and (2) 
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willi tlic ampliiiod field-equations. It is time to turn to other 
implications of this cosmology, as mucli for their own sake as in 
order to see whether one of them will perhaps bring us a step 
nearer to ascertaining by observations an upper limit of either the 
siso or the mass of the universe, the two sides of that enigmatic 
relation. It must, though, be said beforehand that it will not. 

In the first place, then, keeping away from condensed matter, let 
us ask for the laws of motion of free particles and of the propagation 
of light in regions showing no appreciable departure from tlio mean 
behaviour. For tliis purpose it is enough to write down the world* 
geodesies belonging to the metrical tensor (i), in which the unknown 
curvature radius a is to bo replaced by the (equally unknown) mass 
M of the universe, in accordance with ( 7 ). Without any loss to 
generality, wo may confine ourselves to the plane const. «>r/2, 

so that r 

« dXi^ - (rfi”® + a* sin* ^ dO^)^dx^^ - rf/*. (i«) 

The equations of the corresponding geodesies, which, without 
resorting to Chris to fTcl symbols, may be readily obtained by the 
I^grangian development of >=o, are 

r«Jn()'sin~, ^ = 

One of these being a consequence of the remaining two, we may 
conveniently use the second and the third equations only, sub- 
stituting the integral of the latter, dxJds = const,, into the line- 
element (m). Thus the equations of world -geodesies or of free 
motion become, with = 

dl g a B r dO I fn\ 

rfr""' “ “'" sar"''' 

where Vq and h are integration constants, and dl the line-element 
of the elliptic tlircc-spacc. Tlie first of these equations says simply 
that the free particle moves about In this space witli conKlanl 
velocity % and tlie second, that its radius vector r sweeps ecpial 
areas in equal system- times I, Again, the orbit of the free particle 
is given by the diiTcrcntial equation 

( 9 ) 

where C is the constant H/vq and dl as in {la). Wo need not inte- 
grate it to see that it is a Ihrco-gcodcsic, i.e, a straight line of the 
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elliptic space. For a sin {rja) dO is the transversal component of 
Iho path oloment dl. Thus, if m be the inclination of tho path to 
the radius vector, the last equation can be>written 

. tfsin^sin^^C, (pa) 

and Uiis represents a straight lino in elliptic space, as the reader 
may already Icnow from elliptic geometry. If not, ho may 
return to tlio definition, of such a straight lino which 

gives at once, as the Lagrangian equation corrosponding to the 
variation SO, 

-■ a** ^ 

8 in»j^-con 8 t, 

coinciding with (9). 

Thus a free particle moves in the elliptic space in a siraiglU line 
mih mifom velocity ; if it is placed anywhere at rest, in Einstein’s 
cardinal frame, it will remain there for over ; no wonder, since the 
mass distribution is uniform throughout tho universe. And since 
a minimal line, representing light propagation, was shewn to be 
but a limiting ease of a world-geodesic, liglU rays are again slraiglh 
lines of tho said space and the light velocity along them is eon' 
slant, dlfdt^^c, which follows also directly from ds^^dx^-dl^^o 
In this respect then Einstein’s world on the wholo rcscmblci 
completely the previous homaloidal one. Henceforth these 
space-geodesics can be considered as physically embodied in 0 
reproducible by the orbits of free particles or light rays, always ii 
absence of or far away from condensed mattor, such as a star 0 
a planet, in fine, wherever the metrical field is indiscernible fron 
(i). Such distances have only to be large enough as compare* 
with the gravitation radius of the nearest celestial bodies, wliic 
docs not preclude their being exceedingly small fractions of a 0 
of Mlc\ the gravitation radius of tho universe. The validity c 
the law of inertia in comparatively desolate regions is thus secure 
by the very structure of tho contemplated cosmology. Is Ui 
relativity of inertia or * Mach's principle,' as postulated at tl; 
outset, satisfied ? It certainly is, though in a rather unoxpcctc 
way. For while one docs not see whether and how the amount < 
inertia (mass) of a free particle is produced by the romainir 
matter of the universe, yet the particle owes the very ' room,' 
which it can display its inertia, to ail this mattor, 
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The light rays thus being rectilinear in the cllipliu space, the 
parallax formula in Einstein’s cosmology will bo exactly such as 
was known these many years, at least through its hyperbolic 
analogue, from treatises and papers on non-cuclidean geometry. 
Consider the rectangular triangle C =star, earth, sun respec- 
tively. Let AC^r, and the usual astronomical unit of 

length. Write ^n- -p for the angle at B, so that p will bo the 
parallax of the star. Then, by a fundamental formula of plane 
ollipLic trigonomctiy * or by ordinary spherical trigonometry (on a 
sphere of radius a), 

sin - »= tan - cot { - ] 

a a \2 ■* / 

or tan « siii - cot ~ . 

' a a 

This is the required parallax formula. It may be menlioncd that 
the first to write down and to discuss astronomically a non- 
cuclidean (hyperbolic) parallax formula was Lobatchevsky himself, 
almost a ccntuiy ago.f Since the curvature radius a contains at 
any rate an enormous number of astronomical units, the last 
formula may as well be written 

tan/> = ~cot~. (10) 

* a a ' 

On classical lines, or for a = 00 , the parallax formula would be, with 

the star-flistancc r in astronomical units, 

tanp=ap» 

setting no lower limit to p other than '/cro, which is approached 
with ever growing r. Such also is the ease with the parallax 
forniiila (lu), which gives /> = ofor the greatest possible 

distance apart of two points. There is thus no possibility of 
deriving a crucial test for or against Einstein’s cosmology from 
these (|uarlcrs. The only astronomical conscqucaice of the new 
parallax formula might consist in inducing, perhaps, the tistro- 
nomers to slightly revise some of their distmicc csti mates of stars 
and other remote celestial objects, i,e, to allow for a possible 

* Bee, (or iiislanco. Bonimorvillo's Nini’EueUdean Geomelry, T^ondon, Boll, 
njH, p. 119. 

t Very interesting del nils will bo found in Bunoln’s 1 x)ok, already quoted 
on {Xigo 17(1. 
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rcduclion o£ tho larger distances, — by an unknown amounl, Imw- 
ovor, since a itself is unknown, Bui even this margin of uncer- 
tainty would be practically evanescent. In fact, developing (10) 
up to ihc fifth power of (r/a) and, since only small parallaxes come 
into play, writing tan wo should have, instead of 



where both r and a arc in astronomical units, and p in radians. 
The smaller tlic space radius a and the smaller the parallax, the 
larger the possible reduction of tlio inferred distance. Now, there 
can cerlainly be no question of a directly measured parallax 
smaller than o*'Oi * or ^4= 5 • lO”" radians. Thus, even if a were 
as small as the reduction would amount only to one in 750,000 
parts. Astronomy then remains wholly unailccted by tho dis- 
cussed modification of tho parallax formula. Nor arc there any 
other ascertainable consequences of replacing the Galileian by 
Einstein’s metrical tensor (i). 

Lot us turn, therefore, to the neighbourhood of a huge lump of 
condensed matter, such as tlic sun, to be considered as a gravita- 
tional point-mass or centre, since the chief interest lies in tho 
external field. Let tho origih of polar coordinates be placed at Llic 
mass-centre, assumed as resting in Einstein's standard frame. 
The new field-equations outside of condensed matter follow from 
(5), or more rapidly from (5a), by putting 

Tluis, and by (6), 

^44 " ( 5 o) 

exactly as in (3) for the particular ease of tho tensor (i), when 
however g** was unity and 

As we saw at tho outset, tlicso equations were satisfied by 
the tensor (1) itself. This was tliclr simplest solution, radially 
symmetrical around any point as origin and thus perfectly homo- 
geneous throughout the universe. What wo now require, is a solu- 
tion of (5(^ radially symmetrical ai’ound a unique fixed point 0 , 

* Parallaxofl, of coiirso, much smaller tlion this ora often quoted in stellar 
astronomy, but these are indirect and based upon n host of assumptions 
which would unnccessaTlly entangle tho point nt issue. 
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lllo scat of tliQ mass'ccnlrc which will be characlcrixcd by a gravi* 
tation radius, the freely prescribable value of an integration 
constant. If this constant bo given the value zero, the solution 
should, of course, reduce to (i), corresponding to tlie absence of 
a mass-centre,’ It should also, if tliat bo possible, reduce approxi- 
mately to (i) for distances largo compared witli the gravitation 
radius of the mass-centro, though small, perhaps, in comparison 
with the curvature radius a. 

The form (8) of the linc-clomcnt used in Chapter XIV. for the 
older field-equations will also bo sufficiently general for the purpose 
in hand. For since wo do not projudico gi, g^ as functions of 
Xi^^r, the solution will manifestly be general enough to contain 
(i), of this chapter, as a sub-case. Only, to avoid confusion, x will 
be written, instead of r, for the coordinate Xi, with ^>^0 at the 
mass-centre. Tlius, 

dr* "gjd** -.i^{d</i* +sin*<^dO*) -hg4C*d/*, (i i) 


where g^, g^ are functions of x alone to be determined by (So)> 
Under these circumstances is again as on p. 390, with Jig » log gg 
and dashes for derivatives with respect to x. The field-equations 
(So) arc thus reduced to 


^ ^44 “ + V) '= O* 

£^4 * 


(12a) 

( 121 ,) 

(i2r) 


Substituting from (l2«) into (l2r) and eliminating between 
(12&) and (I2c), we have for/= i -hgr* Euler’s dilTcrcntial equation 


Its complete solution, with 2L written for the integration constant, is 
/"ZL/a; +»*/«* 


whence 


2L 


(I3i) 


Equation (l2c) now becomes /iZ-hV" -2A;gi/fl®, whence 
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Thus the problem would bo reduced lo a more quadrature, giving Uic 
most general stationary, radially symmetrical field. For (131), (13^) 
are certainly the most gcnei'al solutions of the two field'Gquations. 

Unfortunately, however, and unlike the case of a homoloidal 
world, the first fieid’Oquation, (i2n), is not satisfied automatically 
by the solutions (i3i), (l34)> In fact, with these values of and 
V equation (i2ft) becomes 



and this can only be satisfied if either L<ao or n«oo« In other 
words, the three field-equations (12), being no longer consequences 
of each otlier, are compatible with one another only for £r>«.o, when 
there is no mass-centre,* or for oaoo , when the world is homaloldal 
on tile whole, as in the older theory, 

Thus, if we accept strictly Einstein's own set of assumptions, as 
explained above, i.e. the cosmological term on the left of the field 
equations, some density const, and no pressure outside of 
condensed matter, and thence also a total mass of the universe 

M rt «= const./vpoi {?*) 

T 

we cannot have mass-centres, or massive glolics, witli radially 
symmetrical fields surrounding them. These, however, needless 
lo say, represent the most urgent need of celestial mechanics. Is 
there no way then of adhering Lo Einstein's 1917-cosmogony ? 
There certainly is a way, and a very simple, and otherwise most 
appealing one ; namely, keeping strictly all of Einstein's assump- 
tions and thus also satisfying ' Mach’s principle,’ but choosing the 
particular value 

of the fundamental cosmogonic constant, and therefore, agreeably 

* For Z.s=o, (i3j) gives at once ^4^: const., and since a conslmit factor 
can always bo thrown upon t, wo may as well wrllo ^4^:1. Again, (13,) 

gives for tho first term of tho linc-olomcnt (ii), 

* equal to tlio first term of (i). In other wottls, inlroduco the new 
coonlinato r through 

«sasin~. 

a 

Then the line-element (ii) will lie entirely reduced to (i), ns it should bo. 
Tills removes also every mystery from tho unfamiliar looking third term 
in (13,). 
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lo (7), deciding for a Iritly infuiilo universe, M =co , and, as of old, 
for An CO, This would entail a complete return to the original 
ficld^cquations * and lo a world homaloidal on the whole, yet 
conceiving straight lines as re-entrant (ihough iniinite), very much 
03 in Ihe somi-projcctivc treatment of Euclidean geometry. For 
all relations and formulae of Einstein’s cosmogony continue to hold, 
no matter how a grows, in (i) and elsewhere. 

This sounds like a bad joke (for it deprives the new cosmogony ' 
of all of ils sensational novelty), but it certainly Is not meant os 
such. And a choice of the limiting conslanl-valucs 
PgUO, a woo 

seems here Ihc more indicated, as none of the preceding consc- 
(lucnccR of Einstein’s cosmogony, to hold in absence of condensed 
maltcr, enabled us to set an upper limit to Ihc curvature radius. 
Nor is such a limit callc<l for hy modern distance cstimalcs of 
celestial bodies. On the contrary, these have made the known 
universe only williin Ihc last few years expand a Icnfold or a 
hundredfold. 

Eiiislein’s own preference is decidedly for a closed, hnilc universe. 
Thus, in Priiicclon I.ccliircs : f " An infinilc universe is possible 
only if the mean density of matter vanishes.” This in virtue of 
(7). ” Although such an assumption is logically possible, it is less 
pr()l)ablu fwhiitcvcr this means] than the assumption that there is 
a fiiiite mean density of maltcr in the universe.” Bui llic perfectly 
arbitrary nature of such an attitude will become manifest on merely 
trying lo recall what our actual knowledge of the distribution of 
matter in the universe aiuuunls to. 

At any rate, h'.insteiirs cosmological paper of 1917, repeatedly 
tpiolcd, aroused among his principal pupils and exponents a keen 
interest In, nay an apparently irresistible longing for, a finite 
universe. Thus, to find a remedy against awco as a necessary 
condition of compatibility of the three field-equations in presence 
of a sun (inuss-coiiLro), do Sitter | proposes to modify somewhat 
ICinstcin's assumptions by admitting nn isotropic pressure p, which 
is to accompany the solitary tensor comiioncnt outside of 
condcii.scd matter. Thus, assuming after dc Sitter the uncon* 

* Since n i- 00 knocks out ' the coHinologlcnl Icrni.* f Ikigo 1 1 g, also passim. 

J. W. do iSiUer, Monthly Notices vol. Ixxviil., itjij, pp, 3 et 

seg., cspcelnlly pp. 10-23. 
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denseci matter to behave as an incompressible Jlnid, fur which there 
is scarcely any other reason than that of mathematical simplicity, 
lei the energy tensor around a mass-centre be 

^’^Po'^SPt (H) 

whore p stands for pressure divided by c*. Although this * pres- 
sure ’ is scarcely more than a third function introduced ad hoe, so 
as to satisfy three equations, it is worth while to invcstigale the 
corresponding radially symmetrical field. Unlike do Sitler, how- 
evcE) who neglects quantities of tlic second order, let us develop 
the rigorous solution, since this will disclose, at the polar plane 
Jirn) of the mass-centre, certain peculiarities of a very disturbing 
nature, which in his trcalment were swept away with the neglected 
terms. The problem, moreover, being very much of the kind of 
that of Schwarzschtld’s liquid sphere treated in Chapter XIV,, 
offers no difficulties. 

Keeping always to the line-element (li), inlroduco (14) into (4fl!). 
Then the field-equations, taking now the place of (12), will be 

Rii = [A, + - P)]gi, 

- I +^[i +5 (V -m] “ [jO>o -/>) - a]*« 

+ i{V +A.0 -[a - j (ft + 3i>)]«t. 

These arc three differential equations for g|, ^4, p as funclions of x. 
Instead of the first take again, as on p. 424, the equation of matter, 
expressing the equilibrium of the ' fluid,' 

which is a consequence of the field-equations. This gives ulti- 
mately, as in Schwar^child's problem, 

(^5) 

whore A is an arbitrary constant,* The second and the third 
equations can again bo written 

1 -x{p+Po)giX 

* In do Sitter's treatmontil b/io, since in obscnco of a masB-conlro (whoti 
gi^i) p la required to vanislij iltough tltis is by no moans necessary. If 

somo ^0 b left over, wo have simply X^ix^ + sp^ and 

instead of This point, however, is of no Importance, and the value 
of A may bo loft free. 
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or, willi /= 1 +^f*, and eliminating llic pressure by (15), 

/" + ^/ *“ ^ 0| 

The form of these equations is exactly as on p. 425, the only differ* 
cnee being that k^q in the ffi'st is replaced by ttp^+X. Both 
cocflicicntB being constant, this creates no difficulty. The complete 
solution of the first of (16), with 2L written for the integration 
constant, the prospective gravitation radius of tlic mass'Centre, is 

/»2L/.v+a:V«j», 

where 

^ Kp^+k' 

If po, as well as has the same value as in the absence of a mass* 
centre, then, whatever the residual /ig, 

+ i/>o +*!r/»o) {Pq +/>o) = l/«“i 



by the last footnote. According to dc Sitter the proportionate 
decrease of pg would be ^L/a, which, in the ease of our sun, cannot 
be much larger than one part in io^°. Thus, is at any rate 
indiscernible from a, and ultimately we have again 


2 2/.^ 

''gr X 


(161) 


as in the prcssurclcss univci'sc. The complete solution of the 
second of (16) now becomes, with A*=p^-^-pQ'= 2 Kjtfi, 




as on p. 42(), though the quatlraturc in the present ease is some- 
what complicated by the presence of the niass-centre term in 
which was then rejected, such a centre being in that connection 
uninteresting. The integration constant C is thus far arbitrary. 
The solution of the problem is now contained in the set (lOj), 
(162), (ll).* It remains to discuss it for such regions of space as 
offer some special interest. 


* liquation (15) cuntains all informattnii about the pressure, Uioiigh the 
latter, having performed Its analytical duty, scarcely desorves any furtlior 
attention. 
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To establish the comicclion with the uiiclislurbcd mctrleal {icld (l)> 
introduce the new coordinate r Ihroiigh 

A:=>«8mor, a-^r/a, * (17) 

so that the new gi will be that in (i6j) multiplied by cosV, while 
will remain imafTcctcd, Ultimately, therefore, with tlio coord i> 
nates f, 0, 0, cl, the metrical field around the mass -centre placed 
at r=>o will be 


m - j^i -~acc*(r coscc o-J ft « - rt*8in%r, ft •=/», 8in®0, 

= cos (T , J( -ft)® dtr, 


(18) 


the integration constant C being zero for masons to bo given 
presently. Tlio regions of this field wliich may offer some actual 
interest arc ; first, tiic comparative or, as we may say, iJie planelaiy 
neighbourhood* of the mass-centre 0 and, second, the sinister 
vicinity of its ' horizon * or, in old geometrical language, its absolute 
polar. This is an elliptic plane u and, at the same time the largest 
sphere around 0, tlio absolute pole of w. 

The former region corresponds to small o- or rfa. Thus, if in a 
fimt approximation and tlie more so Lirla is neglected in presence 
of unity, we have from (18) 

I 2L 2L 

"flsincr'^ r 
and 

s/^^ftft “ I +^Ltrfa ^ I. 


This is the justification for putting C=o. At the same time wo 
have ft = i-2L/r. This approximation then is so coarse ns to 
obliterate all the difference between the present and the older 
theory. To detect this difference at all, the approximation must 
bo pushed a step further. Retaining but not Lr/rt®, in 
presence of unity, we find 



* Tlio singnlarltlos at r ro and near sZ., already familiar from tlio solution 
for a homaloldal ^vorld, need not detain its at all, ospoclally ns both nro 
removablo on r^laciug tlio coucoptuol point-moss by some finite material 
splioro. We slioll thus liavo to consider only regions for which 
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The third terms, due to a finite a, bear to the second ones a ratio 
which in the ease of our own distance from tlie sun is scarceiy 
greater than lO”^, It can thus bo scon in advance that they will 
give rise to no perceptible cfTccts in planetary motion. In fact, 
substituting these values of g^f g^ into the diEorontlal equation of 
the orbit of a free particle (planet) which, directly from 
is found to be 

p* /dr\* ** 

a* 8 inV\ 30 / 


and putting H^Hr, we have 


3 p*rt>»® ’ 


(19) 


whore p>=n^BinV,d and k^g^x^ are first integration constants. 
This then takes the place of the orbit equation (2Qa) of Chap. XIV., 
valid for a world homaloidai on the whole. The only innovation 
due to a finite space is, to this approximation, the last term, pro. 
portional to Notice that such a term * would be present also 
in absence of a mass'centro, when the orbit is rectilinear in the 
elliptic space. In fact, by (p), the equation of a straight line is 


(rfr/dO)* + fl® siiiV » 8inV//»*, 

and if sin o- is replaced by (r(i - this becomes at once 

d^H 2 Vq^ 

3 (S+“" 3 ;»w 

as (19) for L>=o, with the constant factor -(i “-//o*)/Po* replaced 
by v^lh^.\ Returning to (ig), proceed similarly as on p. 404, 
To satisfy the equation approximately, assume a (puisi-clliptic orbit 
with slowly moving perihelion, 

u=^4[l-l-ecos(0-CT)], L^[l -€a)-pa(l -/!“). 

Neglecting {dtuldO)^, equate 

'd®« <in eL din 

W 'dni do p* ^ ~d'0 


* Its iMiincrical coofTiclont, by the way, Ls in tills nppiDxiiiialloQ the 
Hunio, wliothcr a imivcisal prasstiro Is assumed or not, 
t The Inst term in (ig) is negative for comparatively small volocltloa, 
when the orbit Is fqiinHi-) elliptic. For gniwing vcloclUcs It imisros Uirough 
scro (iwrubola) and becoinus imihUIvo, when wo liavo hyporlxillu orbits with 
the Hlmlghl line us Ihuir limit, for compamllvoly largo velocities or a weak 
centre, and, of course, also for any velocity in absence of a mass-contic. 



494 the theory OF RELATIVITY 


to the last two terms of (19) and integrate over 2ir, This will give, 
the perihelion motion per period of revolution, 

coB:ir 

i.e. up to the fourth power of tlie eccentricity, 


817 


6jrL* 

P“ 



The first part, already familiar from Clinptcr XIV, as yielding 43* 
per century for Mercury, may bo referred to as tlio older clToct, 
SCTo. The new effect then, firff-ScTot will bo given by 



Now, if T be the period, - «*)®c* 7 ^/ 4 ’r", nnd therefore, 






Thus tlie new effect, due to a finite curvature radius, would boar 
to the old one a somewhat smaller ratio than docs the squared 
light-year (of the planet) to the squared total length of a straight 
line. Needless to say how hopelessly small this is. If the period 
were of the order of our own yqar, cT = 6-3 . 10* aslr, units, and 
even if = only, the said ratio would bo of the order 
A period such as that of Neptune will still not raise it much above 
lo-is. The new perihelion motion is thus doomed to remain 
imperceptible for ever, Still less would the previous ray-delleclion 
and the spectrum-shift formulae bo affected by Einstein’s new 
cosmoiogy. In fine, none of its consequences concerning the 
planetary neighbourhood of a mass-centre enables us to measure 
the curvature radius a or even to set roughly an upper limit to this 
fundamental magnitude of the theory. This neighbourhood speaks 
neither for nor against it. 

Such being the case, lot us turn towards the other extreme, the 
absolute polar u of the mass-centre 0 , its absolute pole,* This 


* One hesltatoB to uso sucli language In tlio tomplo of Rolalivlty. Yet, 
these are dd-aancUonod geometrical lorms. Now and then Hio * alMoluto ’ 
will bo dropped for brevity. ITio more poetical iioino Jiorijton for u Is duo 
to Dr, Wcyl, who on one occasion (concerning do Sitter's cosmology to bo 
treated later on) refers even to a mass distribution lining It ns a * mighty 
a term borrowed from Homer’s cosmology. More often, such 
a massive polar is called a mass'horizon. 
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largest possible sphere or most distant piano corresponds, as wo 
already know, to (rsr/a«»^ir. It will bo kept in mind that the 
interval exhausts Iho whole universe or elliptic space ; 

also that the polar of 0 , as every other piano, is a onc«sided surface, 
(II is advisable to read in this connection Chapter 111, of Sommer* 
viilo's attractive and lucid booklet, already quoted.) Ixt us, then, 
consider values of cr but little smaller than 90 ^ Thus, let 

tr 

where r will bo, ultimately, a small angle. Notice that, in absence 
of the disturbing mass-centre, ar would simply be the distance 
from the plane u measured along a straight lino perpendicular to 
it, all such perpendiculars converging in 0, and in no other point. 

The discussion of gx oilers no dilTiculty whatever, for its rigorous 
value is ready in (i 8 ). Thus, for any t, 

I 2Lla 

" gi cosTsiir^T* 

In the first place then, at the polar plane itself, t = o, 

l = +oo, gi=o, 

81 

and a little above that plane is a small and, what is worse, a 
positive fraction. Thus the * natural * length V of a radial 

clement wotild be nil at the polar and imaginary just before reach- 
ing it. But our way to the polar would be already barred by a 
truly formidable barrier situated, vciy nearly, at a distance 

aT — 2L 


from the polar, say 3 km. from the sun's polar, where gx jutniis from 
-CO to+eo , to drop then down to zero at the polar. Thus, while 
a trmisvcrsal rod or element, fl 8 incir(rfc/)* + sin* 0 dO*)^, would 
behave regularly throughout the space, a radial one would be 
subject at and near the polar to the most intolerable singularilles. 
That these cannot be transformed away by introducing isotropic 
coordinates, will be found at once. Claiming for the space-clement 
the form 


d/* ^f{a)ldz^ H a“(#» +8in»4> 

amounts to putting 

, C COSO* do- 

log I , 

sinV cosV sin «r 


\J 
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aiid this will be found to make imaginary the natural length of both 
a transversal and a radial rod within the said zone at least. The 
behaviour of g 4 is equally unsatisfactory and not loss fantastic, 
Tlius, to speak only of the polar Itself, let us consider angles r 
small even when compared with L/a, such that is, that sin^r 4^ 
is negligible in presence of 2L/a. Then, by the first and the last 
of ( 18 ), 

whence 

I5Z?- 


gA' 


In fine, on approaching the polar, tends to eero as r*. And 
since is tlio rate of a * unit clock ' placed at rest, its vanishing 
can bo suspected to indicate a true singularity of tlic field. But 
the best way of proving that this fantastic behaviour of gi and g^ 
at the polar of the mass- centre is not a mere illusion and cannot 
be transformed away, is to evaluate the curvature invariant i?, 
which is independent of the choice of coordinates. Now, the 
general value of this invariant being 

Or 

Biul, in our ease T =/»o- 3 />, wo have by (15) and, say, willi A=p„, 

Thus, while in planetary regions around the inoss-contre the 
world curvature 




is but little smaller than its standard value i/a^, it becomes at 
the polar negatively infinite, namely as -i/r. This settles the 
question, exhibiting the polar of a mass-centre and, therefore, also 
the polar of the centre of every finite si)]icrical body as the scat of 
indelible metrical and gravitational singularities. If the reader 
desires a bidimensional analogy, he can compare this 'horizon* 

* A non-vaulsliing residual prossuro would give the same final 
singularity. 
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with a knife-sharp ridge or crease on an otherwise regular and 
smooth surface. 

At a first sight one might be inclined to tolerate this singularity 
with all of its formidable metrical and gravitational implications 
in the ease of our sun ns centre, for example, declaring it to be 
a far-olf difficulty not affecting any regions actually cxplorable, 
and thus harmless. In fact, our own polar with its danger zone, 
situated somewhere much beyond the limits of our galaxy, could 
have but a purely academic interest. There are, however, other 
suns, stars and nebulae,* more or less uniformly distributed 
throughout the elliptic space (according to Einstein’s own assump- 
tion) and each, of course, having its own horizon or polar with a 
more or less thick danger zone. Needless to say, if 0‘ is on or near 
the polar of 0 is on or near the polar of 0\ Thus, short of a 
miraculously element (anthropocentric) stellar distribution, the 
neighbourhood of the solar system, nay the very regions visited by 
its planets, would bo invaded by a good number of such polar 
strata belonging to dislaiiL bodies, each giving rise to the most 
astounding (listii rbances. 

Needless to say, a theory yielding such radially symmetrical 
fields us the most general and only possible ones, is completely 
indefensible. And, as we saw, the new licld-c< [nations, with a 
finite a, do not admit any other radially symmetrical solutions. 
To sum u(). Einstein’s cosmology, with or without a universal 
[iroKsure, gives on the whole no relevant, no pcrcc|Jtiblc difTerenccs 
as compared with the homaluidal one, and where it docs give some 
new cITccts, at the horizon of every lump of condensed matter, these 
elTeels are of such a nature and intensity as to make the cur respond- 
ing non-homaloidcd world thoroughly inadmissible. 

The only way then of adhering to ICinstein's cosmology is to put 
in all of its formulae »co , as already proposed. This abolishes at 
once the horizon dilTicullies and makes also the auxiliary pressure 
superfluous. (Jn the other hand, there is scarcely any objection 
against such a way out, apart from Einstein's pci-sonal disinclination 
to this limiting value of the constant, just because it is c(|uivalcnt 
to il/=oo and appears to him ' less probable ' than a 

finite mean density of matter in the universe. 

* Nay, the smallest aslcroUl would equally ^vell servo tlio piir{)oso ol tho 
argumont. Its alisolnto polar being os bod as that of acoiostial giant, Uiough 
bordered by a Uiliiiicr ' danger zone.' 

B.R. a 1 
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It may be well to notice that these troublesome halos or impenetrable 
polar barriers surrounding each star and, in fact, every lump of con- 
densed matter, are by no means the fault of a finite elliptic space as 
such. In fact, an elliptic space is fully compatible with the classical 
gravitation theory implying the use of a single scalar potential, and 
was known these many years to lead to no difficulties with regard to 
mass-centres. It is not our purpose to advocate here any such non- 
relativistic theory of gravitation, but it seems instructive, in con- 
nection with what precedes and what is to follow, to devote a 
moment's attention to this classical aspect of the subject. If be the 
scalar potential of the gravitation field, the Laplace-Poisson equation 
may be written, in any space, 

div grad = - 47rAp. 


In an elliptic space the operator div grad or div V assumes, say in 
polar coordinates, a comparatively simple form which the reader 
will easily write down for himself. Here it will be enough to consider 
a field radially symmetrical around r—o. In this case, with (r=sr/a, 
the Laplace-Poisson equation becomes 


I ^ 

sinV ^ 


(sinV^)= -47r/ep. 


(a) 


Thus, outside of matter, that is to say, for p — po 
dr 


. o d[l . km 
sm^o- - 3 r. = const. = , say, 

Cl 


and 


km . r 
12 = — cot -, 
a a 


K) 


which is the well-known potential in elliptic space, considered by 
various pre-relativistic astronomers and mathematicians,* Now, if 
the contemplated space is of the polar or properly elliptic kind, the 
locus of points most distant from the mass-centre 0 is its absolute 
polar, the plane and here the potential (aj vanishes. Nor 

is there any other singularity, apart from that at 0 itself, which is 
removable on replacing the mathematical centre by a finite massive 
sphere. There is thus no difficulty in associating the classical 
gravitation theory with an elliptic space, t Thus far the latter was 

* Along with _ Im r 

£l=! — coth 
a a 

corresponding to a Lobatchevskyan or hyperbolic space of curvature. - 1 /«*. 

t Notice that the spherical land of space would not serve any reasonable 
purpose, since for or^-n- it would give f2= -oo, requiring for every sun an 
anti-sun, placed at the antipodal point. To make this unavoidable singu- 
larity perfectly famiUar, it is enough to think of 0 as the vclocity-potontial 
of an incompressible liquid filling the whole space. A source at 0 calls 
then palpably for a sink, of equal efficiency, at its antipode. In the 
properly elliptic space this ' sink ’ would be spread all over the enormous 
area of the polar plane, thus leaving only, for any reasonable ni, the exceed- 
ingly weak current, or field intensity, kmja. 
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empty on the whole. Next, let tlie elliptic space be filled with 
matter, on the whole of uniform density /Jq, and, to make the com- 
parison with Einstein’s cosmology as dose as possible, put, outside 
of condensed matter, 

kp = kpQ = - 


4 ira‘ 


2 ' 




sinV, 


Then the classical equation [a) will become 

d f , ^ dil> 
smV-x- 

d(T \ acrj 

Its complete solution, corresponding to a mass-centre 0 , and with 
L written for /w/c^, is easily found to be 

r, km , r f , 1 r\ 


This potential, though manifestly less serviceable, has again no 
singularity apart from O itself. It is interesting to compare it with 

the value of ~ (i -g^ corresponding to Einstein's world, aided by 

pressure. As we saw on p. 492, the latter is, up to o-*-terms. 





II 

6' W' 


while (ag) gives, to the same approximation, 


an r 

12 = — I 
Y \ 


I 

“3 w* 


Thus the deviation from the ordinary potential sets in much stronger 
ill Einstein’s case, leading, as we saw, to disaster at the polar. But 
neither the ellipticity of space nor p^ o are alone responsible for that 
singularity. This is due to the combination of these assumptions 
with the whole system of relativistic gravitation theory, with its 
plurality of potentials, and the pressure p as an indispensable aid to 
a mass-centre. (This, however, is not meant as a complaint against 
the theory in general.) Finally, to pu.sh this ci^mparison with 
classical relations one step farther, consider the Neumann modifica- 
tion of Laplace-Poisson's equation, which actually suggested to 
Einstein the amplified form of the field-equations. Tliis will be, 

with A. = I /a*®, 1 

div grad 12 - ^ 12 = - ^irkp, 


i.e. again for an elliptic space, and a radially symmetrical field. 

Thus, outside of matter, for /)=ipQ=o, 

12'' H- 2 cot (rl2' - 12 = o.’" 


* If pq does not vanish but has the same constant value as in the previous 
example, the same differential equation holds for fl - c® instead of O. 
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Put fll=/{(r)/sin (T, Then f'~f. Thus the complete solution is 
= cosec (T and has, for any values of the constants 

a, no other singularity than that at the mass-centre. None at 
the horizon. The same is true of the field intensity, dilfdY. Thus, 
as far as the mathematician is concerned, both constants could be 
kept. In order, however, to make 9 , decrease with distance, put 
P — o; also write a = Aw/a. Thus, 


9 = 


km 

e 

. r 

asin- 

a 


r 

a 

9 


ih) 


differing but imperceptibly, through a sin (rja) as against r, from 
the potential discussed by Neumaim and by Seeliger, as already 
mentioired. 


Thus far Einstein’s cosmological theory. Before passing on to 
consider another relativistic cosmology or the corresponding world, 
due to de Sitter, it will be well to indulge in a short geometrical 
digression, which may also be interesting on its own account. 

As we saw at the end of Chapter XII., every isotropic and, eo-ipso^ 
homogeneous manifold of Riemannian curvature K^=K is char- 
acterized by the n^{n^~i)li2 equations, with /C = const., 


K\ = - 8 k%k) (23) 

as its necessary and sufficient conditions. In other words, isotropic 
are such and only such manifolds whose original, uncontracted 
curvature-tensor has all its components, twenty in the case of the 
world, of the simple form (23). If we contract it, the result will, 
of course, represent again a necessary, but in general not a sufficient 
condition of isotropy. Keeping this in mind, contract (23) with 
respect to X = a. Notice that 8a“ stands for unity to be taken 
n times, while is just itself. Thus, 

(23a) 

for all i, K. In fine, the contracted curvature tensor of an isotropic 
manifold is proportional to its metrical tensor. Whence we scc> 
for example, that Einstein’s undisturbed world, (l), is not isotropic, 
for while Rw^gu, J?44=o, though g^^—i, as in (3) above. The 
time-axis plays here an altogether different part than the three 
space-axes. Returning to our last formula, let us contract it again. 
Since this will give for the curvature invariant 
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Thus, for n~2, a surface, K= - \R, as we already saw on p. 357.* 
Again, for a three-space, K = - IR, and for space-time or any four- 
fold so on. Such then is the numerical relation 

between the curvature invariant R and the Gaussian curvature K 
of any geodesic surface in an isotropic manifold. Having ascertained 
this, it will henceforth be convenient to eliminate K altogether. 
Thus the necessary condition of isotropy of an «-fold assumes the 
simple form 

(23c) 

with const. Yet more simply, in terms of the mixed tensor, 

R.'‘^SJ‘R!n, {23d) 

which reads : all diagonal components Rk* equal and constant 
throughout the manifold, the remaining ones being nil. 

In the case of four dimensions, which mainly interests us in this 
book, the necessary condition of isotropy ^ entailing also homo- 
geneity, is 

R^k = IRgiK, R = const. (24) 

or, equivalently, in terms of the only surviving mixed components, 

= (24^) 

The more stringent, sufficient condition of isotropy, (23), can 
now be written 

= (25) 

As the reader already knows, a three-space of constant curvature 

K = I jefi is represented by the line-element 

dt'^ = dr^ -I- a® sin^ ^ -j. sin^c/) d(jl^) . 

It is a good exercise to calculate directly the corresponding It 

will be found that the only surviving components are 

Rjx ~ "■ '“a"» s= — 2 sin" ^ , Rg^ = sin"(/> A’22> 
i.e. 

Rh - 

* In this case there is no question of different ' orientations ’ v nor 
therefore, of isotropy, and the relation R = -zK holds for any surface (two- 
fold), whether of constant curvature or not. 
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thus verifying (2301) for m = 3, whence also i?= -6/^^, as in {236). 
That tlois manifold satisfies also the sufficient condition (23) can also, 
with some patience, be verified explicitly, although tins is scarcely 
worth the pain. For the reader Icnows befoi*ehand that every plane 
(geodesic surface) in such a space is equivalent to every other and 
thus, independently of its position or orientation, has the same 
curvature K =K—x 

We come at length to speak of de Sitter’s cosmology,* a space- 
time theory of considerable interest. Prof, de Sitter accepts 
Einstein’s amplified field-equations 

R,K-^g^K= ( 4 «) 
as his starting-point, but, unlike the founder of Relativity, con- 
templates a world empty on the whole, in which all the components 
of the energy-tensor T^^, including ^ 44 ) vanish. Accordingly, 
de Sitter’s field-equations outside of recognized matter, but whether 
near or far away from it, are 

RlK=>^glK‘ ( 5 ) 

These then take the place of the older equations =0. 

It is, of course, also Einstein’s opinion that outside of matter 
there is no matter, i.e. =0, for all i, k. Nor was it Einstein’s 
intention to populate the universe with some mythical ‘ world- 
matter ’ in addition to recognized matter, including electromag- 
netic fields, and so on. His Pq was explicitly declared to stand for 
the average density of existing matter. The two cosmologies differ 
more in method of attack than in anything else.f While Einstein, 
aiming at a rough approximation, replaces deliberately the granular 
universe conceptually by a uniform medium or cloud of equivalent 
total mass, de Sitter, injpressed, no doubt, by the comparative 
scarcity of grains or stars, proposes to investigate first an empty 
world. His further task will then be to insert the stars and nebulae, 
as the need arises, without, however, allowing them to modify the 
field-equations ( 5 ) outside of themselves. Tlius it comes that 

*W. de Sitter, 5 . for November 1917, a paper already quoted 

in another connection. It was preceded by two papers in Amsterdam 
Proceedings, 1917, vol. xix., p. 1217, and vol. xx., p. 229. 

t A comparison of the two theories from another point of view, and a 
number of interesting remarks, will be found in Chap. V. of Eddington’s 
Mathemaiioal Theory of Relativity, Cambridge, 1923, — a beautiful book 
which, in spite of some objectionable pages, dictated by an over-enthusiastic 
attitude may be warmly recommended to the reader. 
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de Sitter’s world will be largely uninfluenced by its inmates, while 
Einstein’s world is of their own doing, its very size being deter- 
mined by their joint mass. Thus also Mach’s principle, or the 
‘ material postulate of relativity of inertia,’ is given up by de Sitter, 
for a ‘ matherpatical ’ one. There is also, of course, a number of 
other consequences in which the two cosmologies differ from each 
other, as. will become apparent hereafter. 

In de Sitter’s fundamental or free-space equations {S) the co- 
efficient A. is a constant whose value is thus far left undetermined, 
and is likely to remain so for some years to come. Its geometrical 
significance, however, is automatically settled by these very 
equations, which give at once 4 X=R. Thus, as a first consequence, 
de Sitter’s world, outside of matter, has throughout a constant mean 
curvature, /C = - and the said equations become 

const. ( 5 i) 

These are identical with (24), expressing the necessary condition of 
isotropy (and homogeneity) of a four-fold. Thus, unlike Einstein’s, 
this world can be shaped isotropically. It will be so if the solution 
of ( 5 i) is such as to satisfy also the more stringent equations 
(25). As a matter of fact, it is easier to find such a solution than 
one which would not satisfy (25). The former, an isotropic solu- 
tion, is manifestly desirable for a space-time in the complete 
absence of matter. A more general solution of (Si), no longer of 
(25), four-dimcnsionally anisotropic, though radially symmetrical 
in a space-section of the world, will be needed to represent the 
field around a mass-centre. 

In the first place then, an isotropic solution of ( 5 ‘i), to serve for 
de Sitter’s empty space-time, can be arrived at without ever look- 
ing at these differential equations. In fact, as was known a long 
time, any w-fold of isotropic and constant curvature K can be 
represented, in Weierstrass coordinates, by the line-element 

ds^ = dx^ + ...+ dx ^ -f dx\j ^\ , {a) 

where the supernumerary, and merely auxiliary, is tied to 
the remaining n coordinates by the relation 

The constant K-^ may be finite or infinite, positive or negative, 
and the form (a), when written in real coordinates, need not be 
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definite. If the reader so desires, he can say that every such 
manifold is a sphere or hypersphere * of n dimensions, (&), m a 
homaloidal space of n + i dimensions, {a). But no such imagery 
is necessary. The familiar example of an ordinary sphere, of 
radius is only a simple sub-case, « = 2, qf the general 

theorem. Even here, though % is within our reach, we might 
abstain from visualizing it and treat it as a mere mathematical 
auxiliary for studying the surface in itself. So also in the 
case «=4, which now interests us. Without attributing to any 
physical meaning, introduce it as an auxiliary variable, ^ along with 
^2, ^3. ^4 space-time coordinates. Notice that^ in our case 
Assuming the constant curvature invariant R to be 

positive, put = (2^) 


which amounts to X = llaK Thus, and using for convenience a 
negative sign on the left hand, the required line-clement represent- 
ing de Sitter’s empty space-time will be 

- ds^ = dx^ -f- dx^ + dxa^ -I- dx^^ + dx^^, 1 ^27) 

+ + V = J 

The reader may verify explicitly that (27) satisfies [S^ or (24) 
as well as the sufficient conditions (25) of isotropy. But, unless 
one looks for exercises in Christoffel symbols, this is scaiccly 
worth the pain. 

Disregard for the present the question of reality of the several 
Weierstrass coordinates and, to get rid of the auxiliary fifth 
coordinate, introduce four new ones, </>, 9 , i/'', St' through 

jTg, sin^' (cos f/>, sin </> cos 6 , sin f/jsin 9 ), 

Xi=a cos sin S-', x^~a cos S ', 

so that the second of (27) will be satisfied identically. In these 
coordinates the line-element (27) becomes at once 

di'2 = - sin® S-' -H sin® 1 ^' (d(/)® + sin®(/j d(P)]. 

If, as assumed, R is positive and, therefore, a real, put 

Then the line-element will become, in real variables <j>, 9 , 

ds^^^a^d'X^ - a® sinh®S' [i»/'® -l-sinh®i/' («?t/>® + sin®</> cf0®)]. (27i) 

* Or h 3 rperboloid, if, as in the case of space-time, four terms are negative 
and one positive. 
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This, which is one of de Sitter’s forms, looks a good deal more 
familiar than the Weierstrass form. (Yet the latter has seemed 
the simplest to start with, from a purely geometrical point of view.) 
If S- be looked upon as a kind of time, the second part of (27^) 
stands for the line-element dl^ of the corresponding space as 
a certain section of the world. One, of course, out of a plurality 
of possible ones. At any instant S- = const, this space is a 
Lobatchevskyan or hyperbolic one, to wit, of curvature radius 


yp=^pla\ 


a' = a\ sinh ^ j. 


dl^ = dp^ 4- a'^ sinh^ ~ {d<}>^ + sin® 


the familiar form of the line-element of such a space, in polar coordi- 
nates. The space p, <l>, 6 is thus, at any instant, Lobatchevskyan. 
Its curvature radius a\ however, varies from instant to instant, 
being proportional to sinh^. Such a space is always infinite, no 
matter how small a ' ; only its properties deviate from the Euclidean 
ones the more, the smaller the radius a' in comparison with the 
dimensions of a figure. Thus, for instance, the angle of parallelism * 
]!(/)), for a fixed perpendicular j!j, will for small S- be almost evan- 
escent, but while time goes on, it would grow, and fora- = oo, 
when also a'=oo , it would become 90®, as in Euclidean geometry. 
Similarly for the defect of the angle sum in a triangle, and so on. 
In fine, the geometry of such a ‘ space ’ would change continuously, 
from extreme Lobatchevskyan to Euclidean, and all figures drawn 
or bodies placed in it, including the observers, would be subject to 
incessant distortions, unless their dimensions would also grow 
proportionally to sinhS. Now, there is certainly nothing absurd 
about such a state of things, and we might imagine some very 
elaborate india-rubber platform t for which the coordinates used 
in (27i) would be the appropriate ones, and on which all these 
fantastic things would happen. But such a platform, apt to 
obscure rather than to disclose the simple properties of the world, 
would be of little interest, and observers compelled to live in a 
world like (27) would look after some other section of it than that 

* Cl. page 179. 

t This concept to be taken so as explained on pp. 368 et seq. Thus, in 
the present case, 9^, 0 , const, would mean a place fixed on the platform, 
and so on. 
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last indicated. In other words, a space will be chosen whose 
properties, no matter how complicated, are independent of the 
associated time. In the case under consideration such an emancipa- 
tion of geometry from chronometry, though not vice versa, is readily 
obtained by introducing instead of rff, S- two new variables, say 
r and t, through 

sin - =sinhl^ sinh xl/ 
a ^ 

ct 

tanh — = tanh S- cosh \l/. 
a ^ 

In fact, in these variables, along with the previous <^, 6 , the linc- 
element (27i) becomes at once 

ds^ = <r ,cHi^ -\dr^ '\ , . 

a-=rja, j ^ 

which has the required property, though at the (unavoidable) 
expense of complicating chronometry. About this characteristic 
feature more will be said presently. The last-written form of the 
line-element is that* found and used by de Sitter at the outset, 
while (27i) is one of his intermediate forms.* 

Before discussing the properties and implications of (272), around 
which centres the chief interest of de Sitter’s theory, it will be well 
to return to the fundamental field-equations (^i) in order to find 
a more general solution of these equations, covering the case of a 
mass-centre, that is. This will give also a verification of (27.2). 
With J2lR = a^, as above, the equations are 

g'lif (‘S'a) 

To satisfy them by a field radially symmetrical around a point 0 , 
put again 

ds^ —gj^dx^ - x^ ld4>^ -1- sin^ ^ dQ^I +g^c^dfi, 

where gi, ^4 are functions of x alone, to be determined. Then the 
Ri* will be as they were repeatedly before, and (Rg) will be reduced 
to the three differential equations 

Rn-WHK (V- V) (a) 

* For some other forms see Note 2, where also de Sitter’s ' mathe- 
matical ' as contrasted with Einstein's ' material postulate of relativity of 
inertia ’ is explained. 
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■R*. = - 1 - +f (V - V)] = -| W 

From (a) and (c), V + V — o> g'i£'4 = const., and since a 

constant factor of ^4 can always be thrown upon t, we may as well 
write 5’ig'4= - I. Equation {h) now becomes 

Ste4-l)+jte4-l)+^* = 0. 

Its complete solution is 


where 2L is an arbitrary constant which will characterize the mass . 
centre. The remaining equation {a) will now be found satisfied 
identically, for any L. If L = o, when the world is empty, we 
have g4 = I -x^ja^ or, putting again it =« sin (t, 

^4 = cosher, 

and at the same time gxdx^= -dr^^ so that the whole line-element 
(27a) reappears, and is thus verified as a special solution of the 
field-equations {S^. 

The most general radially symmetrical solution of these 
equations now becomes, with r introduced instead of .r, 


ds^ - gxdr^ - siu^ o- + sin® </) dd^), 


^■4 = cos® a- 


2 L 


a sm (T 


^i== - 


cos^ a- 


gi 


r 

a- — -, 
a 


(28) 


This will rejjrcscnt the metrical field around a mass-centre placed 
at r = o. Notice that gi is exactly as in Einstein’s cosmology, 
formula (18) ; but ^-4 is, mathematically, a good deal simpler. It 
will thus be easier to discuss. But, as in the case of Einstein’s 
theory, let us first survey de Sitter’s space-time without a mass- 
centre to disturb it. Before doing so, let us still note for the sequel 
the form (24fl) of the field-equations outside of matter, i.e. with 
R = J2{a^, in any coordinate system, 

7 ? !_/? 2_7? s- 7 ? 4_,J_ 

—iVa — iV4 — ^2> 

the remaining tensor components being nil. 


■(29) 
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All properties of de Sitter’s empty world are derivable from the 
line-element 


ds^ — cos^ - . c^di^ - dr^ + sin^ - [d4)^ 4- sin* 
a L a 


(272) 


Its second part is already familiar to the reader. It represents an 
elliptic space of curvature radius a. As before, this space will be 
assumed to be of the polar kind, so that it will be covered 
by the interval o- = o to ^ir. The origin 0 of coordinates is, of 
course, any point, and so is its absolute polar w a plane as good as 
any other plane of the elliptic space, in spite of all analytical 
appearances. Nay, all world-points are perfectly equivalent to 
each other, due to the very structure of the four-fold. Thus, no 
matter how strange the chronometrical or other findings of an 
observer surveying the world from 0 , they will be exactly the same 
for one placed elsewhere, say at O'. Not that 0 ' and its neighbour- 
hood need appear to the former as 0 , while he was there. But, 
whatever the differences, they will reappear if he walks over to 0 ' 
and looks back to his old station. This is to warn the reader 
against attributing hastily any mysterious properties, homeric 
oceans or what not, to a plane which just happens to be the polar 
of the station of some observer. Keeping this in mind, however, 
we may, merely for the sake of formal convenience, imagine all 
statements to refer to an observer placed at the origin 0 of the 
coordinates, unless otherwise stated. 

The space as such, implied in that element, offers no peculiarities 
whatever. The natural length of a measuring rod will be the same 
in every position and orientation, that is to say, identical with its 
system-length. The whole novelty of do Sitter’s empty world is con- 
tained in the first term, the system-time t appearing with a function 
of distance as factor, which, moreover, cannot be removed without 
spoiling the simple space-geometry. In fine, de Sitter’s line-element 
differs from Einstein’s, (i), only by ^’44 = 003* o- as against £'44'= l. 

Thus, if a clock or an atom be placed and kept forcibly at rest 
relatively to the observer at a distance r, its proper time dr=dslc 
will be j, 

dT=di cos ir = dt cos -. 

a 

Conversely, the system-time, which is also the proper time or the 
time of the observer. 


dt=>drsQQ cr. 


(30) 


APPAREN'T DIFFICULTIES AT THE POLAR 

Thus, if the clock be an ideal one, in the sense previously e: 
it will appear to the observer the slower the farther awa_, 
placed, and it will be infinitely slow or simply cease ticking 
him, when it is just at his polar, 0- = Jtt. There, in fact, everything 
would, by (30), be at a deathlike standstill, for our observer. Not 
so, however, if the unavoidable light signalling of distant events 
is taken into account {cf. the value of dsjds' on page 519 infra). ’ 

In mathematical language, all over the polar 


for the pole as origin of the corresponding system-coordinates. 

At a first sight this might seem a fatal singularity of the metrical 
tensor. And, in fact, Einstein, in defence of his cylindrical world, 
(i), as the unique solution of his new field-equations, was not slow 
in expressing the opinion * that de Sitter’s pseudo-spherical world, 
(272), not being throughout regular, did not at all represent an 
empty space-time, but one with a surface distribution of matter. 
Weyl’s concept of a powerful ‘ mass-horizon,’ nearly as massive as 
Einstein’s whole universe, developed in a number of elaborate but not 
unobjectionable papers,! has helped only to intensify the puzzling 
side, and partly to obscure the true nature, of the difficulty. 

But after some reflection one cannot fail to see that the vanishing 
of all over the polar of a casual origin of coordinates is not an 
intrinsic or physical singularity, and that the sensational mass- 
horizon is but an analytical illusion, in no way detrimental to de 
Sitter’s theory. It will be remembered that in rejecting Einstein’s 
cosmology in connection with the mass-centre difficulties (p. 496), 
our reason was not the mere vanishing of as such, but the 
fact that this led, through the unavoidable pressure p, to an 
infinite value of the curvature invariant R all over the polar of 
the mass-centre, a singularity mathematically non-removable by 
any coordinate transformations and, physically, equivalent to 
an impenetrable massive bander and at any rate to an infinite 

* Berlin Sitzungsberichie for March 1918, p. 270, followed closely by 
de Sitter’s rejoinder in Amsterdam Proceedings, vol. xx., 1918, p. 1309. 

f See in this connection a very interesting investigation by Kernel 
Lanezos in Physikalische Zeitschrift, voL xxiii., 1922, p. 539. It is not our 
purpose to record here the numerous papers published on this subject. 
Of late even Dr. Weyl seems to have recognized the unnecessity of massive 
polars. 
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pressure, which amounls to the same thing. No such reason seems 
to exist in the present ease. The hold-equations (29) are satisfied 
at the polar as anywhere else ; the several R*, and therefore also 
the invariant R, have thci*c exactly the same numerical values as 
throughout the manifold.* Nor arc wo aware of any other in- 
variants that might assume intolerable values at the observer’s 
polar. Wo will, therefore, take for granted the non-existence of 
mass-horizons and proceed with tlio subject. 

Though, however, there be nothing to stumble over at 
as at any other place taken by itself, the implications of formula 
(30} as a consequence of £'^4=* cosher, need not bo unreal. That is 
to say, they may well represent some physical facts related to a 
pair of points, one occupied by a clock or an atom, the other by an 
observer. Any such implications arc welcome, since they may 
possibly bo tested by observation. Now, if the much-discussed 
permanence of atoms bo assumed as valid, the same reasoning as 
on p. 392 leads dc Sitter to expect the spectrum lines of very 
distant stars or nebulae to be displaced systematically towards the 
red. If, as in dc Sitter’s treatment, the luminary in question is 
kept at rest relatively to the observer, the ratio of the wave-lengths 
of a line in the stellar and the terrestrial spectra should be 

X 

— a see (T, 

tending to infinity for the greatest possible distance r = iTra.l For 
less distant celestial objects the proportionate wave-length incre- 
ment can be written 


8X 

•^*asec or 


I 



(31) 


• In iBct, roturning for a inoraont to the variable x =« sin r, the expres- 
sion of the curvature invariant will bo found to bo, for any x, 

With this becomes 




12 


at Uio polar (^s;a) aa well as for any other values of x. 

t Light from stars tiius situated would require an iiifinlle Unio to roach 
us. In fact, the time of light-signalling from O to any siflioro a is 

/=a- n^log tanf"-j-*^V 
fiJeoBv c ^ U /ir 

oird thus becomes logarUhmlGally infinite for rer/a. 
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Such then shoulc! be tlic spectrum shift, a second-order dlslance 
effect, according to do Siller’s simple troatmcnl, which is based on 
the assumption that the light source is at rest relatively to Ihc 
observer. The actually more interesting case of a star and an 
observer behaving as free particles, when they cannot be at rest 
relatively lo each other, will be investigated a little later. The 
distance-effect will then be seen lo be insolubly amalgamated with 
the usual Doppler effect and the total shift to become essentially 
proporlional to the first power of rja. 

Turning to aslrophysical evidence for his new effect (31), de 
Sitter quotes the helium or P^stars which show a systematic dis- 
placement of lines towards the red end of the spectrum, such as 
would correspond to a poHtiWf f.s. receding radial velocity of about 
4*5 km. 300 .*“^ If, as suggested by de Sitter, one-third of this is 
considored os an Einstcin-cffcct duo to the star’s own gravitation 
field, the remainder might be accounted for by the decrease of 
as in (31), and since the average distance of the P-stam is believed 
to amount to 3 . lO^ astr. units, we should have 


9. io» SA 
2 a* ” A 


io-“ 


I 


and, therefore, 


a •*=0*67 . 10*® astr. units. 


which would rather seem loo small. With the same shift value, 
if this be granted, the free -mo lion formula 5 A/ A ^ r/a, to be deduced 
later, would give 

which may seem more likely. Applying a similar reasoning lo the 
Iwcsscr Magellanic Cloud, whicli shows a spectrum shift correspond- 
ing lo -1-150 km. sec.“^ and is located by Hertzsprung at r>6. 10®, 
de Sitter finds 

fl>2. 10^^, 

considering, that is, two-thirds of the shift again as a distance 
effect. Dut there is, for Ihc present, nothing cogent about 
the attribution of two-thirds of the observed spectrum shifts 
to the dwindling of with the mere increase of distance, and it 
would perhaps bo premature to perceive in these results a crucial 
test either in favour of or against do Sitlor’s theory. They seem 
at any rate to deserve Ihc greatest attention of the long-distanco 
astrophysicist, tho more so as V. M, Slipher’s recent (1922) table 
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of radial velocities of spiral nebulae * shows a inai'kcd prepondcr. 
aucc of posiiiye velocities and, moreover, very large ones, up to 
1800 (somewhat doubtful) or at least 1300 km. per see. In splto 
of the absence of data for southern nebulae, and notwithstanding 
the presence of two or possibly three spiral nebulae showing 
negative velocities of 260 and 300 km. per see., ono cannot help 
feeling impressed by Prof. Slipher’s table as a strong inducement 
to remain in active contact with do Sitter’s cosmology. This 
impression, however, is entirely modified, though not weakened, 
when dc Sitter's shift formula (31) is corrected for the unavoidable 
motion of the light sources, as will appear hereafter. 

Now for tlie geodesics or the laws of motion of free particles 
inserted in dc Sitter’s empty world. These arc readily derived by 
substituting, say, the form ( 27 e) of the linC’Cloment into the 
Lagrangian development of as on previous occasions. 

The variation of tf* gives an equation from which it appears at once 
that 0>= const, along every world-gcodcsic, so that wo may put 
V* “ Jff. The variation of t and of 6 gives 

cosher. ci=>k, «“sin*tr, d=p, 

whored, />, arc constants. Substituting these first Integrals into 

co8*(r - fS - rt*8in*(r f?® = I, 


we have the required equations, reduced to quadratures. 



idr 
c di 


=cos(r 


r cos® ur p® CO L® (rl^ 


(32) 

( 33 ) 


The orbit of a free particle in the elliptic space is obtained by 
introducing the former Into the latter. We need nut discuss it 
however, SufBcc it to say that this orbit is, in general, not 11 
straight line of the elliptic spacc.t It becomes straight only fur 


* Given in full on p. lOs of Eddington’s book. It will bo kept in mind 
thnt ” rorllnl velocity ” (v) is itsnl l)y the astronomers as a synonym of 
"spectrum shift its intcri)rolation ns a Doppler olTcct being 

taken for granted. Now, liowovci', part of such u " velocity " may bo n 
gravitational, another part n di8lnnco>ef[ocl. 

t As a compariBon with (9), above, will readily show, 
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i.e, const, when the orbit passes tlirough the origin.* 
Even then, however, the motion of the particle is not uniform, 
as will be seen presently. Tliat the orbit of a free particle in tlio 
contemplated space should bo straight or curved according os it 
passes or not through the origin of coordinates, sounds very 
strange. For this origin 0 may be any point of the space. But 
the puzzling impression disappears the moment wo remember 
tliat we are referring the state of things to a sy3tcm<timc f which, 
is just the proper time of tlio observer placed at tlie adopted 
origin ; the world-line of the latter (r<= const. »o) is, moreover, a 
world-geodesic, so that all the world-lines of particles whose orbits 
pass through 0 may bo characterized intrinsically os forming a 
pencil of geodesies. 

Leaving theii the general orbit (r, G) on one side, let us consider 
purely radial motions, as these arc of considerable interest. Ac- , 
cording to ( 33 ), with p^^o, any such motion, referred to an origin 
which itself behaves as a free particle, is determined by 


e dt 


(34) 


and is thus manifestly not uniform. The upper sign corresponds 
to a receding, and the lower to an fapproacliing motion. Whence 
the acceleration, in either ease, 

a* d^tr , . ^ /2C0s“cr \ , , 

- -ij. (34ff) 

Kcliiriiing to the original meaning, p. 512 , of llie cuiistaiit ky 
and writing V <= for \drldl\, we have 

k — {l~ /3“scc*(r)~^. 

Thus, if the particle passes through the origin, with ii velocity 

0,, = , 

(») 

which is greater than unity. If, however, tlio particle does not 
pass through the origin but reaches a minimum distance ro^oirg 

* That every r-lino (0 e^const., ^ nconst.) Is a goodoaic of the oIHptic 
spOGo follows costly from the form of Its liiio-olomont. 
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(poriliclion), wlicro ils motion is rovcracd, the mcaiiint; of iho 
constant is 

k=«co6<rQ, {b) 


and k<l. In accordance with (34) both cases of radial motion 
arc possible in dc Sitter’s spacc-time. 

Equation (34), aided by (34^), tells us, in the Hrst place, that 
the particle can be permanently at rest nowhere but at the polar 
or at the origin. The former ease is compatible with any k, and 
the particle, as we already know, will in no finite time leave the 
polar, from the 0 -point of view. The latter case, (r=>o, is com- 
patible only with k^i or A free particle at rest at 

the origin will remain there for ever. 

In the second place, let us consider a particle actually outside 
of Of but such as would tend to 0 asymptotically with or 
one that loft 0, at -00 , wltli a vanishing velocity. Or else, 
let Oo 01^ <'*0 small enough to make or negligible ill 

the presence of unity. Then ki^l, and (34) reduces to tlic simple 
form 


ad{2a) 

dt 


^sin 20*. 


There is no difficulty in integrating the complete equation, for 
any k, as will bo seen presently. But the simple ease of an evan- 
escent Vg is particularly Instructive. If be a constant, the 
solution of the last equation is 

tano-»»s-‘'ii^"'H ( 34 o) 

Thus, if the particle happens to recede from the origin, or from 
the observing particle, it will continue to do so for ever, and will 
gatlier speed up to l=tm, when It will ’just reaeh the mid-point 
between 0 and its polar ({r«aiir) with the velocity Hence- 
forth it will still recede, but with ever dcci casing velocity 

y“|8cch~(/ -/,«), 


* This, though huge, Is still below ilia systoni-volocity of light ul the 
mid-point, which is cco84s“=:c/\/2- 

Equation (340) may also bo written tmin-estaiiffg, so that 
o-s=0-g for ts=o. If o-Q=>ro/a is small, wo havo for comparatively short 
times, i,B, for small values of ctfa, 


or an approximately uniform motion. 
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toncling to nil for , at tho polar. In tho present case tlicn Iho 
free particle beliaves, in fact, as if it wore repelled from 0, and one 
may speak of a ' scattering tendency ’ {cf. infra), yet even in this 
case up to (r=iT only. For, having passed the mid*point the 
particle will move away from the observer more and more lazily. 
Take, however, the equally if not more probable ease of an approach- 
ing particlo or star, always disregarding gravitation. Then, onco 
it comes between tho mid-point and tho observing particlo, it will 
tend to the latter witli decreasing velocity, again as if it were 
repelled. But trace its history back, nearer to the polar. There the 
star’s velocity towards 0 may even bo almost ovanoscent, yet the 
star will gather speed towards the observing particle, as if attracted 
by the latter, up to the enormous value at tlic mid-point. A 
univomal or even a preponderant scattering tendency, as claimed 
by Wcyl and others,’" is thus by no means a necessary character- 
istic feature of do Sitter’s cosmology, though restlessness of free 
particles is one. For nil wo know, there may be, for every star 
or nebula suiting tho former, one fitting the latter case. (In 
absence of the every motion, in fact, is reversible.) Nay, if 
the distribution of stars tliroughout tlio elliptic space is, or has been, 
more or less uniform, there should be a good many more stars of 
the second kind, showing, that is, a gathering instead of a scatter- 
ing tendency. In fact, draw around 0 a sphere of radius r-^ira. 
Its volume will bo 

Vi “TTO® (2<r - sin 3rr) 

* Thus *' tho gOHoral Icndoncy to scatter, " prcjclaiinctl by Prof. Kdding- 
toll, loe. cit., p. 161, is a Imsty concUisiuti, inspired t)y Woyl, it urould 
sootn, though in ttic enso of tlio latter it seems rntiior to bo the 011 1- 
como of a conscious though perfectly gratuitous assumption added to 
do Sitter's theory. Siiys Dr. Woyl, p. 322 of liaunhZeit-Afalme, 3th oil., 
in his usual olymiiic stylo ; " Tho \vorld-llncs of tho stars belong thoi} to 
a divergent pencil of 00 * geodesies ; thoir divorgonco towards tho future 
tcstinos of a universal scatluring tendency of mutter, which flnds Us e.'C* 
pression in tho cosmological tci’moi tho action principle." lluton imtlonlly 
enquiring (as 0.g. on p. 2^$), whcnco this divergenco towards tka future 
itself follows, tho render will And that this imposing property is irotliing 
but a gratuitous hylsithcslfl. Tho pencil in question may ns well divcigo 
into tho luist (in Woyl's Fig. 23 of tho hyperboloid, 'i-w and -00 can bo 
Intcrohangcd), i,9, converge into tlio future. Whether one or tho other, or 
perhaps neither. Is tlio case prevailing in Nature, can bo decided only by 
observations on distant celestial objects, nut by drawing space-time 
Ogures. 
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and LhcrcCorc, the volume of Uic remaining elliptic space, 



whence, the ratio of the observer’s own and the more remote 
domains of space, 




V, 


ff -2 
aa . 

Tr+3 


The latter is thus about five times as voluminous. The moral is 
obvious. 

This weakens also somewhat the first impression derived from 
Prof. Slipher’s table with regard to dc Sitter’s theory. Yet, to 
form a just judgment of the possible evidence contained in the 
largo ' radial velocities ’ of the spiral nebulae, these must first be 
adequately represented as spectrum shifts, by a formula com- 
prising both the velocity- and Uic distance-effect. Such a formula 
will be deduced presently. 

Returning to the general equation (34) of radial motion, for any 
k, use the substitution s=tanir. Then, apart from the sign. 


a de 
c dt 


=s/a*+s®, 


where o° = I - Thus, in the ease (a), when 

. cl 

tancr«=j8osinh--, (35a) 

(9 

and in the ease (ft), when -tan®«rfl, 

tan (T = tan cr^ cosh - (i - /o)i {35ft) 

(q being the instant of passage through the ' periliclion.’ 

The discussion of this complete solution may be left to the 
reader. It is manifest that the non-vanishing of the constant a 
will not modify essentially the characteristic features of radial 
motion just described. 

Now for the spectrum shift, to be expected from a free particle, 
a star or nebula. It is indeed necessary to take up this <|ucstion 
again. For, in view of the restlessness of free particles, dc Sitter’s 
original formula, (31), is at any rale insufficient for the purpose in 
hand, as it was based on the assumption of rc= const. At first 
one might think of superimposing upon that mcrc-distancc effect 
a proper Doppler elfcet to be computed in the familiar way. liut 
a formula thus obtained for 8X/A would seem unconvincing, as it 
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might always be suspcclcd lo depend upon llic particular choice 
of Ihc coordinates. The siifost way is to construct it inlrinsicnllyi 
in terms of worlddincs. It is the merit of Wcyl to have shown how 
this con bo done in general,* 

Imagine the worlddine V of the light source, a star or one of 
its atoms, and the worlddino L of the observer, carrying with him 
a similar atom. Let the source emit two light signals separated 
by an interval ds^ of its proper time, say while it passes through 
the points and of its line. Let these be received by the 
observer at L^(s) and l^{s on his line. In space-time language, 
lot Lx, Lg be the intersection points of L with the light cones 
(fore-cones) whose apices are at L^. The observer will receive 
the two signals separated by the interval ds of his proper time, and 
comparing tliis with the period ds^ of his sample of the atom, 
measured again in his proper time, will perceive a spectrum-line 
shift determined by 

\+&\ _ ds 
A ^ ^^0 

lie cannot, of course, measure ds' ns such. But if he believes, 
with Einstein, in the permanence of atoms in the sense already 
mentioned, our observer will assume 

ds'=dsQ, 

and thus his spectrum-shift formula will become 


5 A ds 

^ T Ed ^ f 

A ds' • 




This is Wcyl’s principle. It is of considerable generality. Its 
invariant nature is manifest. That it docs not discriminaU' 


between what is due to ‘ distance ’ and what to tlic relative motion 


of the source, is ccpially clear. If the reader so desires, he can 
designate every such clTcct (36) as a Doppler effect. 

Before applying this general formula to the problem in hand, 
let \is try it out on the simplest ease familiar from special relativity 
theory. Let the observer move uniformly along the line of sight, 
say, away from the source. The world-line of the latter may be 


written 


const, =0, 


* Loco cf/., Anliiing ill., p. 322, 'J'ho application of llio general principle 
to the present ease Is given in Wnyl's pnpor, Physihaliselto Steitsehrijl, vol. 
xxlv.. IU23, p. 230. The roRulb there arrived at, however, is far from 
being general enough, its will be shown prcHcntty. 
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geodesic, be Ihe worUblinc L* of the star. Lei the observer describe 
auolher geodesic (Fig. 23, drawn correctly for ^ = i), i.e. 

cl f scc<r(fcr ' 

We shall not oven require its integrated form, which is (35a) or 
(35&). The line representing the slur's signal emitted at is 

~(i-a)=aj8CCcrrf(j-, 

The coordinates of the worUUpoint ore determined by the last 
Iwo equations, whence, dilToreiitialing witli I'cspccL to a, 
c{dt-dn) «8CC trdr, 

, see <r dr 
^ >/i -cosV/&*’ 

Iwo o<|ualions for the components e dl and dr of the element 
or ds in terms of cda=>ds', the element of the source line. Sub- 
stituting in rfA'® = cosVcW“rfr® we find 

ds cos’^r 

^ cosV/A“i’ 

Thus, by (36), the total Doppler effect for any value of the 
constant k, 



where the upper sign corresponds to a receding, and the lower 
to an approaching source. (Fig, 23 represents the former case.) 
Since tr is the coordinate of r=>n<r in (37) is the distance of the 
star at tlie moment of arrival of the signal or at the moment of 
observation. This is the re(|uired formula. It gives, unlike dc 
Sittei's formula, essentially a Jirsl order effect with respect to r/rt,* 
ns can be .seen from the sub-case of small Voor k V-i, when it becomes 

8VA = .J:8in^. (37o) 

Moreover, the theoretical effect Is by no means necessarily positive. 

* [ii til is it iinilriialty, with Weyl’s resHU. 'I'liifinKli ilouio (.'rmr 

liowover (whtcli I lie ruiuter 111 iiy try to ustricatu friini his last <pioted piipoi ), 
Weyl ilmlH 3 X/\=-laii(r/u) 

Insteatl of (37g). ‘I'he nnhpie, positive hign is duo to his arbitrary iiHstiiup- 
tion of univurHat HcalteriiiK, already ineatioaed, and liy 110 means dcsirulilu. 
The eomjiloto result, monsiver, valid for any w# or nny o-o. is rcpresuntwl 
neither liy tana nor hyshio-, but l>y the moru (joinplieiitiid expression in 
(37). Tlieru is no reason whatever for nssumhiH, for all stars, A i. 
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No matlcr whal the distance, it is a red 'Shift only for receding, 
and a violet shift for approaching stars. TJiis lakes all the virtue 
out of the observed predominance of positive shifts among the 
(nortliern) spirals as an evidence in favour of dc Siller's world, 
tliougli it will enable us, on the other hand, to account for Ihe 
two or tln'ee negative spcclrum sliifts appearing in Sliplier's 
table. The simple formula (3 ;^q) is here treated only us an illuslru' 
tion of our more general 'formula (37), in which the value of tlio 
conslont k may vary from star to star. The former, which makes 
the absolute value of the spectrum shift a universal function of f 
alone, could claim (apart from gravitation) general validity 
if all the stars wore some time ago tightly congregated around 0 
and had, tlicrc and then, negligibly small velocities jSgi ^ sttito of 
tilings agreeable to Dr, Wcyl, for wiiicli, however, there is not 
the slightest evidence. The difference between k and i can, 
apart from preconceived ideas, be disregarded only in the case of 
some extremely distant objects, such perhaps as the spiral nebulae 
and the globular clusters. Apart from these, the complete formula 
(37) must be used ; for thus only can the spcclrum shifts of the 
nearer objects, most familiar to tlic astrophysicist, be represented 
at all.^ These ciTccts arc contained in (37) as subleases for mall cr, 
not for negligible Vg. In fact, if rja bo so small as to mako cos i, 
formula (37) gives at once, in the case of h> t, 

^x 

the familiar result, which materially amounts to fiX/X<ad:OQ/f, as 
of old. For more remote objects the complete formula (37), 
always apart from gravitation, will come to its rights. Nay, it 
seems safer to use it, in preference to (37o), even for the spiral 
nebulae, which are believed to be the most remote objects yet 
observed (distance estimates • are but rough if at all available). 
Only through a patient scrutiny of the existing and rapidly 

* Thoro arc very many Ktani In nnr galaxy, cliHlant only a litindml or 
less imi-sccs and yot ahowlng (which ore certainly not helped by 

the galaxy’s gravitation) at 50 km.^cc. and more, to say nothing of aiicli 
stars as C. 1640, C. 166C and C. 560, placed at go, at 77 and at 1C7 parsecs 
and having ' radial velocities' +144, H-aaC and +338 km./sec. rospoctlvoly. 
None of tlicso can bo repi’csontcd by llio simpler formula (370) without 
assuming absurdly small values of the radius a, values moreover non* 
consistonfe wltli coclr olhci* when derived from dilTcront stars, oven llio 
somewhat more rcmolo ones only. 
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growing material of spcclrum'Shift and parallax measurements, 
and not by drawing or imagining a pencil of world-lines, can the 
question bo decided, wlietlicr some at least, though not all stars 
have a /s-valuo in common, and how little this diiTei-s from unity. 
Until then one has to attribute to evciy celestial object its own 
value of that integration constant. 

In (3^) tho spectrum shift is expressed as an clTcct of mere dis- 
tance. It may as well bo staled in terms of tlic relative velocity 
v^drjdt of the celestial object, at the moment of observation. 
Thus, by (34), wo can write 

-I, (37rt) 

which is an intermediate, mixed formula, yet not uninstructivo. 
Tho reader may convert it into a pure- velocity formula by sub- 
stituting, according to (34), cosV=^fe®{i +>/i In this 
sense every such spectrum shift can be designated ns a Doppler 
olTcct. I'hc most convenient to handle, however, will be the form 
{37) of the clTcct. It will be kept in mind that, by the very method 
of its deduction, this formula is valid only when both the light 
source and the observing station describe geodesies in de Sitter’s 
empty world, i.e, in absence of gravitation. Our own station, 
the solar system, being in the midst of a galaxy of millions of stars, 
and placed rather eccentrically,* hardly satisfies this condition. 
Still loss tho observed celestial objects, especially those near the 
limits of our galaxy, which are attracted by practically the whole 
of its mass. The same is true of llio nearer, and perhaps of all, 
extra-galactic objects thus far discovetod. In order, therefore, 
to be applied c(jrrcctly to observed facts, our spectruni-sliift forniiila 
(37) or its sub-case (37,,) would first have to be approjiriatuly 
supplemented. An account of some results of such an investiga- 
tion must be relegated to a separate paper, f Hero wo may give 
only a few tentative examples In illustration of what can be de- 
rived from the narrower formula (370), keeping in mind, however, that 
in our actual ignorance of the degree of smallness of tho constants 
Vq or (Tg this formula can be claimed to have some chance of 
validity only for very largo distances. This limits its applicability, 

. * Aecunling to Shapley the smi Is at least 50,000 Ui'ht years, or one- 
sixth of UiQ galactic clianietor, from the centre of the galaxy. 

fSeu, however, tlie estiaiate in Note 6, added since this page was printed. 
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at any rate, to the spiral nebulae and the globular clusters. If 
D bo the absolute value of the Doppler effect 8A,/A, the formula 
is, for a receding ns yrcll as for an approaching object, D<asin(r/a), 
and since the lat^cst effect ever observed* still amounts to 
D «*6 . 10”“ only, we may as well write 

a^rlD, 

D’Valucs, almost ail huge, are known for some forty spiral nebulae. 
Unfortunately, however, no good distance estimates of these 
objects are as yet available. Even in the case of the often quoted 
great nebula in Andromeda, for whicli - 300 km, /sec. is a well 
established effect, tlie distances found arc so discrepant as 200,000 
paraccs and 2800 parsecs, both estimates derived by Lundmark,f 
and only 1700 parsecs, as found by Jeans. Moreover, a single 
A- value, even if it seemed of a reasonable order, would not, of courac, 
speak either for or against the tlicory. A crucial lest would coii' 
sist in applying the formula to a number of celestial objects for 
which more or less equally reliable pairs of values r, D wero avail- 
able. Since the spirals do not as yet offer such on opportunity, 
we must look for other sufficiently remote objects, I'iie radial 
velocities of tlic globular eluslers arc known only with a probable 
error which it is, according to a private letter of Prof. Shapicy, 
a fair guess to put at 25 to 50 km./sec. Yet, since their distances 
were fairly well estimated, we may turn to this class of celestial 
objects, Shapicy gives a table of ten globular clusters with both, 
r and D values, :|: In view, however, of the aforesaid Ini^e probable 
errors of JD, only those seem worth considering whosd measured 
radial velocities arc not much below a hundred kilometres per 
second. We arc thus left, for the present, with only seven globular 
clusters. These yield the following table, in which ' radittl 
velocities,' reduced to the sun, arc given in km./sec., the corre- 

*Thls Is tlio ' I'lutial velocity' h*i8oo km. /see. shown by the spiral 
nebula n.o.c. 5S4 occonllng to Sllphoi''B table quoted before. 

t Quoted by H. N. ItuKsell mid Adrianu van Manneii respectively, 
Astrophys, Journal, vol. lill., p. 4, mid vol. Ivl., p. 208. 

t Harlow Sliapluy, Astrophys. Journal, vol. kUx,, p. 322. It will 
bo iiotlcutl that Uiu distmiccs of thuso cliiHtor.H are four to twelve lliiics 
Lundmnrk's lower dislmico cslliuato of the spiral nebula In Andnnnoda. 
As I learn fnmi I’raf. Sluiploy, lio guiiUTnlly says, In u discuHslon of lliu 
subject, that the larger spirals aro prabahly at about the smiiu distaneo 
as the larger globular eluslcrs, that is, between 3.10* and 3.10^ ustr. 
nnlls, 
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sponcling D’s arc their absolute values divided by c, and r and 
the quotients a ^r/D are in astronomical units. 


Cluster, 

N.G.C. 

0 

1 

liadial 

Velocity 

U.io» 

a . io-i> 

3024 

3^ 

-170 

57 

6-7 

5272 

a8 

-12.5 

42 

6-7 

C203 

22 

-300 

100 

2-2 

G333 

50 

-1-225 

75 

67 

O341 

*5 

~ifio 

53 

4'7 

6IJ34 

67 

-350 

117 

5-7 

7078 

29 

-95 

32 

9-1 


The consistency of the hgurcs of tlic last column, with a mean 

a=6'0 . 10 ^®, 

is surprisingly good and, in view of the large margin of uncertainty 
of the Doppler clIcctB, even better than might have been expected. 
Many more data of a similar kind would, no doubt, be desirable 
before forming a hnal judgment. Yet, this little table, as it stand^a, 
seems to speak rather in favour of our formula (370) and herewith 
also for dc Sitter’s space-time theory. It may be mentioned that 
the same formula applied to the Lesser Magellanic Cloud, show- 
ing a radial velocity of +150 kin./sec. at a distance r=>5'2. 10®, 
yields rt»io. 10^®, while the Greater Magellanic Cloud, with the 
radial velocity -1-276 and i'=7'2 . lO® gives a = 7*8 . 10“ not clashing 
with the value.s derived from the globular cUistei-s. The mean of 
all the nine values is a =6*7. 10*®, not difTcring materially from 
the last one.* 

liefore leaving do Sitter’s empty space-time let us bricHy consider 
the slmpu of its light rays and the corresponding parallax formula. 

lly (32) and (33) the orbit of a free particle in the elliptic space 
(f, 0 , </)oir/2) is determined by 

Its integrated form, given in Koto a, need not detain us here. The 
light ray follows from (38) as the limiting ease in which k ami p 
are inrmile. Thus, writing again Ar^ffsintr and putting ti^ilx, 



-htt® •“Const., 


* A contlunscil account of tills subject was given in a letter to the Eilltor 


of Nahiro, vol. cxiil., p. 350. The distiinci's of tlie Clouds there 
quoted are here replaced by Shapley's latest cHtlinatcH, 25 and 35,1100 
parsecs, ns given in liullclin 700 of the ITavvanl ('olloge Oliservalory. 
Kven these " must bo considered provisional.'' 
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dO^ 


+u< 


and, the equation of a light ray, 


ss cos 0 Bsin ~ cos ^ const, 
a 


( 39 ) 


This, of course, is not a straight line of the elliptic space,* unless 
it passes through the origin. Prof, dc Sitter is well aware of this 
, property, which the rays share with the orbits of free particles 
in the same space, and since it is easier to handle optical problems 
in a space whose straight lines do coincide with light rays, ho 
introduces a new variable h through 



tan O', 


(40) 


as mentioned in Note s. The element (272)1 
transformed into 


ds® «a sech® ^ |^c®d<® - d/*® - a® sinh®^ dl?®*| , (2 7o) 


Strangely enough, do Sitter says j). 13) that " tlie space of 
this system of reference is the space with constant negative curvature, 
or hyperbolical space." Manifestly, the space-port of {278) is not 
a Lobatchovskyan element but one diHorlng fi’oin It by the variable 
factor scch*A/a. In fact, the curvature of an u-foUl Is its intrinsic 
property, not to be changcil by any transformation of its » co- 
ordinates themselves. How then could a R]^>acc of positive curvature 
bo changed into one of negative curvature by the inci’o tranKforniation 
of one of its coordinates, r into A ? Such a change is |K)ssible only 
by taking dlfTorciit sections of space-time, say, by making r, t func- 
tions of the now space and time coonlliiatcs, as in some of the previous 
transformations. The line-olomont (dA* +n®8inh*/i/fld0»)soch*/»/« re- 
presents an elliptic space exactly as did the original form 
dr* +a®8iu*irdf/®. 

Thus also it Is not correct to say with do Sitter that " the rays are 
stmight lines in the hyperbolical space." Prof, do Sitter is, no 
doubt, aware of the true state of things. For ho hastens to add : 

* Kq. (39) would i-oprcsont a Blraight lino in a Hpaco dP =d»* -I'AV/O*, 
whereas for cUii^tic spaco 

dl*s:df* +»*»ln*4r dff® = — 

1 

wliicli 1 h an nUngotlicr dillcront thing. 



PARALLAX FORMULA 525 

" If tho motion of material parUdoa also is consulorotl, tlion iho 
analogy breaks down, owing to tlio nunioraior " 8ecli®A/«, 

Allhougli the space of (273) is not hyperbolic and the paths of 
particles or of light in it arc not straight, yet the new variable h 
0^01*8 an advantage in treating light problems. For since tho 
propagation of light is expressed by ^=>0, its law becomes, apart 
from the polar, necessarily 

cHfl = dJi* + a®sltth® {h/a) dO^ssdl^ (41) 

so that the system-velocity of light dljdi is constant, and isotropic, 
and all optical problems cun be treated by Lobaichevskyan trigo- 
nometry in a representative hyperbolic space (map, with mugnirica- 
lion ratio varying from point to point) h, 0, 0 , in which straight 
lines stand for light rays. Thus also the parallax of a star, placed 
at a distance h from the sun, will be given by tho Lobaichevskyan 
formula * 

tan p «=sinh a cotli a coth (42) 

with a written for the ratio of the astronomical unit of length to 
the world radius a. Since a is hardly greater than it can 
at any rale be confounded with its hyperbolic sine. The repre- 
sentative space having done its service, we may now return to 
the original variable ir >=> rja by means of (40). Thus, 

p tan /» >= o coscc tr. (43») 

' Notice ill passing that this converts {370) into pD~n, The 
parallax formula (42/7) miglit also have been obtained fioin the 
ray cijualion (39) without ever leaving the elliptic space, though 
not wilhoul some matlieiiiatical toil. To have spared us this 
is exactly the merit of do Silltir’s elegant transformation. For 
small (r llie parallax becomes Luny>-«-aa/r»>i/r, with r in aslro- 
noniicul units, as by the classical formuhi. 1''or more distant 
stars do Siller’s diffors from I his as also from hjiisluin’s formula, (10), 
which had col tr instead of cosec ir. Thus, while llic latter formula 
set to p no lower limit other than /.oru, do Sitter’s formula gives 
a minimum parallax tanjf>»u or, to all purposes, 

Autik. **1 

*ThiH dlllcrB from tho ulUplie one, p. by hyporlKiliu functions 
roplacliig tho trlgonomolrlc oiio» hi tho rigliUiuiul raoinbcr. 
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which would be attained by a star at the polar, (r-^Tr. As 
wo already Imow, the light from such a source would require 
an infinite time to reach the observer. Even apart from this, 
since de Siller’s minimum parallax is hardly much larger than 
icr“=o"'0ooooo2, it cannot bo reasonably expected lo lead 
lo any astronomical consequences. The same is true of the 
deviation of (42a) from tlic classical formula for any Intcrmcdiato 
distances, 

llius far de Sitter’s empty space-time, regardless, that is, of all 
dislurbaiicc due lo giavilaling bodies, II remains to consider the 
fioid around a mass-centre. This was already found Lo be given 
by (28) as the most general radially symmetrical solution of de 
Sitter’s field-equations oulsidc of matter, 



and may here bo rewritten briefly, for 0 const, ^^tt, 

dr^ - rt® sin» (r 

8i 


cos" O' 


— . 


2L 


a sm cr 


( 43 ) 


L being the gravitation radius of the mnss-conlre placed at the 
origin of the coordinates. The apparent difficulties at or near the 
polar need not detain us very much. The analytical irregularities 
of g4 in that neighbourhood arc essentially the same as in absence 
of a mass-centre. The only dilTcrcnco is that, instead at the polar, 

g,! vanishes at a slightly smaller distance, (r« -t*, where r* is 

the aniallcsl root of sin^ r cos i,e, approximately, 





At the polar itself ^4 » ~ which is an exceedingly small iiuga- 
livo number, in llic ease of a mass such as our sun. Thus \/g^ dt 
vanishes at t = t* and bewmes imaginary botwocn r* and the polar. 
The coofilicicnl of dr^ is exactly as in Einstein’s cosmology and has, 
therefore, tJw same aingularity at llic polar. Thci’o is, however, 
this diCfercncc, lliat in de Sitter’s case the invariant Ji remains 
regular, and has, with (43), the value R « is/a® at the polar as else- 
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$27 

where, which, as in a previous footnote, can be vorificd explicitly. 
Nor Is there any other indication of mi inlrinsic or physical singu- 
hurity. The dilTercncc is that a mass-centre in dc Sitter's space- 
time docs not call for an auxiliary pressure which was responsible 
for a physical and utterly intolerable singularity at the polar in 
Einstein’s case. 

The consequences of dc Sitter's radial field (43) relating to 
planclary motion and to the behaviour of iight rays at or around 
the sun aro practically the same as for a =00, tliat is, the same 
as with SchwarKschild’s solution. Following the example of the 
previous cases, the reader may work out for himself the equations 
of motion and integrate them approximately. He will then find 
that superposed upon the Einstein cifocL Svs there is a 

perihelion motion, due to the finite curvature radius, which for all 
members of tlic solar system is but a small fnmtion of the former, 
much too small to bo cvci obsci'vcd, provided that a is of the order 
10^*. It would remain below observability, even if the world radius 
were a thousand times smaller. The same is true of the ray de- 
flection around the sun one! of the gravitational shift of the solar 
spectrum : the terms to be added to the original Einstein clTccts, 
as known from Chapter XIV., would only be small fractions 
of these effects, which arc themselves just large enough to be 
measurable. 

In fine, very niiicli as in the ease of Einstein's cosmology, none of 
the.se cfTccts enables us to discriminate between a hoinaloidal and 
dc Sitter's space-time or to set an upper limit to its curvature 
radius.* 

The only grip upon this interesting and hitherto elusive magni- 
tude is aftorded by the amplified Doppler effect of exlrcmcly distant 
celestial objects associated with the law of inertial motion peculiar 
to dc Sitter's space-lime. This seems to be the most distinctive 
and, at the same lime, the most precious feature of dc Siller’s 
cosmology. For, as we saw in the preceding discussion,! it promises 
to lead to .some intcrcsllng astronomical devclopnicnls. Einsicin's 
original theory, based on a hoinaloidal space-Lime, has only a 

*To that off lh:L was also dc Sitter's own conclndiiiK remark in a paper 
‘ On the Curvature of A mstmlam Proceedings, vol, xx., Kji?. !>. 2.13. 

! Some acidilions to that discuHsioii and to Uio table of a-valucs, given on 
p. 5S13, will bo found in Note 4 b at the end of Uio chapter. 
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contact with reality, that is, with asccrlainablc phenomena or facts, 
through the three repeatedly invoked crucial cfFccts, and la thus 
doomed to be soon shelved for its barrenness, as far at least as tho 
physicist and the astronomer arc concerned. His cylindrical space- 
time tlieory, as we saw, leads only to modiheations which arc all 
physically irrelevant as being too minulo, except one, a formid- 
ably huge ofTcct, a physical singularity at the polar of cvety mass- 
centre, which is palpably contradicted by experience and thus rules 
out such a cosmology. As against this, dc Sitter’s tlicory, though 
equally irrelevant with regard to planetary-conditions, leads in the 
ease of large-scale problems to a huge new phenomenon, the com- 
plete Doppler cITccL of distant cclcstiiU objects with tho underlying 
inertial motion, which, if not contradicted by further astrophysical 
data, is bound to Impart to it much vitality. 


NOTES TO CHAPTER XVI, 

Noto 1 (to page /|77). Let tho onorgy-tonsor outside of condensed 
matter iiidudo a,prcs$im p^, which os well os will bo assumed to 
bo an invariant. Thus, lot 


or 




in any coonlinaic system, whence, in IXinslcin's stand anl system, 
for which the metrical lonsor ussinncs the value (i), p. <\^s, and 

tn ~ =■ /Jo ~ ja/’o* (®) 

all other components being zero, and, tho invariant of tho tensor, 

(f>) 

Now, this cnorgy-lcnsor and tho metrical Lonsor (i) are fully cum- 
paliblo with Einstein’s original field-equations (Ilia), p. 421. 


Rut => “ «(!•« - iU'**)* (c) 

In fact, since for (i) tho lonsor Rm reduces to 
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QS on p, 477, the equations (c) bocomo, by (a) and (6), 

^ => K ( J/>o - ^ p^gu, * “ ii 2 , 3» 

o-K^i/io+i/’o)* 

' Now, tho last of Uiosc equations calls for 

(if) 

and tho ilrsl tliroo are then all siitisficd by 



Forimthic (//) and (c), of which the latter is idoiilical with (b), p. .yjQ, 
were thus doducod from the older field-equations (c) in Rinstcin’s 
Princeton Lectures, but, as far tus I know, Einstein has never returned 
to this treatment in his later xnibUcations. As will bo seen from (rf), 
Uio compatibility of tho older field-equations wllh a finite world 
radius a is not possible without a nnivorsnl x)rc8siirc. According to 
Einstein (/.c., page 118) *' the idiysical nature of this liyiiothotical 
pressure can bo appreciated only after wo have a better tlioorotical 
knowloilgo of tho olectromagnotic field.” This, it would seem, is 
not yet attained. Mathematically, tho iircssure term in the troat- 
ment just given x>lays tho same rfilo as tho cosmological term in the 
left-hand member of Einstein’s now field-equations intnidnccd on 
page ,178. 

Noto 2 (to xmgo 506). Introduce the now variable h through 

^ It 

sinh - =;taii tr >= tan - . 
a a 

'L'hcn the line-element (27t) will become 

f/s® «= rf/* - rf/i® - tf • sinh® ^ + sin»«/> J sech® . (27^) 

Tliis form is particularly convenient for the treatment of ojitical 
Xmiblems in do Sitter’s empty S[)acu-lime, as on p. 

Another remarkable sulistitution used by do Sitter is 
Vofttaiiir. 

This transforms (279) into 

, V* 

~ I + V*/a» 

whence also, with ^3, ^B»r(Hhi^slii(f, sintl^cusff, cost^), 
tls^’=>gikd$l d^b 

the motrical tensor for those cooidinatcs being 

„ SlJb . / . 

“ “ I (I -|. !;•/«•)■ ■ “ iTv*7«® ' 

H.R. 2 1. 
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At the origin this reduces to the Galiloian tensor, 
as is seen also directly from (270* while for V =00 it degonorntos into 
an array of sixteen zeroes, 

(glK)„ =“0' 

This seems to do Sitter a particularly precious property, to^ wliieli 
ho refers ns tlio " mathematical postulate ’* «yl relativity of inertia, 
a postulate which ” does not appear to admit tt simple physical 
interpretation” (Af.AT. of 2 i.A,S, for Nov. 1917, p- 18). With the 
same coordinates, ^<, ct, Einstein’s cosmological tensor (i), p. 475 1 
is ns in (275) with tlie only diiferonco that thrt)iigliout the 

world, BO that for r^oo the array coiisisis of iitlccu zeroes, with unity 
in tlie right lowermost corner. Thus, while the hitter sot i» invariant 
only for such transformations for which, at infinity, t''==t, do Sitter’s 
** set is invariant for all transformations.” Yet wo know that in 
the system A, 0 , cl, for instance, the tensor, given by (27#), does by 
no moans degenerate into sixteen zeroes at infinity ; for tanh eo -jt. 
In fact, do Sitter himself hastens to add, in a footnote, *' tho restric- 
tion that none of tlie cooflicients dxijdxi' become infinite at iiifinily.” 
But we must not dwell upon these niceties. As was said in tho text, 
tliere is no actual need for exprassing tlie behaviour at infinity by 
an invariant, that is a vanishing, metrical tensor. 

In do Sitter's words, Einstein's tensor (i) *' satisfies tho maleritU 
postulate of mlativity of inertia [for all matter is responsible for it, 
according to tlie relation (7)], but it rostiicts tlic adniissilile Irans- 
forniatious to those for which at infinity f' «<, and lliiw inlroducos a 
quasi-absolute time. In B [do Sitter's tensor] tho lime is out I rely 
relative, and completely equivalent to tho other three comiliiiatoH.” 
Now, the latter certainly is a caintal property, but it is Iwst oxpresscil 
by stating, as in the text of this chapter, that do SiU<‘r’s rotirfold is 
isotropic with regard to Ricmaniiian curvature, 'fliis pnquuly is 
sulficiontly cmpliasizcd by tho gciicriilly covarianl fonmila (25), and 
by (29) us its consequence. 

Note 3 (to page 523). Put «=»i/Hhi(r and A~ii J (A”- 1 )«#'•*//>■■•. 
Then cq. (38) will become 

whence 

of which the first two terms arc alrcwly familiar. Ti is more con- 
venient, however, to use tlie former equation which, with 
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gives al once 

whonco 

sin* 0- [I + >>Ji+^t*lp*A* sin 2 ■ 


If Op bo the. valiio of 0 for wliidi tlio free particio is at the polar of 0 - 
i.o. for (i-n iho orl^lt equation can be written 



2-/1 ^112^ 1 
A sin 2 O'], J 


2 

“3' 


The orbits oxtoiul from 0 = Ojj to 0 = ^tt - Oj» and ai*o symmotrical with 
respect to the lino 0=iir. They have all the shape of hyperbolae, 
without, of course, deserving this name rigonnisly. If 0 is counted 
from the lino of symmetry, at which also r attains its minimum 
fo=0(ro, the last equation can bo written 


L A CO820„J A 


(«) 


The whole orbit extends from - 0|, to + Op, which is dotorminod by 
2 -A . „ 


cos 20, 




or tan Oa 


sin (To 


( 6 ) 


where Vn—efi^ is tho velocity of the particle at the minimum distanco. 
It will be romcmlicrcd in this connection that era Jir, 0 and ci-a^r, 
0+7r represent one and tlie same point. 

If, in imrticulor, k^i, and therefore A^i, wo have 


sin* 


C , , CO 8 201 

’^'cos20]]J 


3. 


and the extension of the orbit Is determined by lan20„=>2ri//>. It 
may be worth iiolicing that fur h^i, tho resnttant velocity, dermod 
by i;*=!(dr/d/)*-|-«*sin*<r(d0/rf/)*, is, by (32) and (33), v = 4c sin 20-, ns 
for purely nulial luotiun. 


Note 4 (to i>agc 527). To tho list of iiiiio a-valucs given on pago 
523, just ono more can now t)o luldcd. Tho globular cluster Messier 
12, or N.Cr.C. 6218, shows a red-shift of lOo km./scc,, ns mcnsuicd by 
Saiifoni [kfouut Wilson Annual lieporl for icjig, p. 250), while its 
distanco, occonling to a recent prlvato loiter of Shaplcy, can tie imt 
al 12,400 piu'KCCH, with a P.K. of about 20 per cont. Whence, by 
the formula in nstronomical units, 

rt=>(/|‘8.|:o*o) lo**, 

which lits fairly avoH into tho previous sot of values of tho world 
radius derived from seven other clusters and tho two Magellanic 
Clouds. Curiously enough, Messier 12, placed at miicli tlio same 
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distonco a» tho cluster N.G.C. 6341 (f« 12,300 pursocs), shows 
numerically Uio samo oiloci, only of tho opposite sign, to wit + i 5 o 
as against - 160 Icm'./soc., in accordance with tho formula. No stress, 
of course, will ho put on tho complete mimerical coincidence of tho 
two oflects. Yot Messier X2 strengthens somewhat Uic evidence 
aflorded by tho previous list. Tho ten a-valuos thus far obtained 
from the dusters 

N.G.C. 5024, 5272, 6205, G333, 6341, C218, 6934, 7078 
and the Lesser and tho Greater Magellanic Qouds, are, i'cs|iccUvoly, 
6*7 6*7 2'2 6*7 4*7 4*8 5*7 9*1 . lo'* 
and 10 7*8 . xo*‘. 

If, os assumed provisionally and implied in (370) > the conirilnition 
of fit* or (To* is actually negligible for all these celestial objects in 
presence of tho discrepancy between these a-valncs can bo 
looked upon as duo to observation errors, and wc may strike an 
average over these ton determinations. This would give 

fl»6*4.ioi*. (rt) 

If, on the other hand, wo return to tho complete formula (37), 
whidi materially reduces to 



wo have, to all purposes, for a star passing tliroiigh the sun, 

( 37 .) 

and for one not I'eoching the snn, 

' i37«) 

and if each pair of those data is consldeind to bo essentially correct, 
wo can condndo only that the world radius lias some inlcrmcdiato 
value between the extreme ones, 

2*2 . io“<rt< lo**, (6) 

with a strong expectation, however, that a will not differ imidi from 
0 or 7 . 10** astronomical units. Tho best way of representing, lor 
tho present at least, tho experimental findings is to plot the values of 
D, with ihoir P.E., against tlic distances r. If the world radius is 
at all finite, tho roprcscnlalivo dots should show a tendency of crow<l- 
iiig along some lino differing but littlo from a straight lino D=rjli 
drawn through tho origin. A graph of this kind ivas given in a recent 
letter to tho Editor of Nahm (vol. 113, 1924, p. 819), and is now lidng 
gradually supplemented by further data. That there is, even in that 
graph, a good indication of such a tendency, maldng a nulius of the 
said order very likely, can scarcely be doubted. Yot, to strengthen 
tills impression, many more data would certainly be desirable. 
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A poRsiblo moUiad of disentangling cr* from oi* o-qB, Instead of 
noglouUng the latter lornia, and thus ^ho of dolonnining llio rtulins a 
ln)in less distant ooloslial objects, seems to bo aHoi’cicd by the clL'ciim> 
stance tliak those terms, as Integration coiisttinls, are liuloiKiidcnt of 
tlio actual distance of a stai', and lliul, llioroforo, their values inay be 
reasonably expected to be distributed hapliazaixUy over a group of 
stars piclcoil out at random, though all equidistant or nearly so» The 
mean of these terms may tlion bo expected to have the same value for 
t\vo Bucli groups, with clifferent provided eaclr of them contains 
many objects. If so, tlion (371) or (371) ^vould givo at once 

an equation for a In terms of distances and Doppler cllocts alone. 
With tlio gcuon)uH help of Mr. H. H. Fiaskclt of tlic Dominion 
Observatory at Victoria, and of otlioi’ astrophysicists, the writer hopes 
to gather, within a your or two, sufTicioiil <lala for a reliable applica- 
tion of this statistical formula. In the meantime it may bo mentioned 
that if the clovon clusters and two clonds tabulated in Naiufe, loc, 
cit., are divided into two groui>s 7 and G objects <far too fow, of 
course), ranging in distance from ii'i to 15 *6, and from 18*5 to 
35 kiloiXLi'secs, the corresponding mean squares nro 

V=i77 and iV=7i4 sq. kiloimrsccs, 

7V=27i and D^<=5‘57 . io“^ 

whence, by le), 

a=8*8 . lo”, 

not very much larger than the simple mean of the ton rjD values 
given under (a). 

If the artificial limitation to radial motions is given up, the 
spcctnim-shitt lornnila for any inertial motion (cf. ‘ Socond Memoir, 
etc,,* Phil. Man., now in the press) Iwcomes, pracUcolly, 

{( 1 ) 

whore r*, jBn to the perihelion. If therefore, for a given f, all 
values of ulr from o to i are considered eriually likely, the righl-haii<1 
member of (c) has to be multiplied by 2/3, and the null us is 1*1x11100(1 
to >/ir/3 of the last-written value. Thus, 

rt«a7'2.10”, ( 0 ) 

not much greater tlian the previous mean. 

Moto S. Hough csHmnle of the Modifieaiion of the Doppler llffect 
hy the Galactic Gravitation. — If Kaptoyii's estimate of tlio total mass 
M of our galaxy is materially coitect, tills modification la bub slight. 
It will sulTico, therefore, to compute It reughly for Iho simplest enso 
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q{ on obBOi'vor placed at the centre of the galaxy and to sulDsUtuto 
for tlio latter (%vhich is more like an olUpsoid of nxls ratio lo : lo : i) 
a sphere of radins and of uniform mass density of stars. 

Confining onrselves to radlol motions, wo have tlio line*olomcnt 
ds*^g4P*dl*-df*, 

where g( is a function of r alone, to bo specified prasonUy. A reason- 
ing on similar lines ns tiiat on p. 518 will give for £>n|8X/X|, with 

suflioiont accuracy, 

D»*Jx-gilk\ {a) 

whore h has the same meaning as boforo. It remains to substltuto 
tlio value of gi. 

Now, the rigorous solution around a mass-centre is, as in (28), 


There would bo no ditficulty in building up the rigorous solution lor 
a homogeneous sphere of matter. For tho purpose in hand, however, 
it will bo BuflicionUy accurate to put 






where A is tlie Newtonian potential of tho sphere, i.o, 

M 

, forf^'R, 

T 


and since ^/a amounts to acaredy more ilian io~‘ and, thoreforo, tlie 
ollipticity of space In computing volumes can bo disregarded. 


Thus, if £. bo the gravitation radins of the whole galaxy, 


gjBaCQS*^ — = .3^1— 0 ^^ I— 

and, since the constant term x - sLI% affects as well tho local spectrum 
of tho observer and has thus to bo ultimately ro^aced by unity. 


Finally, substituting in (a) and rejecting 

(«() 

which is tlio required formula for intorgalactic light sources. 

Similarly, for oxlragalactic objects of obsoi-vatioii, r > % but 
for 0- not exceeding a few degrees, 

aLa*' 
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In Rno, tlio only oUect of galactic gravitation is to roduco tho 
factor I of 0*“ by 

f, La^ 


for Inlci'gidacllc Sim'S, and to incroasQ it by 2({1ifrY for cxtragaloctlc 
objects. 

Now, according to Sliaplcy the semi-diameter of tho galaxy is 
150,000 light yearn nr 0*5 , 10° nstr, units, and its somi-thlcknoss 
ton times smaller. Acconlingly, 

‘R-4'4 . io», (c) 

tho radius of an oiiuivolumiiious spluro, is a fair value to adopt. As 
for tho mirlil-rodiiis, wo may for tho piesont talco tho valuo {e) of 
Note 4 , rt=>7"2 . io“. 

Thus, if (L) bo the number of astronomical length units contained 
in tho gravitation rmlius of the galiixy, 

f=o'oo()5H(M. (/) 

According to Kaptcyn, as alrea<ly mentioned, the mass of all 
tho stara of our galaxy is ^lo*® suns, or i. = iio‘®km., whence 
(L)«33. ond ^ao'oeo, 

Tims tho Miuarcd Doppler clTcct would, as far as its distance- term 
is concerned, be diminished only by 2 per cent, for intergalactic, 
and increased by loss than <| per cent, for cxtragalactic objccis. 
If Lindcmaiin’s estimate of "dork stars" mentioned on p. 481 
w(?ru correct, ^ would much outweigh tho original coonicicnt i. 
lint there is little In support that estimate (cf. Lindemanu's paper in 
MM.li./l.S., vol. Ixxv., 11J15, p. 178). As to King's " residual gas," 
it was already mentioned on p. /|82, that his estimate was reduced 
to onc-nftieth by Shapley, some years ago, ami more recently 
Hirapley has found an almost complete Cfiuality of tho veiocilics 
of l>luo and yellow light stmt to us by the periodic chistor-ty])e 
variables of the globular cluster Messier 5, the mean for the difTercncc 
in light-time being only to seconds (one-sixth of the probable error) 
in .] 0,000 years. {Proc. NhUoiuiI Acad, of Sciences, vol. ix., 1023, 
]>. 380.) To jutlge from this masterly piece of work, tlieie is, on 
the whole, scarcely any I'csidual gtis spread over the volume of our 
galaxy, and KapLeyn's muss estimate remains essentially correct. 
Acconling to Cliapman and Melolte (cl. footnote on p. 4H0), the mass 
of the galaxy is live to leu liimss smaller than Kaployn's estimate. 
Ttiis would reduce the last given value of { in the same ratio. After 
all then the Doppler formula, deduced in this chapter for empty 
space-llmo, I’cmains materially imaffectetl by the gravitation fiohl 
of Lho galaxy, and as the V.E. of tho 7 )-mcasuremcnts for the mf)re 
distant objects amount to over twenty per cent., tho correction 
term f Is scarcely of any imptjrlance, 



MISCELLANEOUS NOTES. 


A. Elemontary Flatness. 

This term and the corresponding adjective, elementally flat, used 
on p. 300 et seq,, was, to my loiowledge, drst introduced Into tlio English 
vocabulary by W. K. Cliflord. The postulate of Elomcniaiy 3?latnesa 
is tulmirably treated in his tliird lecture on ' The Pliilosophy of Pure 
Sciences,’ deUvered at the Royal Institution in 1873, See Lectures 
and Essays, 2nd ed., London, Macmillan, 1886, esi^iccially p. 219 
cl seq. There is an unparolicled diarm about this as all other Icctiu'os 
assembled in that predous volume, and in spite of tlic progress made 
during tlm last fifty years, everybody will find his time well spent 
by returning to it now and then. 


B. Oomponents of a Vector in different Coordinate Syetems. 

A simple example to formula (2), p. 320, may lielp to prevent a 
possible misunderstanding with regard to the com|}onenls of a 
vector ill various systems. It will bo enough to consider the caso 
of two dimensions. We then have, for a covariant vcctoi", 


A/ 

A,' 




A,. 

At. 


Thus, for instance, in passing from Cartesians to polar co- 
ordinates Xi^O, tlii’ough the transformation 


Xi=Xi (xsxt, Ar*=Af2'sin a;/, 

wo have 

Ai^Ai cosd+ifasind. 

At =r{AtCOa 6 - , sin d)t 


so tliat the familiar radial and tangential components A^, A e are not 
identical with' id,'. At, but ore related to tliom by 

Af^A,', Ao=jAt'. 
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Similarly, in connection with (i), p. 318, the reader will find 
that while the * radial ’ comiiononl is the same as . 4 '^, the ' Inn- 
^ential ' one is rA 

0. Bolor Spectrum Shift. 

Since the pages of Chapter XIV. concerning this subject worn 
ultimately printed, Dr. St. John published a paper in Monthly 
Notices, Hoy. Astr. Soc,, vol. Ixxxiv., I3oc. 1933, p. 93, in which 
ho once moi-o discusses the Gravitational Disidacoment of Solar 
Lines as ptediclcd by Einstein’s fonnula (14), p. 393. Dosing 
himself upon data accmnnlated in tlic meantime at tlio Mount 
Wilson Observafairy, Dr. St. John now arrives at tlio conclusion 
that the said Einstein cficct, combined with small Doppler displace- 
ments, duo to " laiUal velocities of moderate cosmic magniliido and 
in probable directions,” and with diffci'ential scuUoring in tlio longer 
paths travci'sed thn)ngli the sun's atmosphere by light coming fnun 
the limb, 0110179 a satisfactory and the most probable intcrpi'clntion 
f>f the dilToi'oncus olisorvcd Iwtwccn the terrestrial and the solar 
spectra i-elatiiig to both the limb and the centre of the sun's disc. 
Thei-e seem only, in the case of the latter, to bo some outstanding 
diiriculties associated with the |wrmununt existence of curi'ents 
necessary to harmonize the observed and the calculatc<l disiilaco- 
numts for spectrum lines of very high and very low levels. A dis- 
cussion of these remaining (piestions will bo given by Dr. St. Jf)hn 
in Co 7 ilrih. from Ml. Wilson Observatory, where fuller data will apixjar. 

St. John's favourable verdict just quoted has also Ever.shed's 
full sup]Mn‘t, as would apiiear fi'om the latest ' lieport of the Council 
of the Kt)y. Astr. Soc.,' M.N., vol. Ixxxiv., Ecb. 1924, p. 394. 

D. Bending of Light Bays around the Bnii. 

In addition to the two tests of ICinstein's giavitational dellection 
foimula (luoted on pp. 408-409, two more sets of i-csults are now 
available. 

The two plates taken at Wallal, Sept, ai, 1922, by the C^imullan 
Ecbiwe ] expedition, headed by Prof. A. Cluint. gave for the JCinstein 

elTcct, reduced to the sun’s limb, the values 
i'* 38 and z'-oq, 

Ixisod on 18 star images. Other solutions, obtained after the 
ixtjection of certain stars, worn 

i"73, 2"75. 

As a mean of the six values is cpioted 

i''‘9oJbo*'2. 

Of. M.N., li.A.S,, vol. Ixxxiv., 1924, p. '293' 
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Two plaios taken by G. F. Dodwoll of llio Adolaldo Observatory 
ilm'ing tlio same edipso, at Cordillo Downs, Sotiih Ansiralia. wore 
mcnHiired ami roducod by C. R. Davidson, and yielded, from readings 
along two ]ierpendicular directions, the following values 
Plate I, 2**3i a**4o, mean a' -36 

Plato II. i*'*64 o'*7i. moan i**i8, 

•with a ‘ general mean ' of i'’77. The legitimacy of the second- 
plate inKults strilccs one as raibor doubtful, and the same remark 
ni)plloH to the final * inejin ’ of Details will be found in 

Dodwoll ami Davidson’s original paper, M^,, RJL,S., vol. Ixxxiv., 
p. 150. On the whole, tlio Expeditions of 1919 and 1922 speak 
undoubtedly in favoxir of Einstein’s formula, 

B. World-Ourvatiue and the Invariant R. ** 

Most relativists make tiro tvorld-curvalure or mean curvature of 
Hpuco-tiino proportional to and of tfie same sign as R, the invariant 
of the tensor Rut- According to this definition tlic world-cnrvatnrc 
within a matci'ial inctliiiin would bo positive, and the nidius of 
positive curvature would, e.B. in water, amount to 3*8 astronomical 
uiiits. (Of. page 423.) Sucli a clioico of tho sign, however, would 
have tlu) shocking disodvantago of making tho ' curvature ’ of, 
say, an ordiiiai'y spherical surface negative, for such is R for a sphere. 

As wo saw on ji' 357» tho Gaussian curvature of any surface or 
two-fold is /f = - JR. More generally, for an isotropic manifold 
of » (llmonsions, tho curvature is, as on p. 500, 

* 

and has iluis again tho opposite sign of i 2 . This jnstinos tho sign 
oiloptod ill our doruiition on p. 422 and In tho results given on p. 423, 
making llio world-curvature In water, or nnothor material medium, 
iicgatlvo. The space-section of tlio world tube of a mass of water 
may then well have a positive curvature. Such in fact is tlio case 
of Scliwarxschild's liquid sphere (p. 427) in tlio ailoptcd system. 
Similarly, the ivorld-mrvalure of do Sitter’s empty manifold Is nega- 
tive, to wit 

as on p. 504, altliongh the curvature of its space-section, corre- 
spontUng to the second part of tlioUno-olcinont (27,), p. 508, is positive. 

So imicli as concerns tho definition of ‘ world-citrvaturo,' which, 
hoiiig a purely formal question, need not detain ns any further. 

One might fool tomxitod to coniemplato. In contrast to do Sitter’s, 
a space-tlmo of comtant positive world-curvature, 
ji “ > o. 



GRAVITATION AND ELECTRONS S3P 

For iliis purpose It is enough to replace in the liiie*clement (a7fl)* 
p. the inovious mlius a by ia, whidi gives 

rfs® =» co8h*or . c* dt* - dr* - a* ainh“(r {d(f}* +8in*0 d$*). (a) 

The tliroe>Bpncc being here Lobaidiovskyan, of curvaturo “i/»* 
and ihei'efoTO infinite, siicli a world may seem more allraolivo to the 
brood'hoartod reader. Yet it would bo of no use for the phyiilclst 
and astronomer. For, apart from other considerations, it would 
give for the Doppler oEcet, instead of (37), p. 519, 

V) 

or, to all purposes, 

(c) 

Le. an oEcet decreasing with distance, while, as wo saw in Chapter 
XVI., tliero is thus far good evidence in supiiorl of the formula 
or oxprcsfdng an increasing oEoct. C£. 

Note 4 to Uiai cliaplcr, forniulao (370, (37s). Notice iluit the cciuation 
of radial inertial motion, (34), p, 513, mnild now Ix) replaced l>y 

db^ ^ = cosh tr^ 1 - 4^ cosh ons/^o* - siiih V, (tl) 

so that, in contrast to do Sitter’s world, the case / 9 o=o would bo 
rulal out, unless (r=o, iiermononUy, For non-vanishing /jj, the 
value of ir, in fi*co Inertial motion, would have for its upper 
limit, lint in view of the inapplicability of a world dofincd by the 
lino-clement (a) its implications need not bo dwelled uix)n. 

F. Dooa Gravitation play an Essential B 61 e in the Structure of 
Elementary Fartioles of Matter 7 
Such is the title of Einstein's impcr, published in Berlin SHstings- 
Iteric/tle, Kjrtj, isl litiif, pp. 349'’350, in which the famous ]>roblcm 
of the equilibrium of electricity constituting an clcctnin, ulroady 
attacked by l^)incar6, Mio ami others, is taken ii]) once moie. The 
older Acld-cquatlons am modiiled, the fixed I’clatioii Ixitwccn the 
' cosmological ' A, and llio nuiss of llie universe is abandoned (which 
seems rather an nxlvaiilago), and the rdle of I^incato's negative 
prcBsuiX), luovonUng an explosion of tiro dlcctnrn, is taken over 
nimbly by the scalar Ji of the cui'vuiuro ten.sur. The not rasult of 
the invoallgation is that, although of ilio energy conslituUng ' matter,* 
i.e. the electron's niaas, the missing one-quarter (cf. page 435} is 
correctly suiqdlctl by the gravitation Hold, imd tlu’ce-quartors Ijy 
tliQ clccli'omagnctic field, there are, in the mdially symmetrical 
statical COSO, too few cquatloiis lor the dolormination of the fields 
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g(K and so tiiat any spherical distribufiou of eiet^Hciiy whatever 
would bo in equilibrium. In ilno, iho sixc and tlio total dmrgo of the 
pai'liclo aro left iiiKlctormliicd. Thus the cliicf aim of the tempting 
onquiry into * the constitution of tlie olcmontaiy quanta ' rcmaluH 
unattainod, in this as in all other invostigations. For details of 
Einstein's reasoning the reader must be roforred to the original paper. 

G. Oosmio Emotion. 

This phraso, used incidentally on page 468, is borrowed from W. K, 
Clifford, niul by him from Mr. Henry Sidgwiclc, Tiro coiTcspoiiding 
concept, in osseiico foreign perhaps to nobody, has sceincd worthy of 
a moment's attention. Its meaning and moral viduo could hardly 
bo hotter conveyed tlian by quoting tlio following linos from Clifford's 
essay of 1877, Isoarlng this very title : 

" By a cosmic motion 1 mean an emotion which is felt in regard to 
the imivcrso or sum of things, viewed as a cosmos or order. There 
arc two Idnds of cosmic emotion — one having roforoitco to the 
Macrocosm or universe surrouiuUng and containing us, tlio other 
relating to the Microcosm or universe of our own souls. When we 
try to put together the most general conceptions that wo can form 
about the great aggregate of events that me always going on, to 
strike a sort of balance among tlio fccUng.s whidi these events pro- 
duce in us, and to odd to tlicso tlm feeling of vastness associated with 
ail nttoinpt to represent the whole of existence, tlion wo experience 
a cosmic emotion of the first kind. It may have the character of 
awe, veneration, resignation, submisslou; or it may lie an over- 
powering stiimilns to action, like the oilccl of iho surrounding 
orchestra upon a musician who is ihoroby caught up and driven 
to play his proper part witli force and exactness of time and inno." 

Gifford Iheii proceeds to explain the not loss precious concept of 
miciocosmlc emotion with which, however, this book is less directly 
concornod and whlcli will, thoroforo, bo left to tlie core of the render. 

H. The Oosinology of Lambert-Oharlier-Selety, 

The space-time theory of do Sitter, which up to tlio prosont seems 
to luirmoniKO with facts and premises to lead to furtlior Interesting 
dovclopincnts, is, of coiu'su, incompatible with an infinite amount of 
matter. For the case, however, tliat this tlicory slumld bo con- 
trodictod by further spcctrographic data and distance ostimalos, 
it may bo well to keep an open mind with regard to tlio pusslblUty 
of a maloriolly infinite tmivorse. Such a cosmology dosorvos also , 
from a loss practical standpoint, the grontest attention in view of a 
triil^sublimo cosmic emotion to which it is apt to give rise, 'rhis 
wQl iftsUfy the iiiRortlon of tlie prosoiit note. 
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Tho classical clifficiiltios associated with an imllmited tuiunmt of 
matter, stars and nolnilao, spread out to Infinity, as mcntlonod 
on pp. 474 and 478, can also bo removod, wlUioiit modifying tlio 
Nowtoniau potential, by adopting the concept of an cniUoss liior- 
arcliy of systems, a galaxy of stars, a galaxy of galaxies, and so on, 
already proposed by Lambert in the cightconth century and inciden* 
tally invoked some timo ago by tistronomors as a romody against 
' tho blazing sky.' Mora recently, Lambert's fascinating concept 
has been taken tip by Holst * In connection with relativistic require- 
monts and, rcgardlcsH of relativity, but in more nmUiomaticai 
dolatl, by Cluiriior, who shows tis in a charming paper * How An In- 
iiiiito Worid May He IJuiit Up,' t and at tho same timo and indo])cn- 
dontly of him by Bolety, % whose fundamcnlal striicUiral formula, 
an inequality, agrees with Chaiiier’s and who docs not abstain fmm 
relativistic considerationH. Leaving an exhaustive study of this 
litoraturo (to which some semi-popular articles in tho Mihinoso 
Scientia may bo tulded) to the care of the reader, it will bo enough 
to give hero a brief account of Charlicr's results. 

Uoplacing Lambort's planetary system liy tho more modern cun- 
cept of tho Galaxy as a typo of tho hierarchically structural unit, 
Prof. Charlicr assumes that JVi stars (Go) form a first-onlcr galaxy Gi, 
that Nf such galaxies form a galaxy Go of the second otrlor, iNTj of 
these consliliile a Uiinl-onlor galaxy Go, and so on, in an endless 
succession. The members or ' imlividiials ' of cacli galaxy arc as- 
sumed to bo, on the Avholc, of the same extension ami uniformly 
distributed within the galaxy which, for any onler, is given a spherical 
form, merely for tho sake of .Himjilicity. Ij2t, in Charlior's notalioii, 
Hq be the radius of a slat, ami Hi that of any galaxy G{. Then, as 
ClmiHcr shows by a very sinqde rcasotutig, both the famous objections 
against an iiifiiiito tmivorse, that of Gibers (i8a0), making " tlic 
whole sky as bright as the sun," and that of Seeliger (18(15) relating 
to gravitation, arc met by one and the same (smdilion, to wit 

w 

* llcige 1 foist, 'Die knusnie Kelallvibiutsforduriiiig und ICiiisteiiis 
Itelativilaelsllieorie,' A’gf. Dttnsko Vidctiskabernes Setskab, phys.-nuilli, 
section, II., No. ir, ('opeiihagcn, 1019. 

t C. V. T„ Clmrlier, Arkiv Jor MateniaUh, Astronotni och Vysik^ vol. 
xvi. No, 32 , Slockholm, 11)32 . 

Frans Sclcty, ' Ileilrllge xiiin kosmologiHchen Problein,' Amwhn 
Aer Phy$ik, vol. IxvlH., i<) 23 , pp. 281-33.1, lolknved by Itlnstcin's crilieiHin, 
ibid., vol. Ixix., p. 43O, and by a tiunibcr of Seloty's rejoimlors in the CmH/tfes 
Heudns of Paris, and a recent paper in Ann. d, Physik, vul. Ixxiii., Kja.], 
pp. 391*335. 
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If tlio radii of tlie sticcossivo galaxies are all so chosen as to satisfy 
this inequality, the total luminosity and tho total attraction of tlio 
universe are finite, being botli represented by convergent series. 
Exactly tlic same uiequality has boon deduced by Dr, Seloty. 

This is the main restilt of tho investigation. Charlior then pro- 
ceeds to discuss tho implications of tliis cosmology, some of which 
may hoie be mcntionoil. If Vj bo tho velocity of a body falling 
into a galaxy Gi fieni ' infinity ' (a distance oomimiublc vdth that 
to the nearest Gi), Charlior starts from 



whore is tho muss (in astr. units) of Gi, i,e. 

Mi =« NiMi^i «=i • 

and derives from (a) tho intoiesting relation 

Vi<Nihi^i. ( 6 ) 


Another point of interest is tho motion of a niombor, within 
a galaxy Gi. Its equation of motion being, in ordinary vector 
notation, 

d«r Mi 




(c) 


the orbit of any such momlx)r (a star, a^., in the cuso of a 
first-oiilor galaxy in tho case of atul so on) is manifestly an 
ollqiso, concentric with tlio galaxy Gi, and tho iwriod of rovolutioii 

2i»=27r'^^ (d) 

is the same for all members, and is thus the imiod of the galaxy. 
Thus, for our own galaxy, for instance, Charlior finds a period of 
lo” years, having (provisionally) supposed the Milky Way to consist 
of lo" stars as mnssivo as the sun, distributed in a splune of radius 
of a thousand siriomoties or lo" ustronomichl units, and c.onclud(is : 
** After this timo tlio Galaxy resumes tho same uonstitutluu and 
appearance.'* 

Needless to say, such a far-ieachlng and dofinito conclusion is 
logitiinato only if it be OHSumed at tlio outset that every memhor (i^ 
ramins within tho sphero of radius For outside this sphere 
tlic equation {c) holds no moie, the 'right-haiul mcnilrar being there 
replaced by -Af^r/r*, and, if endowed with an apin-opriato velocity 
at r=^lii, any memhor may ^vell leave its mother system. In fine, 
the permanency of tho gtdaxy is assumed befoiehand to hold, rlgor- 
ou^y or witli tho exception, xjorhaps, of somo sponuilc dOHorlors. 
l^or all >vo know, our own or other galaxies may bo actually dis- 
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solving, Wliat Charlior has proved is that if a galaxy bo pormanont, 
Uicn it has a dolinilo period of its own. But wo need not insist 
upon this point just now. 

In applying those concepts to tho actual univorso, Giarlior treats 
as a system Gj our mvn galaxy, of course, and in his eagerness to 
mount at once to tlio next higher order, ho treats as other galaxies Gi 
all or most of tho nebulae thus far discovered, tabulates several 
thousand of such colostial obJccOt, and consulers them, with a largo 
number of others yet to be discovered, as constituting a galaxy Ga. 
Charlier goes even so far as to dmw tho ' Form of tho Nebula of 
tho Second onlcr,' as ho Incidentally calls tho system Ga to which 
our galaxy bdongs, a TOUghly ellipsoidal form baaed upon two 
charts showing tho distribution of 11,475 nebulae. Although several 
K}x;cial applications given in this connection in Cimrlicr’s paper are 
full of interest, yet it seems imix)ssible to consider all those objects 
us systems more or less ocpilvalcnt (in size, total mass or number 
of star’s) to our own galaxy. Nay, tu:coriling to tho views recently 
developed by Shnploy with rogaiil to tho Milky Way and to a number 
of special results found for tho sjrirals by van Maanon, perhaps only 
a very few of tho objects tabulated by Cliarlicr may deserve to bo 
treated as galaxies Gi. 

'riiis does not deprive tho proposed cosmology of its great interest 
and its high stimulaling value. For it would ha puerile to deny 
the existence of tlioiisands of millions * yet undiscovered galaxies Gj 
ooinixirablo with our own aiul ariislitullng a galaxy G,, and so on. 
Only it scorns certain that wo have not yet laid hands, or eyes, uixni 
any such galaxy of tho second onlor. 

A number of interesting points will be found in llio first of Solely *h 
papers (pioled alxrvu. Among these the vanishing mean mass- 
tlensily of the molucularlydiiorarchic universe I rvill bo fomul 
es]>ocially inlerusUng in conncclion willr Finstein’s venliet of ' iin- 
pi‘ol)at>ilily ' of such a slate of things. 'L'he second part of that 
paper contains a noteworthy atlumpL at solving tlie pnrhlein of 
inertia, or of InerUal systems, as delermined t>y matter. 

I. Tlio Polar and Light-Siguolling. 

Tills brief note may lx: useful in conneelion with what has been 
suid on i^uige 501J about the apiiarunl ‘ slandstill ' at an observer's 
]i(>lar. 

* t'harllur, liw, ci/., p. 15, nssHmes jmwIsionaUy the minibor of momliors 
in eaeli system to be the smiie, i,e. ;io‘. 

f 'J'o which Seloly roturiis In a more recent Note in Camples Itendus, 
Puris, i<)Z3« vol. clxxvii, p. io.|. 
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As wo saw from the light-oquation in do Sitter's space-time and 
from t'ig. 23 on 51S. the light-linos (L/Li, iwiiing from a 

star at fr=;o nro, in the 0*, t diagram, asymptotic to the polar im^Tr. 
If, therefOTO, the observer Imppons to be situated at tho polar of the 
star, and vice versa, when tho systcm-tlmo of signalling is infinite, 
tho ratio ds/ds* of tho coiTcsjxinding jiropcr times or sogmonts 
and £.|'Z.g' need not vanish, but is, to begin with, indeterminate. It 
accjiiiros a definite value only when considered as the limit for a 
geodesic (such as I.,Lg) tending to tho ixilar, and then tho limit value 
of tho miio is, for h = i, by (37), p, 519, citlier 2 or o, according tis 
tho ixilar is appinachod thnnigh obsorvcr-gcodcsics ropresenting a 
receding or an appruachitig motion, rcspcctivoly. Tho ratio of tho 
two lu'opor times ims, in tho former caso at Ictust, a finite vaino, 
nllhoiigh cimh of the signals takes an infinite tiino t to roach tho 
observer. Thus the 'cqinploto sUindstill* at tlio ol)sorvor's polar, 
iusislctl upon by do Sitter and others, aiqxiars in an altogether 
dlflorant light. It exists only aniilyttcally, when a successioii of 
events at tho polar is ropresontod by tho cooiilinato-timo i, but 
not neocssarily so if estimated by that nitio of proper times based 
on light .‘lignala, the only means of knowing anything at all about 
• such events. 


3 . A Bough Kinotlo Model of do Sitterlau Inertial Bopnlsion. 

Tho mutual accoloration of a pair of freo iiarliclcs, a alar and an 
olKiorvor, in relative radial motion, is given l>y ct] nation (3^0) of 
Chapter XVI. Since sny, for a partidc passing 

through tho origin, Lliat equation can bo written 


«• dhr , . . 



(rt) 


It holds rigonnisly for a recoding as well as an approaching motion. 
The constant being a small fraction, the acceleration is, 

priujlieally, from <r«=o to If, centrifugal, vanishes at the mid- ix)int 
(If), or rigorously a little beforo it, for «r“ arc tail \/i —2/^0®* *uwl 
becomes centripetal beyond it up to tho pohu', as was alreatly meii- 
lloncd ill Chap. XVI. 

Ill all cases of actual interest the / 3 (,®-tenn in (n) can l)o neglected, 
so that 




I8in4fr, 


and if fr=rfa does not exceed a few degrees, as will Ixj assumed 
throughout Ibis Note, wo are left with 

d*r 
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as it the observed particle were subject to a centrifugal acceleration 
duo to a spin arou^ tlie obsei-ver with the angular velocity 



or the revolution period 



whicli, being at any rate a universal constant, might be appropriately 
chosen as a natural time unit and called, perhaps, a aosmlo day.* 

The analogy, however, is not complete inosmucli as the equation 
(b) holds for every orientation of the radius vector drawn from the 
observer to the star. In fine, tiiero is no axis of iotation,f but only 
a rotation centre, the observer himself. 

Such a rotation, mthout axis, is not possible in three dimensions. 
In four-dimensional space, however, it is* one of two possibilities.^ 
In fact, if to ;r 4 bo the Cartesian coordinates of a point of a 
Euclidean space 5^, so that is its distance 

hrom the origin, It is enough to introduce polar coordliuites r, <ft, $, ^ 
through 

Xi, Xt, ;Va = f sin (sin ^ sin 0, sin ^ cos 0, cos ^), = r cos 

in order to see diat the substitution 

yr*=^ + a»#, (rf) 

witli Vi fji, 6 unchanged, represents a four-dimensional rotation 
leaving but a single ‘point, tlie origin, fixed, in fine, a roiaiioH around 
a point, as required for the model. Our thi'oe-space can then be 
considered as a Euclidean sub-manifold of S^, say ;i; 4 *=*o or 
The Galileian five-dimensional element 

ds*=c*dt*~'{dxi*+dxt*+dxa*+dxi*) 

= c*dt* - dr* — r^dyj^ - r* sin* tlf{dp* +8ln* p d$*) 

is transformed by (<2), with i*=t, into a quadratic form which for the 
sub-world » const. becomes 

a “ dr* - r* cos* ud {dp* +8ln* p dO*), 

* Witli a s6>io>* BStr. units, T would amount to about Goo million yean. 
The age of tlio Frecambrian rock would bo a little over three cosmic days, 
and tho poriod of our galaxy would, according to Charliar (cf. Note H), 
be only r | cosmic days. Sec, however. Note K. 

f In connection with this there is also no ' Coriolis force ' to accompany 
tho ' contrlfugal ’ one. Tlio conditions In do Sitter's world are radially, 
not axially, symmetrical. 

Tho other being a rotation ' around a plane.' Sucli also, apart from 
tlio non-definitoneas of tlio quadratic form, was the Lorents transformation 
affecting t, x, say, and leaving y, r Intact. 
s.it. a M 
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and for our cose of purely radial motion, 

But this coincides, up to o-^ with do Sitter's line-olemont for small 
distances, provided tliat ta^cfa, whicli la tlio required relation. 

Thus, under the stated limitations, the centrifugal tondoncy in 
de Sitter's curved world can bo imitated by a threo-dimonsional 
RucUdoon platform spinning uniformly in a Euolidoan fonr-apaco 
around tl>e observer, tlie period of rotation or cosmic day being twice 
the length of an elliptic straight line divided by the light velocity. 

Needless to say, tills is given here only as a rough model which, 
in spite of its alluring features, must not be exaggerated in its moan- 
ing, the more so as for largo o-, and especially for (r>^ir (when the 
tendency should become centripetal), tlio analogy with de Sitter's 
world breaks down. 

K. Ctravitationiil Attraotion and Inertial Bepulaion. 

The combined ofioct of de Sitter's inertial acceleration, which for 
O’ < ^ is centrifugal, and of the attraction in a radially symmetrical 
gravitation held offers some points of interest, whicli may hero bo 
discussed under two heads. 

In the first place, lot us consider a purely radial motion of a free 
particle in tlie gravitation field of a iftass-coniVB placed at tlio origin. 
Tlio rigorous equation of motion can at once bo derived from tho 
lino-element (43), p. 526. It will be enough, however, to write down 
the approximate equation for small values of v=rfa and for small 
velocities. Under tlicse circumstances the ofioct of the field con bo 
simply represented by tho Newtonian centripetal acceleration Mjf^, 
wliib do Sitter's inertial acceleration is centrifugal and, os in tho 
preceding Note, has the value Thus, If L^Mfo* be tho 

gravitation radius of the moss-contra, ilio required equation of 
motion will become 

»» d^y /f*Y 

whore 

a critical distance, offers the main point of interest. For f <r* the 
nccolcrallon is towards, for »'>r* away from the mass-centre, while 
for f there is no acceleration. In other words, tho mass-conli’o 
is surraundod by a mntral spftore of ludliis t*. wiual to tho cube root 
of tho product of its gravitation radius into the squam of the world- 
radius. A partido placed at rest 011 this sphere would remain there 


(fl) 

ib) 
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tor ovor. Its cqnlllbrhun, however, would be evidently unstable. 
For tho slightest cUsplaeoraont towards or away from the origin 
would j)recipitato the partldo into tlio moss-contro or draw it away 
from it. In a two-dimensional analogy the neutral cirdo would 
bclmvo as the ridgo of a crater. This peculiarity deprives it of a 
far-reaching applicabiUty. Yet tlio more existence of such a neutral 
lialo around every mass-centre, as a consequence of de Sitter's 
cosmology, has scomod wortliy of notico. For tlio sun, with 
L w i'47 km., and witli tlio original radius value 

a »>6 , lo^* ostr. units >>9 . 10*’’ km., 
tho critical distance is 

f* M i*o6 . 10“ km. 3*43 parsecs, 

corresponding to a parallax i!»*»o'''29. This neutral sphere is thus 
much beyond the nearest star, a Contauri, placed at 1*32 parsec 
from -the sun. Curiously enough, tlierc is near tho sphere f* a slight 
crowding of stum, as pointed out incidentally in Monthly Notices, 
li.A.S., tor April, 1924. Bui since not all of these 8101*8 have no or 
very small velocities, and since their masses are of tho same onlor 
as that of the sun,* no importance will bo attributed to tills state 
of things. 

In the second i^laco, and this may offer a more important applica- 
tion of the critical radius, let us consider a system of stars uniformly 
distributed within a spliero of radius 71, or wlrnt may bo called a 
spherical or a gMtHlar galaxy. Provided tliat the diamolor of such 
a system is small as comimicd with the world-radius, tho equation 
of motion of any member of such a galaxy can again, a^mi't from 
.super II iiouH niceties, be conslnictcd by combining Newtonian grovita- 
lioii with do Sittoi'inn repulsion. Thus, if L bo tho gravitation radius 
of the whole galaxy and r the ordinary vector drawn from its centre 
to the star in quostion, 

(c) 

where uKac/a, aiul 

%* 1)uiiig tlio critical radius dormed again as in (b) with respect to 
llio galaxy as n massive whole. The r61o of this radius in tho present 
case is manifestly aii-ossontial one. 

In fact, as long ns tho soinl-diametor of tho galaxy is smaller 
Hum 7i*, the cooiTidcnt of r in the right-hand member of oquatioii (c) 

*lf Ihu mnsH (iii »/<;*) of *llio particle ' is not negligible, wo have, instead 
of (b), nppruxiinatuly, 

B.K. SMa 
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is iiQgatlvo. Consequently, the orbit of every stai*, as far as it is 
contabied witliin the sphere is on ellipse, concentric %vith tlio 
galaxy, anti llio period of rovolutton, common to all stars, or the 
period of the galaxy has tlio value 


r 


T=> 




t 




Avhero 2* is a cosmic day, 2 irff/o, ns before.* In Cartesians, moosured 
along the principal axes of tlie olliptlc orbit, 


^b"/1co 3— , y=B3in22l 
T T 


A, B being the scml-axcs of the ellipse. Needless to say, fll<2l*i8 
only a necessary, not the sufficient condition of permanency of tlio 
galaxy. For any star, arriving at the surface f««^, beyond which 
tlio equation of motion (e) is replaced hy ^ may 

desert the system if it is endowed with a sufficient velocity ; the 
elliptic branch of its orbit being tlien continued by another trajcclory 
coiTcsponding to tlie last-written equation. 

With increasing diameter the period of the galaxy increases and 
becomes iniinilc for This then is the critical semi-diameter 

of a globular galaxy. If the galaxy is still greater, i.e. if 

C becomes smaller than unity and every star, as long ns it is wiUiin 
tlio sphere %, moves according to tlic equations 

xt=A cosh y « 2? sinli nt, » <= y 

thus describing a branch of the hyxK>rbola 

X* y* 


which ctmics it infallibly out of the system. 

In fine, %<*tC is the necessary condUion of the ^jermamney of a 
globular galaxy or duslcr. Thus, while in a lioinaloidal world Ihcro 
would bo no upper limit to the also of stich a permanent galaxy, 
the finite critical radius 

will x>lay an Important rdlc in do Sitter’s spaco-timo. For it sots nu 
upper limit to the sine of a x)crmancnt galaxy of a given total mass. 


* For s=sco 11)0 xioriod oi the galaxy becomes, by ( 0 ) nm] (d), 
os In Qiarlicr's invostlgalion. Cf. Note H. 
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Convoiiioly, 1 { Uio diameter 2?2 of such a syslom bo Itnnwii /min 
iibsurvation, the raqiiiromont 0/ pormanoncy sots a lotver limit to its 
total mass M ur to its gravitation radius L, i.c, vro must liavo'L>L*, 
'vvlioi-o 

Thus, /or oxatnplo, tho globular cliistov N.G.C. (>205, to bo trcalod 
only provisionally os uniform, has, to judge from a Mount Wilson 
slido, a sonii-diainotor of about 70 light-years or 92ea4>ij8 inillinn 
oslr, units. If, Ihoi'ofoi’o, tho 'world-radlus is given tho pmvislonai 
valuo Ci . lo^B, the ci'itical gravilulion nulius for this cluster would 
bo kin., or, its ci'Ulcal moss, 

M*=35I suns. 

Now, fiDin an onlargod photograph 0/ this cluslor I find tho niuulior 
o£ distinct stars contained in it to bo at least 11,900, '['bus, oven 
if tho avorago mass of a star wero only ono-tenth of Umt of tho 
sun, tho total mass of this cluster ^vouUl exceed more than three 
times the lowor limit M*. It would thus seem that the condition of 
|)ormanoncy is aiiiply satisfied for this cluster. Tho more so with 
the larger value lo^*, as dertvod in Koto 4 to Clmp. XVI, Tho 

satno appears to 1 10 tho case of many other known globular clusters, 
wiiich, at alsmt tho same size, have masses of 50,000 ami mom suns. 
These beautiful objects then may well, us far as our critorion goes, 
lx> permanent and, moreover, ondowctl with comparatively short 
periods. 

On the other hand, oiir own Galaxy (of which some globular 
rhistei's arc but snb-syslems) is much Loo large, or not nearly 
inassivo enough, to lie permanent in the explained sense of tho 
word. In fact, considering it provisionally us sphorical and uniform, 
and aHHiiming even the larger world-radius ^^7*2 . lo*", we liavc, as 
ill Koto 6 to Cluipler XVI., 

with Stiapley’s size and Kapleyn's imiss-eslimale, Uial is. TIuis 
our galaxy is alHuit 37 times too Uirgo to be perm.'tneiil, and Us 
meinliers would bo doomed to lie scallorod, after some cosmic day.s 
or perhaps weeks, to the four winds. 'L’hls conclusion, es|>ecially as 
it ('.oncenm our own home in a sense, may ajijjwnr undesirable, lint 
have we, after all, any serious reasons for asserting that mu* liome- 
uni verso is pennunent 7 
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L. Further Evidence for tiie Correlation between Radial Velocity 
and Distance. 

Tho improved valno of tho curvaturo radius of do Sitter’s spneo- 
timo, 

» =7 • 2,10“ astr. iinila =35 , lo* imi*sccs, 

given under (e) in Koto 4 to Chap. XVI., ^vas dorived by moans of 
tho averaged formula {d) of that Note, 

(«) 

from tho totality of data available at tho time of wrlUiig, Those 
related to tlio two Magollanic Clouds, tho eight clustorK omimoratod 
on p, 532 Olid threo more globular clustors Hpcciricd In Nature, he,, 
in all, tlilrtocn objects which were divided Into two groui^s, as ox- 
idnlnod before, and Wo* being assumed equal for botli, yielded tho 
said value of tho radius. If this bo introduced into equation (a) 
written for tho groups, the mean squared velocity is found to bo 

vJJ* » (i 30*2) • lcm*/8oc®. (6) 

If tho thirlcon pairs of data r, c\D\ nro plotlod against ciich other, 
tho repi-csontatlvo |x>ints should ovinco a tciuloncy of gathoring 
along tlio curve 

That sucli is markedly tho ease will bo scon from the correlation 
graph (Kg. 24), in which tho enrvo (c) is drawn, with the values of 
a and Vq* just mentioned. At least sovon or eight ropi-csontativo 
iraints lie close to tliis curve. This state of things is not malorlally 
changed if tho liugo mean velocity {b) is replaced by that of tho 
majority of ncaror sUu's, i.e, about 30 Icin/soc. 

Tho thirteen objects, upon which alone tho curve is based, nro 
roprosonted by full-drawn labelled drclots. It will bo noticed that, 
owing to tho factor (i original formula for an indlvitliial 

object, points failing below Uio enrvo (c) ai*o as woli ndinisaible, and 
naturally to bo expected, as those situated above it. Such Inw- 
IJlnced objects ns N.G.C. 590.1, 7089, and CKpecially fif>2fi, for tho 
exclusion of which lliere is now no retuson, aro simply near their 
ixjrihoiia. No matter how distant from us, an object may just Ixj 
imssing thi-ongh its iioriholion or nearly so. Tho only remaining 
transversal Doppler olTcct, as given by the rlgomiis h>rmula (Hea)nd 
paper in Phil. Mug.), is, of coiuuo, of tho second order, much too 
small to bo observed, and has alrootly boon ditqipud in iMissing to 
our working formula D* » (i - r^*/r^{(r* + /io*). 

To these thirteen objects 1 am just able to odd one mure, found 
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but a fow clays ago (I write in mid- July) among the spiral nebulae. 
As mentioned l)ofoitt. this class of objects could not bo used in view 
of the utter unreliability of their distance esUniatcs. Yet there seems 
to be one exception to which my attention was drawn by A. Koplf's 
excellent report on the 'Milky-Way System' {Ergehtisso Exakler 
Naitmviss, ii,, 1933, p. 80) containing a reference to a paper by Edwin 
Hubble. Tile object in question is the spiral M33 (N.G.C. 598). 
showing the ^vcll-1mown and about the best measured spectroscopic 
effect sD >=> - 260 Icin/soc. On consulting Hubble's original paper {Mt. 



Wilson Cottfy, 250, in Astmph, Journal, vol, lvi„ 1933, p, ^si). his 
imrallax cstiinate, based uix)n a inoLhod which seems to inspire much 
colindonce, is found to be o^'-oono^a, ue, r = 3i'3 kiloparaccs, With 
these (lata the mpmsenlativo ixdnt of Lids Ixiauliful spiral, the 
centre of the dotted circlet in Fig. 3<|. will bo seen to lie almost 
oxuclly on the original, not I’e-dolormincd, curve (c). In fact, the 
equation (c), with c(/^(«3r>o, gives r“32,700 parsecs, pnictlcally 
identical with Hubble's estimate. This strongthons the position 
of the lost-determined value of the rtulius a good deal. 

h'or the sake of easier reference the complete sot of ixiirs of 
<lata is here tabulated, the <listancos being given in kiiopamocs. 
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and all numbora of tlio first column being N.G.C. Iabols« Tho last 
two columns give tlic diilorcncos x, y of r and of over tho 
mean distance and tho mean radial velocity of the set which luv, to 
throe iigiimB, 20*0 kilopai'scca and 164 kin/scc. 


Object 

r 

cD 

X 

y 

5024 

18-9 

-l^o 

- l‘I 

4- 6 

5272 

13*9 

-125 

“ G-i 

- 39 

5904 

12-5 

+ 10 

- 8'i 

4- 136 

6205 

ii'J 

-300 

+ 5*0 

-h 61 

Car 8 

12 '4 

‘hiGo 

- 77 

“ A 

6333 

25*0 

+ 225 

+ 13-3 

4-t86 

6341 

12*3 

“iGo 

- 3-3 

- 09 

G626 

i8*s 

0 

- 7-6 

“ 4 

6934 

33’3 

-3SO 

- 7'5 

“I54 

7078 

147 

- 95 

- 4-4 

-154 

7009 

JS'O 

- lO 

_ 1-5 

-164 

L. Mag. Cloud 

25-0 

+ 150 

4. 5.0 

- 14 

Gr. Mag. Cloud 

35*0 

4-276 

4- 15*0 

4-112 

598 

31-3 

-260 

4-II-3 

4- <)G 


Although tho grajih itself shows emphatically enough a corrola- 
tint! of radial velocity and distance of the special kind predicted, 
it has seemed worth while to evaluate tho corralation cocflicioiit 
lietwecn tho two attributes of tho 14 objects. The inforimilion 
derived from tlio value of such a coofllciont olTcrs the familiar 
advantage tliat it is wholly independent of any theoralical pi*ccon- 
ceptions. Acconling to the well-known dafinltion, tho llrnvais- 
Pcarson corrolation coeiliciont, which ranges from xoni to unity (' no 
con'clation' to 'perfect correlation ' or mtlier proiiortionality), is 

the sums to be extended over all (n) pairs of data. Notice in passing 
that if tho X and tho y are considered as the Cartesian components 
of vectors X, y, in an n-dimcnsionnl Enclidean sjuice, A is the 
cosine of tho angle contained between the two vectors. If tlu*s(' 
arc perpendicular, there is no correlation, and if coincident with (or 
opposite to) each other, thoie is comidoto correlation bclwccn the 
corresponding attributes, In our case 2Js3'«=85C3, 

Xy* = I *595 . 10*, whence 

A =0712, 

which, to all who are familiar with stalistical results, will at onen 
appeal as a high corielatiuii eocfncieiil. J.0I us hope that ils value 
will not bo much loAvcrcd by tho nccessioii of Xiirtlicr pairs of data. 
As it stands, it is oigJU times greater tluiii 0'(i73(i A')/«/fi, Itio 
X>Fobablo error for the Hravais-I^cai’son cooiriciont, so that the 
probability of this being a chance result is as small ns two tun- 
mllllontlis. 
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period, 68 

polar, ami polo, 492, 494 
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S , 298 

lion quaternion, 185 
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of matrices, 158 
of cinalernionH, 130 
Addition theorem of velocilicfl, 124, 
126, i6,t 

Afivanco of perihelion, 403>4o6, 
491. 537 

Aether, 18, 35, 37, 42, 43, 45, 6a, 
73. 87, 88, 98, no, 383 
Aflino connection, 347 
Aninity-cooflicients, 350 
Aft-conc, 136, 140 
Airy, 38, 39 

d’Alembert’s equation, 3B8 
Algobni and Analysis of TonHoni, 
317 ef seq. 

Alnhonso X„ 4 

Alternating matrices, 230, a^S 
Amnlificd systems, 13 
Aiumtmeda nebula, 522 
Anglo incnHtire, deliiicd. 334, 336 
Angie of parallelism, 179 
of a qualerninn, 132 
Angular moinontnni, 3 
AniHtropy of roHUmnss, 2.1 1) 
Anlipoilal and polar elliptic spaces, 
339. 474 

Antlsynimetricid tensors, 322 
Anlivariant qualcrnioiiH, 199 
Approxlnialo solution of field- 
eqiialions, 430-433 


Arago, 36 
Area, 3^9 
Arrhenius, 43 

Asbcstuni, weight and mass, 297 
Aasooiated tensors, 332-334 
Associativity of matrix products, 
*59 . . 

of qiiatcrnionic sums and pro* 
ducts. 150, 151 

Astronomical unit of mass, 4 10 
Asymptotic cone, 134, 136 
Atoin&m, electro-, 43 
Atoms, us ideal clocks, 393-394 
Averages, 31 
Axial vectm's, 144, 324 
Axially symmetric solutions, 430 
Axis of a quatornioii, 132 

liochom and Grebe, 393 
Uatcnian, 440 
Uaiicr, 417, 430 
lichackcr, 241 
Ueltmini, 470 
licssel, 249 

Bianchi, 3M. 339, 43.1 
Blniichi H identical relations, 386 
Bupmtcrnioiis, 203, 220 
Blrgc, 393 
Uivvclurs, 201 

electromagnetic, 46. 208, 263 
Blomllot, 274 

Bolyai-Lobatchovsky’s space, 173 

Boiioln, 176, 177, 483 

Born, 190, 204, 2(K), 298 

Buacnvich, 38, (m 

Boundary conditions, 272 

Brace, 83 

lUadloy, 34, 33 

Brose, 463 

Uiuklo, 272 

C'4impbon, N. R., 39 
Camnboll, W. W., 408, 409 
Cantu rays, 103, 394 
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Cardltial mimbor, of tiio contimmm, 

Caticfiy^s Bvinbol, III 
Cansallty, 8 
Cayloy, 141, 154, 324 
Centaur!, a, 547 

Centrifugal Acceleration, 379, 544, 
54<> 

Central coontinatos, Rieinann’a, 340 
Cliani, 537 

Qmpinaii and Mciotto, 480, 535 
CImrgo, 25~i6, 31 
an invariant, 206, 229, 441 
aiarllor, 480, 541, 545 
Chemical reactions, 256 
Chrlstofloi, 317, 340 
Christoffcl symbols, of first kind, 

341 

of second kind, 340, 3G6, 367 
Circuit, optical, 376 et seg. 

Gattslus' law of electrodynamics, 
272 

Clifford, 203, 3O1, 336, 540 
Clacks, moving, 104 
natural, 393*394 

Clusters, globular, 522, 523, 531, 550 
Coefliclonts of affinity, 350 
Coim, 26, aGS 

Coincidences, Hpatio-tomjioral, 295 
Coinmiitatlvity of cjuatornionlc sum, 
150 

Compatibility, Idnematicnl condi- 
tion of, 57, 1 18 
Compensation charge, 272 
Complementary bivcctors, 219, 229 
Complete systems, 9, i8-ao 
Complex vectors, aoo 
Components of n ' gravitational 
field,’ 366 

of a tensor, 318, 536 
Composition of velocities, 115, 124, 
163-181 

Condenser, 250 

Conditions at infinity. 469-472 
Condnetion cliarge, 272 
current, 265, 269 
Conductivity, 261, 267 
Cones, fore-and-aft-, 134, 136 
Conjugate diameters, lyt, 137 
qiiatorniuns, 15a 
vectors, 332 

Consei'valion of areas, 198 
of onorcy, 233. 283 
Conservation imnciplos, 417, 435 
Content, of a domain, 338 
Continuity, equation of, 415, 416 
Coiitinnona manifolds,* 314 
Contmclod curvature tensor, 386, 
3871 388 


Contraction, of a tensor, 324 
Contraetkm hyixithosis, 77-83 
rolatlvlsLic, 104 
Conti’ttvaiianl dorivatlvo, 344 
tensor, 323, 324 
vector, 318 

Convection current, 31, 44, 265, 
273 

potential, 81, 213 
Convcclivo fields, 211-215 
Conway, 148 
Coordinates, central, 349 
effective, 84 
Gaussian, 301, 317 
geodesic, 312, 349, 387 
imtropic, 395 
local, 300, 387 
system-, 301 
Copornican system, i, 4 
Copper, weight and mass. 297 
■ Cormlis-accoloration, 379 
Corpuscular theory or light, 35, 36, 
60, 61, 73 

Correlation coefficient, 552 
Corresponding states, 67 
Cosmic day, 545, 540, 548 
Cosmic cinolion, 408, 540 
Cosmological lurin, 478, 529 
Cosmology, Kiiisloin's, ' 475, 481- 
483, 485, 494. 497. 527, 538 
Lambort-Charllor-bcloly 8, 540- 

543 

do bitter's, 502, 509, 527, 528 
Covariance of laws, general, 29.1 
Co variant dcrivnltvi', 340, 343, 350, 

351 

tensor, 324 
vector, 320 
(‘rdmiou. 273 
Crinkly curves, 315, 31(1 
Critical dluinotur (if a galaxy, 548 
Cniss-ralio of parallel velocities, 181 
Citwo, 393 

Current, dlsplncemi'iiL-, 22, 30, 44 
In a moving incdluin, 59 
magnetic, 23, 30 
-niiatornion, 40, 207, 263 
lifintgon-, 275 
Cnrlis, 480 
Curvature, 302 
(inuHsian, 356 
iiicnii, and density, 422-423 
Itiemannluii, 358 
Ciirvaliiro toiisor, 354, 363 
contracted, 386, 3H7, 388 
Cyllndricnl world, 509 

Dalombcrtlan, iii, 217, 388 
Dark m Alter, 481, 535 
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Dnnvln, 3 
DavUlannt 408, 538 
Day, cosmic, 545, 546, 348 
Dobyo, 77 

DoflccUon of light, gravitational, 
^ 408, 537-538 
Dofonnabio bodies, 247 
Degrees of freedom, 9 
Density of electric cliargo, 25*26 
of iliasa, and curvature, 423 
Density, tensor*, 413 
Derivative, contravarlani, 344 
covariant, 340 

Determinant, Jacobian, 303, 327 
of a matrix, 14 1, 160 
of a 8Ccond*rank tensor, 326 
Dielectric displacement, 23 
polarization, Lorontz’s, 53 
DilTcrcntial parallelism, 3(13 
quadmtic form, aga 
tensors, 337 et soq. 
Differentiation, contravarlani, 344 
covariant, 340, 343 
DlnionHionality and oixtcr, 313 
Direction cosines, fotir-dimcnsional, 
146 

Dlrcotion, gcnorallzed, 352 
J^lscuntlniiltics, 3C-58 
Discrete inanllulds, 314, 361-362 
Disintegration, 105, 257 
Dispersion, 54, 261 
Displacement-current, 22, 30. 44 
DiBlnnce,292 
in s)uire-tlino, 310 
find spectrum shift, 51 1, 519-523, 
537, 528, 531 

Distil nccH of globular clusters and 
the Magellanic Clouds, 523, 531 
Divergence of a foui>vectorl 345' 

• of n mixed tensor, 412 
of n six-vetUor, 34 5 
DihIwuII, 538 
Doppler effect, 70, 216 
gonernlized, 517, 519, 521, 533- 
535 

triiiisvorsal, 394 

Dragging cucfucient, 33-41, 55, Go. 

71 , 170-172. 273. 288 
Jh'oslo, 391 
Dual nuitrlccs, 230 
Dual of a six- vector, 463 
Du hem, 38 
Dyadic, 123 

Dynamics, of a particle, 192-198, 
246 rt seq.t 4T9, 4O1 
Dyson, 408 

Knrlier, essentially, defined, 140 
Knrlh as tlme-kccpcr. 0 
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193. 

363. 

430. 

468. 


347 . 

305. 

43 '!. 

471. 


ISartli, perihelion motion of, 405 
spinning motion of, 96 
translational motion of, 17-18, 
„ , , 35 * 39 . Co-62, 71 
li 4 dlngton, 408, 480, 502 
Effective coordinates, 84 
time, 84 

Eldionwald, 32, 273, 274 
Einstein, 21, 86, 91, 93, 

*91. 394 , 300, 318, 

391. 409. 4*7. 430, 

435 . 443 . 457 . 4C5. . 

489. 509, 529, 539, 541 
Einstein and C:rrossmann, 385 
Einstein and Laub, 260, 274', 285 
Electric charge, 25, 26, 31 
Invariance of. 440 
Electric force, 44, 81 
Electric particle, gravitation field 
of. 450-456 
Electrical moment, 53 
Elcctroldnoilc potential, 457 
Kloctromagnotfc bivoctors, 45, 263 
discontlmiitlcs. 56-58 
energy, 47, 233, 280 
ciioi-gy-lcpsor, 423, 466 
equations, sf seq., 205 et seq,, 
439 . 458. 4 '- 
masses, 43, 215, *50 
moment of momcii-itin, 51 
niomciitnin, 50. 234, . 'll 
six-vector, 438 
stress, 48, 234, 281, 447 
Elcctroniagnclism and gravitation, 
436 el soq. 

Elcctrans, 43, 52, 56, 79, 197, 214- 

316 , 539-540 

Elementally flat, or Galilcian, 300, 

Idcvator cxpcrimont, 298 
l£lli])tic space, 474 
volume of, 339 

in classical mechanics, 498-500 
slniight lino, length of, 339' 

Elstcr and Goitel, 43 
Energy, 245-251, 256-257 
clcclrorangnetic, 47, 233, 280 
kinetic, 195, 255 
Intent, 257 
principle of, 416 

iinergy-tcnsur, electromagnetic, 


447-4 4 ‘) 

111 kinstoln's world, 52R 
hbithatpy, 251 
Jintropy, nn invariant, 253 
Edtvfm, 249, 297 
Equation of continuity, 206, 217 
Etjuntlons of matter, 413, 415, 417, 
419, 448, 460 
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Equlvalonco hypothesis, 300 
Kquivarlant quatoruions, 143, 156 
Euclidean gcoinolry, 335 
manifold, 313 

Eulorian equations of Auid motiou, 
4*5 

Evorshed, 537 
Excess of angle sum. 358 
Expansion, of antisymmcti'lc ten- 
sor, 328 


Faraday tubes, 23, 27, 250 
Fokoto, 297 

Fermat’s principle, 379'38i 
Field, convective, 211-2^5 
Field-equations, 306, 312, 385, 421, 
4C0, 528 
amplified, 478 
Field, scalar, 327 
vector-, 328 
FitaGorald, 77 

FitzGorald-llorcnts hynothesi^ 78 
Five-dimensional inanuold, Gali- 
leinn, 545 
Fixed noUicr, 37 

Fixed-stars reference sypjLom, 5, 0 , 17 
Fisoan. 40 y ' 

Fiseairs cxperlmor/v 40-41, 70 
Flat mnnif(^, y ., 35s 
Flatness, denuiicory, 300, 53G 
Flux of ciir 47, 233, 280 
Fokkor, 

Force,' Newtonian ami Minkow- 
skian, 193 

Forco-qiiatornion, 221, 254, 283 
Fore-cone, 134, 136 
Forsytli. 402 
Foucault's pendulum, 3 
Four-dlmonsional rotation, 123-127, 


545 . 

vector algebra, 144-148 
Four-force, 193 
eloctroinognetlc, general, 44G 
Four-index syinbms, luemomi’s, 
340, 350, 335 

Four-potential, 218, 441-443 
Four- vectors. 138, 143, 319 
Four- velocity, 184, 363 
Fourier's equation, so 
Framework of roforonco, s-G, 17, 
*8, 295, 369 
Free aether, 43, 48, 73 
electrons, 43 
light imth, 379 

particle, motion, 293, 310, 364, 


370-372, 419, 483, 312, 531 
Fresnel, 30-39, At, Go-62, 73, g8 
Fresnel's dragging coofllcioiit. 34, 
37i 39. 4*. 55. 7*. *7*. 


Fundamental (quadratio) form, 

of world, 303 
tensor, 303, 329 

Galaxy (Milky Way), 480, 521, 533, 

535. 54*. 543. 549 , „ ^ 

gravitation of, and Doppler effect, 

533 

Galaxy of first, second, and higher 
orders, 341 

period of, 542, 545. 548 
ponnonoacy of, 348 - 
Giulloian field domain, 389 
form of ds\ 300 

tensor, 30G, 353, 469, 470, 471, 
473 

transformation, 17 
Gauging linear form, 4O5 
Gauss' thoorom, excess in triangle, 

Gaura^n coordinates, 301, 317 
curvature, 356 

General Kelatlvlty principle, 249 
et seq. 

Geodesics, general and world-, 203, 
309. 34*. 35*. 364. 5** 
Lobatcliovskyan, 177 
Geodesic coordmates, 312, 349, 387 
precession, 397-399 
surface, 359 
Gibbs, 1G5, 223, 238 
Giese, 43 

Glubular clusters, 522, 523, 331, 540 
Gradient, of scalar fiolcl, 327 
Gravitating mnss, 297 et passim 
Gravitation, 241, 249, 294, 297-299, 

Gravttotion constant, 410 
Gravitation and olcclroiiH, 539-540 
Gravitation field, ' componunts ' of, 
366 

duo to magnetic field, 43G-437 
radius, 391 

Gravitational ficld-eunatioiis, out- 
side of matter, 383 
within matter, 421, 459-460, 478 
Gravitational waves, 434 
Greater Magellanic Cloud, 323, 333 
Grebe and nacliem, 393 
Grossnmnn, E., 40(1 
(irussmann, M., 318 
Group of transCormallouH, in genernt, 
18 

Loronts-, 115, 125, 1G5, 1G8 
Newtonian, 17 
of translations, 127 
Gyroscope, 5 

I-loflamanl, 37, 271 
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Hamilton, 149, 15I1 203, 209 
Hnmlltoman principlo 226, 457 
Hargreaves, 440 

Heat function lor constant prossuro, 

251 

Heat, Joule's, 276, 280 
Heal supply, 253 
Heaviside, 24, 31, 34, 48, 223 
ellipsoids, 214 
Heavy mass, 297 
Helium stars, U-stars, 51 1 
Helmholtz, 43, 48 
Hercules, constellation, 17, 87 
Horglotz, 204, 247 
Hertz, 30 

HertZ'licavisido's equations, 24, 31, 

, 41. *73 

Ilortzaprung, 51 1 
IIuHsenoorg, 34 
IIotorogouoouB media, 283 
Hiurardiy, of galaxies, 541 
Hllljorl, 315, 457, 459 
Holst, 541 

ITomaloidal manifold, 312, 355 
containing a suli'inanifold, 313 
Homer, 494 

ITomogcneons manifold, 316, 362 
Ilomograpliv, 181 
Horizon, iiofar, 494 
Hubble, 551 

Iluyghcns construction, for moving 
mirror, 88-90 
Hydi'o<Iynamics, 247, 415 
Hyptu'bola of curvatnra, 191 
Hyperbolic functions, 131 
motion, 190 
spimo, 175 et seq. 

Tlypcrboloids, Mlnkowslcian, 130 
Jlypervelocity, 113 

ideinfnetur, 122 

Identical conditions, for discon- 
tinuities, 5(1, iiH 

Idcnticnl lulations, Hianclii's, 386, 
420 434 

Incoinpleto systom, 10 
Index of refraction. 54 
Indices, upper and lower, in tensor 
calculus, 318, 320 
Induction, magnetic, 23 
Inductivity, iiermeabilily, 24, 2O1, 
2(17, 4O2 
Inert mass, 297 

Inertia, relativity of, 473, 506, 530 
of eiieq;y, 24 fi, 276 
Inertial nipufslon, de Slllerian, 
model of, 544-546 
and gravitational attraction, 546- 

549 


Inertial system of roforonco, 5, 17, 
290 

Infinlio iinivcTso, Nco-X^unbortian, 

Infinftosimnl oqnlvalonco hypothe- 
sis, 300 

position-vectors, 313 
Infinity, conditions at, 469 
Inner product of voctors, 321 
of any tensors, 326 
Intcrmodlato region, 140 
Iniorstollar residual matter, 481- 
48*1 535 

Invariable plane, 6 
Invariance of ds\ 304-305 
Invariant, general, 32 r 
of a mixed tcnsoi', 325 
metrically associated, 331-333 
spcclol-rclativistic, in 
Irrcvcrsiblo motions, 296 
Island niilvorscB, 480 
Isopicstic motion, 252, 254 
Isotropic coordinates, 395 
manifolds, 434, 500-502 
pressure, 245 

Isotroiiy of light jiropogation, 28 
of Rieninnnian curvature, 360 

Jacobian, determinant. 303, 327 

, 337 

Jeans. 522 
Jofircys, 406 
JcwclI, 393 

j ohnslunc Stoncy, 43 
mile's heat, 27b, 2K0 


Kniiiza, 443 
Kaptcyn, 480, 335 
Kaiifmanii, 180 


Kepler's second law, 198 
Killing, W., 355. 359 
Kinematic .space, old and iu*w, 175 
Kinciualicnl conditions of coinpati- 
liility, 57, ti8 
Kinetic energy, 195, 255 
time, 14 
King, 481, 535 
Klein, 435, 457 
Kolil, 77 
Ko]»fr, 173, 551 

Kottler, 31 », 393 , 4 ‘> 9 . 43‘>, 4 'l" 

Kmincrs, 39H 


lAgraiigo. 5 

Liigrangitin function, 209, 226-228, 
258, 289. 457 
fjiinbert, 541 
Lamia, 247 
T-iinczos, 509 
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Laplaco, 5 

Lnplaco'y diiXorcntial oquailoii, 385, 
3871 388 

LapIocc'Folssoii 8 oqualion, .fio, 

m^flflod, 498, 499 
Lftrnior, 43, 45 
Laiib, 77 

r.atie, 77, loj, 119, 237, 240, 245, 

aSi. 27<>i 4” 

Latont energy, 257 
Later, essentially, deflned, 140 
Least Action principle, 457, 465 
Le(t<lianded bi vectors, 201 
Length, size of n foiir'vcctor, 146 
of a straight lino In elliptic space, 
339 

Longtiis compared, 100-105 
Lessor Magellanic Cloud, 511, 523, 

Lovorrior, 405 

Lovi“Clvita, 317, 318, 341, 346, 363, 

380, 43«>, 456 
Lie, Bophufl, 19, 123 
Llght*i>atli. free, 379-381 

Light propagation, 293, 310, 372- 

381, 407, 445, 484, 3TO 
Light-qnantum, 17a, 407 
Liglit-rays, 484, 323-325 
Light-signalling, and polar, 343- 

5>l<l 

Light-velocity, constant, principle 
of, 291 

Light-waves in a gravltalionni 
field, 443 

Lindomann, 481, 335 
Lino-eioincnt, 292, 302, 309, ft 
passim 

Linear order, 316 
Lines of stales, 19 
Linkages, 362 
LiiMicliitz, 353 

Uquid sphere, Sclrwarzscliild’s pro- 
blem, 423-430 

I^batchovslcy, 176, 180, 485 
Lobatcliovskyan rotation, 126 
I.x)cal coonllnatos, 300, 387 
reference frame, 300, 37c>-372 
inonstiro, of a volnnio, 338 
time, 66, 83 
r^)dg0, 77 

Longiliidlnal dlsconiinnlty, 57 
mass, 196, 215, 235 
stretcher, 123 
Lemgo, CarioUa, 430 
lor, matrix, defined and trnns- 
formed, 143 

Lorentz, 43 et seq., 193, 227, 261, 
272, 275, 411. 455, 457 
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